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Abstract 1In this paper we analyze the formal and
conceptual steps made by Ettore Majorana in a wide set of
unpublished (handwritten) manuscripts (Quaderni, Fasci-
coli, Volumerti) written in later 20’s and earlier 30’s where,
starting from the Dirac equation for spin-% particles, he
developed quantum relativistic wave equations for different
(integer and half-integer) spins. In such a way Majorana
obtained a Dirac-like equation for the photon and an infinite
component quantum field theory for particles of any spin,
thus anticipating the modern supersymmetry and string
theories.
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As is well known [1, 2], Majorana’s scientific work has
been only partially published. A large amount of studies,
problems, notes, extemporaneous reminders and analytic cal-
culations is still unpublished and represents a historical sci-
entific corpus which is unique and incomparable of its kind
[3]. The value of the handwritten manuscripts of the Sicil-
ian physicist is not merely historiographical: some theories,
formalisms and concepts — still to be investigated and devel-
oped — exhibit modern scientific features and can be applied
to very different fields of theoretical physics.

The unpublished papers analyzed in this letter deal with
the research of a formulation of a general theory for all ele-
mentary particles, which led Majorana first to the Dirac-like
equation for photons and after, in 1932, to the infinite com-
ponent field equation [4]

(T, 0" —m)¥ =0 (1

a generalization to any spin of the ordinary Dirac equation,
holding for spin-% particles (hereafter » = ¢ = 1). Before
the infinite component field equation, Majorana wrote very
general finite component field equations [5], describing par-
ticles with any spin, which can describe not elementary, but
composite systems [6, 7, 8]. The finite component theory
results to be equivalent to the standard theory of a generic
spinning particle, mainly developed in Dirac’s, Fierz’s, and
Pauli’s [9] works. As is already evident in Eq. (1), Majo-
rana’s theoretical approach turns out to be very modern and

has been recovered in the most recent relativistic quantum
field theories.

The physicist Robert Oppenheimer, in an article published
in 1931 [10], proposed a partially successful attempt to build
a quantum theory of light. The Oppenheimer conjecture sug-
gested to Majorana a Dirac-like equation for photons which,
differently from Oppenheimer’s equations, was not substan-
tially different from quantum electrodynamics predictions.
Majorana, rather than starting from the effective analogy be-
tween electron and photon, deduced the aforesaid equation
directly from the Maxwell equations for the classical elec-
tromagnetic field. Thereby he overcame several analytical
and conceptual difficulties which forced Oppenheimer to re-
nounce the completion of his theory. Majorana’s theory can
be found in the later literature [11], in particular in Clifford
Algebras [12] (Majorana’s work, even if taken into account
from the *70s [13], was ignored by the previously quoted au-
thors who studied this problem, and is still little known). Let
us remark that the formulation of a Dirac-like equation for the
photon, for evident symmetry reasons, led to the Maxwell-
like equation for the electron [14] and to extended Maxwell
equations with Dirac magnetic monopoles [15].

The unpublished manuscripts, dated in the period 1928-
1932, which we are referring to can be found in Fascicoli 8
and 9; in Quaderni: 1 pp. 14, 26, 37, 42, 48, 145, 150/ 2,
pp. 81, 86, 101/1-7, 113, 137, 141, 150, 184 / 3, pp. 1, 2, 8,
11, 20, 25, 36, 71, 144, 160, 170, 180, A/1-1, A/4-3, C/1-1,
C/1-4, C/11-1, C/11-4 / 4 pp. 87, 143, 149, 154, 155, 158,
160, 171, 174 / 5 pp. 1, 5, 24, 131 / 6 pp.6 / 7 pp. 161, 172,
180/12pp.32,53/13p.3/15, pp. 10, 16,22,26/17, pp. 45,
69, 74, 83, 89, 146, 159, 176; in Volumetti: 3 cap. 18 p. 105
(written from 6/28/1929 to 4/23/1930) e 5 cap. 8 p. 36.

