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Abstract  In this research paper, we applied the 
Adomian’s decomposition method to determine the 
analytical exact solutions of linear and nonlinear Goursat 
problems which play very important part in applied and 
engineering sciences. The proposed technique is fully 
compatible with the complexity of these problems and 
obtained results are highly encouraging. Some examples 
with closed form solutions are studied in detail to further 
illustrate the proposed technique, and the results obtained 
indicate this approach is indeed practical and efficient. 
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1. Introduction 
Most of the problems in natural and engineering sciences 

are modeled by differential equations. These equations arise 
in various scientific models such as the fluid mechanics, 
chemical reaction diffusion, propagation, of shallow water 
waves, Schrodinger wave equation models. The Goursat 
partial differential equation arises in linear and non linear 
partial differential equations with mixed derivatives in the 
study of wave phenomena. This equation is a second order 
hyperbolic partial differential equation which occurs in 
various fields of study such as in engineering, physics, and 
applied mathematics. Goursat problems are known to arise in 
a variety of physical phenomenon and applied sciences [1-6]. 
Several techniques including Runge-Kutta, decomposition, 
finite difference, finite element, geometric mean averaging 
of the functional values and variational iteration have been 
used to investigate these problems [1-6]. Adomian’s 
Decomposition Method was introduced by Adomian’s in 
[7,8] and used heavily in the literature to solve the wide class 
of physics and engineering problems such as non-linear 
differential equation, non-linear dynamic system, coupled 
non-Linear differential equations, linear and non-linear 
integro-differential equation and Airy’s equation 
successfully [9-16]. This method does not require the 

presence of small parameters in the differential equation, and 
provides the solution (or an approximation to it) as a 
sequence of iterates. The method does not require that the 
nonlinearities be differentiable with respect to the dependent 
variable and its derivatives. The Adomian’s Decomposition 
Method has been shown to solve effectively, easily, and 
accurately a large class of linear and nonlinear problems, 
generally two or three iterations lead to high accurate 
solutions. The basic motivation of the present study is to 
extend the application of Adomian’s decomposition method 
to linear and nonlinear Goursat problems. 

2. Analysis of Adomian’s Decomposition 
Method 

In order to explicate the solution procedure of the 
Adomian’s Decomposition method (ADM), we consider the 
following nonlinear differential equation 

𝐿𝐿𝑥𝑥𝐿𝐿𝑡𝑡𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡) + 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡),       (1) 

Where 𝐿𝐿𝑥𝑥 = 𝜕𝜕
𝜕𝜕𝜕𝜕

, 𝐿𝐿𝑡𝑡 = 𝜕𝜕
𝜕𝜕𝜕𝜕

, with the inverse operator 

𝐿𝐿𝑥𝑥−1𝐿𝐿𝑡𝑡−1(. ) = ∫ ∫ (. )𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡
0

𝑥𝑥
0 , 

The solution of the problem is assumed as 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = ∑ 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡),∞
𝑛𝑛=0          (2) 

And the nonlinear function is considered as 

𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡) = ∑ 𝐴𝐴𝑛𝑛(𝑥𝑥, 𝑡𝑡)∞
𝑛𝑛=0 ,          (3) 

Where the 𝐴𝐴𝑛𝑛(𝑥𝑥, 𝑡𝑡), are called Adomian’s polynomials 
which are determined by the following scheme 

𝐴𝐴0 = 𝐹𝐹(𝑢𝑢0), 

𝐴𝐴1 = 𝑢𝑢1𝐹𝐹′(𝑢𝑢0), 

𝐴𝐴2 = 𝑢𝑢2𝐹𝐹′(𝑢𝑢0) +
𝑢𝑢12

2!
𝐹𝐹′′(𝑢𝑢0), 

𝐴𝐴3 = 𝑢𝑢3𝐹𝐹′(𝑢𝑢0) + 𝑢𝑢1𝑢𝑢2𝐹𝐹′′(𝑢𝑢0) −
𝑢𝑢13

3!
𝐹𝐹′′′(𝑢𝑢0), 

and so on. The components of 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡) are completely 
determined, by the recurrent relationship. 
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𝑢𝑢0 = 𝑓𝑓(𝑥𝑥), 

𝑢𝑢1 = 𝑓𝑓(𝑥𝑥) + 𝐿𝐿𝑥𝑥𝐿𝐿𝑡𝑡𝐴𝐴0, 

𝑢𝑢𝑛𝑛 = 𝑓𝑓(𝑥𝑥) + ∫ ∫ 𝐴𝐴𝑛𝑛−1𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑,   𝑛𝑛 ≥ 1𝑡𝑡
0

𝑥𝑥
0 .      (4) 

Consequently, the exact solution may be obtained by 
using Eq. (2). 