Ettore Majorana starts from the 3-dimensional complex
vector F' = E — 1H, where vectors E and H indicate, as
usual, the electric and magnetic field, respectively. The im-
portant physical role of F' has been frequently recognized in
the literature [16]. The picture of the (ordinary or general-
ized) classical electromagnetism in the algebraic framework
of the so-called Spacetime Algebra [12], where the imagi-
nary unit 4 is replaced by the pseudoscalar 7> (which shows
clearly the parity structure of F': scalar plus pseudoscalar),
allows us to obtain a rather compact and elegant expression
of the Maxwell equations [12, 16]. On the other hand [17],
the only two relativistic independent invariants which can be
realized by means of the electromagnetic tensor F*”, i.e.
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1ELFY = H* — E* and %epnF*F'™ = E - H,
are related to the real and to the imaginary part of the square
of the vector F, respectively. In place of the ordinary 4-
potential A¥, obeying a given gauge, Majorana introduces
a vectorial photon wave function with 3 components defined
as follows

By —iH,
Es —iHs

The probabilistic interpretation of the bilinear form 1,DT¢ has
an immediate classical analogue, physically meaningful: in
fact, it is equal to nothing else but £2 + H? which is, apart
from a normalization constant, the energy density of the clas-
sical field. Actually, the electromagnetic energy density is
proportional to the probabilistic density of photons (i.e., in
field terms, to the expected number of photons per unit vol-
ume). Viceversa, the probabilistic meaning of the quantity
A, A" does not appear so direct and straightforward, and the
role of the “wave function” A* in first quantization is not in-
tuitive and conventional as well. The Maxwell equations can
be rewritten in terms of 1) as follows:
Vop=p iVxp=j+op. (3
In vacuum (free photons), with no charges and no currents,
the first equation reduces to the so-called “transversality con-
dition”, usual in the standard wave mechanics for spin-1 par-
ticles
V=0 “

while the second one can be suitably expanded
101 + 10yP3 — 10,92 = 0

i0ythy + 10,41 — i0,1p3 = 0 (5)
103 + 10ty — 0yt = 0

At this point Majorana introduces the three hermitian matri-
ces o

0 0 O 0 0 —
ar=| 0 0 a=11 0 0 O
0 —i i 0 0

0 ¢ 0

a3 = — 0 0

0 0 O

which are a representation of the 3-dimensional group of the
space rotations, and then satisfy the angular momentum alge-
bra

(i, ag] = —iemay

(eir; indicating the totally antisymmetric Levi-Civita ten-
sor). By means of such matrices Majorana can actually write
the wave equation for the photon in the form of a “Dirac-
Schrodinger” equation for a massless (as is the photon) par-
ticle with spin §:

10y = (- p) (6)

Notice that from the previous equation it follows that the
Hamiltonian for the free photon can be written as H = - p.
When 1) is a plain wave, i.e. a momentum eigenfunction,

¢Nei(p-:c—5t)
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on applying Eq.(6) we just recover the usual photon
momentum-energy dispersion relation € = |p|. The spin op-
erator in the Hilbert space for such wave function is formally
identical to the one of Dirac particles:

Y=—laX« @)

and has the expected eigenvalues 0, =1. Let us underline that
the plane waves are at the same time eigenfunctions of mo-
mentum and helicity s - p/|p|.

Since the imaginary conjugate wave function 1,bT obeys the
same wave equation

0" = (a-p) Y’ (8)

Majorana deduces that photons and antiphotons cannot be
distinguished: e.g., they are really neutral particles.

The extension to non-free photons in the presence of
charges or currents can be made directly from Egs. (3),
and leads to a generalized Dirac-like equation for massless
particles because of the presence of —ij, a sort of external
field proportional to the electron current yy).

Moreover, starting from the Dirac equation for spin—% par-
ticles, Majorana tries to build Dirac-like equations for pho-
tons and particles with any spin. The standard theory for par-
ticles with spin larger than % reduces, in substance, to the
second-order Klein—Gordon equation with additional con-
straints and transversality conditions [9]. For integers and
half-integers spins > 1 it turns out to be impossible to for-
mulate a variational principle by using only one (tensor or
spinor) function, with rank corresponding to the given spin.
To this end we need to introduce auxiliary tensor and spinor
functions of lower rank. The Lagrangian is built in such a
way that those auxiliary quantities cancel because of the field
equations derived from the application of the variational prin-
ciple.