3. Numerical Applications 
In this section, we apply Adomian's Decomposition 

Method (ADM) to solve linear and nonlinear Goursat 
problems. Numerical results are very encouraging. 

Example 3.1. Consider the following linear homogeneous 
Goursat Problem 

𝑢𝑢𝑥𝑥𝑥𝑥 = 𝑢𝑢,                (5) 

Subject to the conditions 

𝑢𝑢(𝑥𝑥, 0) = 𝑒𝑒𝑥𝑥, 𝑢𝑢(0, 𝑡𝑡) = 𝑒𝑒𝑡𝑡, 𝑢𝑢(0,0) = 1.    (6) 

According to procedure above 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) − 𝑢𝑢(0, 𝑡𝑡) − 𝑢𝑢(𝑥𝑥, 0) + 𝑢𝑢(0,0) = � � 𝑢𝑢(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑,
𝑡𝑡

0

𝑥𝑥

0
 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡 − 1 + ∫ ∫ 𝑢𝑢(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑.𝑡𝑡
0

𝑥𝑥
0      (7) 

Consequently, we have 

𝑢𝑢0(𝑥𝑥, 𝑡𝑡) = 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡 − 1, 

𝑢𝑢1(𝑥𝑥, 𝑡𝑡) = � � 𝑢𝑢0(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑡𝑡

0

𝑥𝑥

0
= � � [𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡 − 1]𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑡𝑡

0

𝑥𝑥

0
 

= 𝑥𝑥𝑒𝑒𝑡𝑡 + 𝑡𝑡𝑒𝑒𝑥𝑥 − 𝑥𝑥𝑥𝑥 − 𝑥𝑥 − 𝑡𝑡, 

𝑢𝑢2(𝑥𝑥, 𝑡𝑡) = � � 𝑢𝑢1(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑡𝑡

0

𝑥𝑥

0

= � � [𝑥𝑥𝑒𝑒𝑡𝑡 + 𝑡𝑡𝑒𝑒𝑥𝑥 − 𝑥𝑥𝑥𝑥 − 𝑥𝑥 − 𝑡𝑡]𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑡𝑡

0

𝑥𝑥

0
 

=
𝑥𝑥2

2
𝑒𝑒𝑡𝑡 +

𝑡𝑡2

2
𝑒𝑒𝑥𝑥 −

𝑥𝑥2

2
𝑡𝑡2

2
−
𝑥𝑥2

2
𝑡𝑡 −

𝑡𝑡3

3!
−
𝑥𝑥2

2
−
𝑡𝑡2

2
, 

𝑢𝑢3(𝑥𝑥, 𝑡𝑡) = � � 𝑢𝑢2(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑡𝑡

0

𝑥𝑥

0

= � � �
𝑥𝑥2

2
𝑒𝑒𝑡𝑡 +

𝑡𝑡2

2
𝑒𝑒𝑥𝑥 −

𝑥𝑥2

2
𝑡𝑡2

2
−
𝑥𝑥2

2
𝑡𝑡

𝑡𝑡

0

𝑥𝑥

0

−
𝑡𝑡3

3!
−
𝑥𝑥2

2
−
𝑡𝑡2

2
� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

= 𝑥𝑥3

3!
𝑒𝑒𝑡𝑡 + 𝑡𝑡3

3!
𝑒𝑒𝑥𝑥 − 𝑥𝑥3

3!
𝑡𝑡3

3!
− 𝑥𝑥3

3!
𝑡𝑡2

2!
− 𝑡𝑡4

4!
− 𝑥𝑥3

3!
𝑡𝑡 − 𝑥𝑥 𝑡𝑡3

3!
− 𝑥𝑥3

3!
− 𝑡𝑡3

3!
, 

and so on. 

 

 

 

 

The series solution is 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡 − 1 +  𝑥𝑥𝑒𝑒𝑡𝑡 + 𝑡𝑡𝑒𝑒𝑥𝑥 − 𝑥𝑥𝑥𝑥 − 𝑥𝑥 − 𝑡𝑡 +
𝑥𝑥2

2
𝑒𝑒𝑡𝑡

+
𝑡𝑡2

2
𝑒𝑒𝑥𝑥 −

𝑥𝑥2

2
𝑡𝑡2

2
−
𝑥𝑥2

2
𝑡𝑡 −

𝑡𝑡3

3!
−
𝑥𝑥2

2
−
𝑡𝑡2

2

+
𝑥𝑥3

3!
𝑒𝑒𝑡𝑡 +

𝑡𝑡3

3!
𝑒𝑒𝑥𝑥 −

𝑥𝑥3

3!
𝑡𝑡3

3!
−
𝑥𝑥3

3!
𝑡𝑡2

2!
−
𝑡𝑡4

4!

−
𝑥𝑥3

3!
𝑡𝑡 − 𝑥𝑥

𝑡𝑡3

3!
−
𝑥𝑥3

3!
−
𝑡𝑡3

3!
+ ⋯ 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑒𝑒𝑥𝑥 �1 + 𝑡𝑡 +
𝑡𝑡2

2!
+ ⋯� + 𝑒𝑒𝑡𝑡 �1 + 𝑥𝑥 +

𝑥𝑥2

2!
+ ⋯�

− (1 + (𝑥𝑥 + 𝑡𝑡) +
(𝑥𝑥 + 𝑡𝑡)2

2!
+ ⋯) 

The closed form solution is  

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑒𝑒(𝑥𝑥+𝑡𝑡).             (8) 

Example 3.2. Consider the following linear inhomogeneous 
Goursat Problem 

𝑢𝑢𝑥𝑥𝑥𝑥 = 𝑢𝑢 − 𝑡𝑡,              (9) 

Subject to the conditions 

𝑢𝑢(𝑥𝑥, 0) = 𝑒𝑒𝑥𝑥, 𝑢𝑢(0, 𝑡𝑡) = 𝑡𝑡 + 𝑒𝑒𝑡𝑡, 𝑢𝑢(0,0) = 1.     (10) 

According to the procedure defined above, we have 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑢𝑢(0, 𝑡𝑡) + 𝑢𝑢(𝑥𝑥, 0) − 𝑢𝑢(0,0) −
𝑡𝑡2

2

+ � � 𝑢𝑢(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑡𝑡

0

𝑥𝑥

0
 

= 𝑡𝑡 + 𝑒𝑒𝑡𝑡 + 𝑒𝑒𝑥𝑥 − 1 −
𝑡𝑡2

2
+ � � 𝑢𝑢(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑡𝑡

0
.