In fensor notation (Fierz—Pauli theory) the wave function
is an irreducible 4-tensor of rank s, i.e. a tensor symmetri-
cal with respect to all indices and vanishing after contraction
with respect to any couple of indices:

This tensor must satisfy the additional 4-dimensional
transversality condition

PV, =0 (10)

while any component obeys the Klein—Gordon equation

O+m?) ¥, =0 (11)

In the rest frame the previous equation implies the vanishing
of all components of the 4-tensor with index 0. As a matter
of fact, the wave function in the center-of-mass frame (i.e.,
in the non-relativistic limit) reduces, as expected, to an irre-
ducible rank-s 3-dimensional tensor with 2s + 1 independent
components. Such equations can be replaced by a system of
first-order equations holding for some suitable fields (whose
choice is not unique, other equivalent groups of fields can be
considered).
In spinor notation for any integer or half-integer spin we
can write ‘
@+ m?) g =0
(12)
EM(?W ’(/Jl(jf =0
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where 1) is an irreducible spinor with 2k undotted indices and
2m — 1 dotted indices, symmetrical with respect to both in-
dices. The spinor ¢ has 2m (2k + 1) linearly independent
components, which transform each other under the proper
Lorentz group, according to the irreducible representation
D(k,m — 1/2). The spin is either integer or half-integer
depending on the total number of indices being even or odd.

Quite equivalently, Egs. (12) can be replaced by the fol-
lowing first-order Dirac-like equations:

9880 = m g "

o 6.
g B = —mAgy

where 1) and ¢ transform mutually each other under space
inversion and then constitute a proper bispinor. Therefore in
bispinorial notation the above equation system can be actu-
ally derived by the above seen Dirac-like equation

(Tt —m)T =0

where the matrices I' represent a suitable generalization of
the ordinary Dirac algebra, with U indicating the aforesaid

bispinor
_( ¢
v=(1)

Majorana promptly obtains the above Dirac-like equation in
the presence of external fields by means of Euler-Lagrange
equations, provided that the I matrices realize representa-
tions (of suitable dimension) of the spacetime Clifford alge-
bra M(1,3).

Both in Majorana’s theory and in following papers [18, 19]
the set of irreducible components of ¥, analogously to what
said for the tensor formulation, describes univocally a par-
ticle of a given spin only in the rest frame. As a matter of
fact, in the general case with no supplementary conditions
¥ can describe fields with variable spin: i.e., not elemen-
tary, but composite systems. Therefore Majorana’s theory
has two applications, depending on the interpretation of the
wave function (or of the quantum field): arbitrary spin par-
ticles or composite systems. Majorana indeed tried to apply
Eq. (1) to atomic and nuclear systems.

For what said above, the field ¥ applies to bosons and
fermions at the same time. It describes particles in a sense
similar to the “supermultiplets”, which are representations of
fundamental supersymmetry groups found in present unifica-
tion theories.

Majorana, on considering only the spacetime symmetries,
searched for a finite-dimensional Hilbert space where all
spins could be represented simultaneously as representations
of the inhomogeneous Lorentz group. He found that this rep-
resentation space exists, but it is infinite-dimensional, even
if, with suitable boundary constraints, it could be “restricted”
to a given spin. From a historical point of view, we could
just say that the conceptual and formal Majorana’s approach,
fully developed, may represent the first proper example of
particle supermultiplets, the last being “originated” by the
mutual interaction among the particles themselves. The un-
published infinite component theory here analyzed was later
independently re-discovered (with no knowledge of Majo-
rana’s work), by Gel’fand and Yaglom [20]. Then it was
developed in the 60’s and 70’s in order to describe the Hy-
drogen atom or a generic hadron; to realize a Lagrangian

(14)
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quantum field theory for complex systems; to formulate an
alternative theoretical approach to strong interactions based
on the diffusion matrix and to develop dual resonance mod-
els which constitute the first steps in string theory; to define
universe spinors non-locally coupled to the gravity.
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