𝑥𝑥

0
 

Consequently, we have 

𝑢𝑢0(𝑥𝑥, 𝑡𝑡) =  𝑡𝑡 + 𝑒𝑒𝑡𝑡 + 𝑒𝑒𝑥𝑥 − 1 −
𝑡𝑡2

2
, 

𝑢𝑢1(𝑥𝑥, 𝑡𝑡) = � � 𝑢𝑢0(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑡𝑡

0

𝑥𝑥

0

= � � [𝑡𝑡 + 𝑒𝑒𝑡𝑡 + 𝑒𝑒𝑥𝑥 − 1 −
𝑡𝑡2

2
]𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑡𝑡

0

𝑥𝑥

0
 

= 𝑥𝑥 𝑡𝑡2

2
+ 𝑥𝑥𝑒𝑒𝑡𝑡 + 𝑡𝑡𝑒𝑒𝑥𝑥 − 𝑥𝑥𝑥𝑥 − 𝑥𝑥 𝑡𝑡3

3!
− 𝑥𝑥 − 𝑡𝑡, 

𝑢𝑢2(𝑥𝑥, 𝑡𝑡) = � � [𝑥𝑥
𝑡𝑡2

2
+ 𝑥𝑥𝑒𝑒𝑡𝑡 + 𝑡𝑡𝑒𝑒𝑥𝑥 − 𝑥𝑥𝑥𝑥 − 𝑥𝑥

𝑡𝑡3

3!
− 𝑥𝑥

𝑡𝑡

0

𝑥𝑥

0
− 𝑡𝑡]𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

= 𝑥𝑥2

2
𝑡𝑡3

3!
+ 𝑥𝑥2

2
𝑒𝑒𝑡𝑡 + 𝑡𝑡2

2
𝑒𝑒𝑥𝑥 − 𝑥𝑥2

2
𝑡𝑡2

2
− 𝑥𝑥2

2
𝑡𝑡4

4!
− 𝑥𝑥2

2
𝑡𝑡 − 𝑥𝑥 𝑡𝑡2

2
− 𝑥𝑥2

2
− 𝑡𝑡2

2
, 

and so on. 

The series solution is 
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𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑡𝑡 + 𝑒𝑒𝑡𝑡 + 𝑒𝑒𝑥𝑥 − 1 −
𝑡𝑡2

2
+ 𝑥𝑥

𝑡𝑡2

2
+ 𝑥𝑥𝑒𝑒𝑡𝑡 + 𝑡𝑡𝑒𝑒𝑥𝑥 − 𝑥𝑥𝑥𝑥

− 𝑥𝑥
𝑡𝑡3

3!
− 𝑥𝑥 − 𝑡𝑡 +

𝑥𝑥2

2
𝑡𝑡3

3!
+
𝑥𝑥2

2
𝑒𝑒𝑡𝑡 +

𝑡𝑡2

2
𝑒𝑒𝑥𝑥

−
𝑥𝑥2

2
𝑡𝑡2

2
−
𝑥𝑥2

2
𝑡𝑡4

4!
−
𝑥𝑥2

2
𝑡𝑡 − 𝑥𝑥

𝑡𝑡2

2
−
𝑥𝑥2

2
−
𝑡𝑡2

2
+ ⋯ 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑡𝑡 + 𝑒𝑒𝑡𝑡 �1 + 𝑥𝑥 +
𝑥𝑥2

2!
+ ⋯�

+ 𝑒𝑒𝑥𝑥 �1 + 𝑡𝑡 +
𝑡𝑡2

2!
+ ⋯� − (1 + (𝑥𝑥 + 𝑡𝑡)

+
(𝑥𝑥 + 𝑡𝑡)2

2!
+ ⋯) 

The close form solution is  

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑡𝑡 + 𝑒𝑒(𝑥𝑥+𝑡𝑡).          (11) 

Example 3.3. Consider the following linear inhomogeneous 
Goursat Problem 

𝑢𝑢𝑥𝑥𝑥𝑥 = 𝑢𝑢 + 4𝑥𝑥𝑥𝑥 − 𝑥𝑥2𝑡𝑡2,    (12) 

Subject to the conditions 

𝑢𝑢(𝑥𝑥, 0) = 𝑒𝑒𝑥𝑥,   𝑢𝑢(0, 𝑡𝑡) = 𝑒𝑒𝑡𝑡, 𝑢𝑢(0,0) = 1.     (13) 

According to the procedure defined above, we have 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑢𝑢(0, 𝑡𝑡) + 𝑢𝑢(𝑥𝑥, 0) − 𝑢𝑢(0,0) + 4
𝑥𝑥2

2
𝑡𝑡2

2
−
𝑥𝑥3

3
𝑡𝑡3

3

+ � � 𝑢𝑢(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑡𝑡

0

𝑥𝑥

0
 

= 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡 − 1 + 4
𝑥𝑥2

2
𝑡𝑡2

2
−
𝑥𝑥3

3
𝑡𝑡3

3
+ � � 𝑢𝑢(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑡𝑡

0

𝑥𝑥

0
, 

Consequently, we have 

𝑢𝑢0(𝑥𝑥, 𝑡𝑡) = 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡 − 1 + 4
𝑥𝑥2

2
𝑡𝑡2

2
−
𝑥𝑥3

3
𝑡𝑡3

3
 

𝑢𝑢1(𝑥𝑥, 𝑡𝑡) = � � 𝑢𝑢0(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑡𝑡

0

𝑥𝑥

0

= � � �𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡 − 1 + 4
𝑥𝑥2

2
𝑡𝑡2

2

𝑡𝑡

0

𝑥𝑥

0

−
𝑥𝑥3

3
𝑡𝑡3

3
� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

= 𝑡𝑡𝑒𝑒𝑥𝑥 + 𝑥𝑥𝑒𝑒𝑡𝑡 − 𝑥𝑥𝑥𝑥 +
𝑥𝑥3𝑡𝑡3

9
−
𝑥𝑥4𝑡𝑡4

144
− 𝑥𝑥 − 𝑡𝑡 

The series solution is 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡 − 1 + 4
𝑥𝑥2

2
𝑡𝑡2

2
−
𝑥𝑥3

3
𝑡𝑡3

3
+ 𝑡𝑡𝑒𝑒𝑥𝑥 + 𝑥𝑥𝑒𝑒𝑡𝑡 − 𝑥𝑥𝑥𝑥

+
𝑥𝑥3𝑡𝑡3

9
−
𝑥𝑥4𝑡𝑡4

144
− 𝑥𝑥 − 𝑡𝑡 + ⋯ 

= 𝑥𝑥2𝑡𝑡2 + 𝑒𝑒𝑥𝑥 �1 + 𝑡𝑡 +
𝑡𝑡2

2!
+ ⋯ � + 𝑒𝑒𝑡𝑡 �1 + 𝑥𝑥 +

𝑥𝑥2

2!
+ ⋯ �

− [1 + (𝑥𝑥 + 𝑡𝑡) +
(𝑥𝑥 + 𝑡𝑡)2

2!
+ ⋯ ] 

The closed form solution is  

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑥𝑥2𝑡𝑡2 + 𝑒𝑒(𝑥𝑥+𝑡𝑡).     (14) 

Example 3.4. Consider the following non-linear 
inhomogeneous Goursat Problem 

𝑢𝑢𝑥𝑥𝑥𝑥 = −𝑢𝑢3 + 𝑥𝑥3 + 3𝑥𝑥2𝑡𝑡 + 3𝑥𝑥𝑡𝑡2 + 𝑡𝑡3,          (15) 

Subject to the solution 

𝑢𝑢(0, 𝑡𝑡) = 𝑡𝑡,   𝑢𝑢(𝑥𝑥, 0) = 𝑥𝑥,   𝑢𝑢(0,0) = 0.       (16) 

According to the procedure defined above, we have 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑥𝑥 + 𝑡𝑡 +
𝑥𝑥4𝑡𝑡

4
+
𝑥𝑥3𝑡𝑡2

2
+
𝑥𝑥2𝑡𝑡3

2
+
𝑥𝑥𝑡𝑡4

4

− � � 𝑢𝑢3
𝑡𝑡

0
(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑥𝑥

0
 

= 𝑥𝑥 + 𝑡𝑡 +
𝑥𝑥4𝑡𝑡

4
+
𝑥𝑥3𝑡𝑡2

2
+
𝑥𝑥2𝑡𝑡3

2
+
𝑥𝑥𝑡𝑡4

4
− � � 𝐴𝐴𝑛𝑛

𝑡𝑡

0

𝑥𝑥

0
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

Consequently, we have 

𝑢𝑢0(𝑥𝑥, 𝑡𝑡) = 𝑥𝑥 + 𝑡𝑡, 

𝑢𝑢1(𝑥𝑥, 𝑡𝑡) =
𝑥𝑥4𝑡𝑡

4
+
𝑥𝑥3𝑡𝑡2

2
+
𝑥𝑥2𝑡𝑡3

2
+
𝑥𝑥𝑡𝑡4

4
− � � 𝐴𝐴0

𝑡𝑡

0

𝑥𝑥

0
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

=
𝑥𝑥4𝑡𝑡

4
+
𝑥𝑥3𝑡𝑡2

2
+
𝑥𝑥2𝑡𝑡3

2
+
𝑥𝑥𝑡𝑡4

4
− � � (𝑥𝑥 + 𝑡𝑡)3

𝑡𝑡

0

𝑥𝑥

0
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

= 𝑥𝑥4𝑡𝑡
4

+ 𝑥𝑥3𝑡𝑡2

2
+ 𝑥𝑥2𝑡𝑡3

2
+ 𝑥𝑥𝑡𝑡4

4
− �𝑥𝑥

4𝑡𝑡
4

+ 𝑥𝑥3𝑡𝑡2

2
+ 𝑥𝑥2𝑡𝑡3

2
+ 𝑥𝑥𝑡𝑡4

4
� = 0, 

and so on. 
The solution is  

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = ∑ 𝑢𝑢𝑛𝑛 = 𝑥𝑥 + 𝑡𝑡∞
𝑛𝑛=0 .     (17) 

Example 3.5. Consider the following non-linear 
Inhomogeneous Goursat Problem 

𝑢𝑢𝑥𝑥𝑥𝑥 = −𝑢𝑢2 + 𝑒𝑒2𝑥𝑥 + 𝑒𝑒2𝑡𝑡 + 2𝑒𝑒𝑥𝑥+𝑡𝑡,(18) 

With the condition 

𝑢𝑢(𝑥𝑥, 0) = 1 + 𝑒𝑒𝑥𝑥, 𝑢𝑢(0, 𝑡𝑡) = 1 + 𝑒𝑒𝑡𝑡,   𝑢𝑢(0,0) = 2.     (19) 

According to the procedure defined above, we have 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡 +
𝑥𝑥𝑥𝑥𝑒𝑒2𝑡𝑡

2
+
𝑡𝑡𝑒𝑒2𝑥𝑥

2
−
𝑥𝑥𝑒𝑒2𝑡𝑡

4
+
𝑥𝑥
4

+ 2𝑒𝑒(𝑥𝑥+𝑡𝑡)

− 2𝑒𝑒𝑥𝑥 − 2𝑒𝑒𝑡𝑡 −
𝑡𝑡
2

+ 2 − � � 𝑢𝑢2
𝑡𝑡

0

𝑥𝑥

0
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

= 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡 + 𝑥𝑥𝑒𝑒2𝑡𝑡

2
+ 𝑡𝑡𝑒𝑒2𝑥𝑥

2
− 𝑥𝑥

2
+ 2𝑒𝑒(𝑥𝑥+𝑡𝑡) − 2𝑒𝑒𝑥𝑥 − 2𝑒𝑒𝑡𝑡 + 2 −

∫ ∫ 𝐴𝐴𝑛𝑛
𝑡𝑡
0

𝑥𝑥
0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑. 

Consequently, we have 

𝑢𝑢0 = 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡, 

𝑢𝑢1(𝑥𝑥, 𝑡𝑡) =
𝑥𝑥𝑒𝑒2𝑡𝑡

2
+
𝑡𝑡𝑒𝑒2𝑥𝑥

2
−
𝑥𝑥
2

+ 2𝑒𝑒(𝑥𝑥+𝑡𝑡) − 2𝑒𝑒𝑥𝑥 − 2𝑒𝑒𝑡𝑡 + 2

− � � 𝐴𝐴0
𝑡𝑡

0

𝑥𝑥

0
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 
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= 𝑥𝑥𝑒𝑒2𝑡𝑡

2
+ 𝑡𝑡𝑒𝑒2𝑥𝑥

2
− 𝑥𝑥

2
+ 2𝑒𝑒(𝑥𝑥+𝑡𝑡) − 2𝑒𝑒𝑥𝑥 − 2𝑒𝑒𝑡𝑡 + 2 − ∫ ∫ (𝑒𝑒𝑥𝑥 +𝑡𝑡

0
𝑥𝑥
0

𝑒𝑒𝑡𝑡)2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑=0, 

and so on. 

The solution is 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = ∑ 𝑢𝑢𝑛𝑛 =∞
𝑛𝑛=0 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑡𝑡.         (20) 

4. Conclusions 
We have successfully applied the Adomian’s 

decomposition method for linear and nonlinear solving 
Goursat problems. This method can also be extended to other 
nonlinear partial differential equations. The method is 
applied in a direct way without using linearization, 
transformation, discretization or restrictive assumptions. It 
may be concluded that the proposed method is very powerful 
and efficient in finding the analytical solutions for a wide 
class of boundary value problems.  
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