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Abstract In this research paper, we applied the
Adomian’s decomposition method to determine the
analytical exact solutions of linear and nonlinear Goursat
problems which play very important part in applied and
engineering sciences. The proposed technique is fully
compatible with the complexity of these problems and
obtained results are highly encouraging. Some examples
with closed form solutions are studied in detail to further
illustrate the proposed technique, and the results obtained
indicate this approach is indeed practical and efficient.
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1. Introduction

Most of the problems in natural and engineering sciences
are modeled by differential equations. These equations arise
in various scientific models such as the fluid mechanics,
chemical reaction diffusion, propagation, of shallow water
waves, Schrodinger wave equation models. The Goursat
partial differential equation arises in linear and non linear
partial differential equations with mixed derivatives in the
study of wave phenomena. This equation is a second order
hyperbolic partial differential equation which occurs in
various fields of study such as in engineering, physics, and
applied mathematics. Goursat problems are known to arise in
a variety of physical phenomenon and applied sciences [1-6].
Several techniques including Runge-Kutta, decomposition,
finite difference, finite element, geometric mean averaging
of the functional values and variational iteration have been
used to investigate these problems [1-6]. Adomian’s
Decomposition Method was introduced by Adomian’s in
[7,8] and used heavily in the literature to solve the wide class
of physics and engineering problems such as non-linear
differential equation, non-linear dynamic system, coupled
non-Linear differential equations, linear and non-linear
integro-differential  equation and Airy’s equation
successfully [9-16]. This method does not require the

presence of small parameters in the differential equation, and
provides the solution (or an approximation to it) as a
sequence of iterates. The method does not require that the
nonlinearities be differentiable with respect to the dependent
variable and its derivatives. The Adomian’s Decomposition
Method has been shown to solve effectively, easily, and
accurately a large class of linear and nonlinear problems,
generally two or three iterations lead to high accurate
solutions. The basic motivation of the present study is to
extend the application of Adomian’s decomposition method
to linear and nonlinear Goursat problems.

2. Analysis of Adomian’s Decomposition
Method

In order to explicate the solution procedure of the
Adomian’s Decomposition method (ADM), we consider the
following nonlinear differential equation

L.Lou(x,t) = f(x, t) + u™(x,t), (1)

Where L, =%,Lt =%, with the inverse operator

— — t
L, = ) f, (Odxdt,
The solution of the problem is assumed as

u(x, t) = ZJ?:O un (X, t), (2)
And the nonlinear function is considered as
u™(x,t) = Ym0 An(x, 1), 3)

Where the A,(x,t), are called Adomian’s polynomials
which are determined by the following scheme

AO = F(uﬂ)l
Ay = u F'(uo),

2
u
Ay = uyF'(ug) + %F”(uo),

3
u
Az = uzF'(uy) + uu F'(ug) — %F’”(uo)'

and so on. The components of u,(x,t) are completely
determined, by the recurrent relationship.
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uy = f(x),
U = f(x) + LthAo;
Uy = fCO) + [ [) An_ydxdt, n>1. o

Consequently, the exact solution may be obtained by
using Eq. (2).

3. Numerical Applications

In this section, we apply Adomian's Decomposition
Method (ADM) to solve linear and nonlinear Goursat
problems. Numerical results are very encouraging.

Example 3.1. Consider the following linear homogeneous
Goursat Problem

Uyt = U, (5)
Subject to the conditions
u(x,0) = e*,u(0,t) =et,u(0,0) =1. (6)

According to procedure above

u(x,t) —u(0,t) —u(x,0) +u(0,0) = fxftu(x, t)dtdx,

u(x,t) =e*+et -1+ fox fotu(x, t)dtdx. 7
Consequently, we have

ug(x, t) =e* +et —1,

x rt x rt
u (x, t) = f J- ug(x, t)dtdx = f J- [e* + et — 1]dtdx
0 Jo o Jo

=xet+te*—xt—x—t,
x rt

uz(x,t)zf ful(x,t)dtdx
0o Jo

x rt
=f f [xe' + te* — xt — x — t]dtdx
0 0

x? t+t2 . x? t? xzt 3 x? ¢t?
=—e'+—e ————-——t—-————— —,
2 2 22 2 32 2
X t
us(x, t) =J- fuz(x, t)dtdx
fotonO t+t2 . x2t2 x2t
= —elt+t—ef —————
o Jo 12 2 22 2
t3 x? t?
————— —| dxdt
31 2 2]
N BT B S PN S B
3! 3! 313 3120 4l 3! 31 31 3l
and so on.

The series solution is

X

u(x,t) =e*+et -1+ xet-l-te"—xt—x—t+76't
t? x%t?  x? 3 x? t?
X - R —
2 22 2 31 2
3 t3 X3 t3 X3 tZ t4
oty X
HETRRE TR T TR T TR
x3 t3 x3 t3
BT TR TR T

t? x?
u(x,t)=ex<1+t+—+--->+ef<1+x+—+--->

2! 2!
x + t)?
—(1+(x+t)+—( T ) + )
The closed form solution is
u(x, t) = e**+0, (8)

Example 3.2. Consider the following linear inhomogeneous
Goursat Problem

Uy = U — L, (9)
Subject to the conditions
u(x,0) = e*,u(0,t) =t + ef,u(0,0) = 1.

According to the procedure defined above, we have

(10)

2

u(x,t) = u(0,t) + u(x,0) —u(0,0) —%
,t)dtd
+f0 J;u(x t)dtdx

tZ x pt
=t+et+ex—1——+f J-u(x,t)dtdx.
2 o Jo

Consequently, we have
£2
ug(x,t) = t+et +e*— 1—?,

x rt
uy (x,t) =f f uy(x, t)dtdx
0 0
x pt t2
=f f[t+et+ex—1——]dtdx
o Jo 2
tZ ¢ x f3
=xstxe' tte¥ —xt—x_—x—1t,

x rt t2 t3
_ bl t X g — oy —
u,(x, t) = [x =+ xe* +te* —xt —x x
2 3!
0 0 .
— t]dtdx
243 2 2 242 2 +4 2 2 2 2
x“t X t x“t x“t X t X t
=——+—elt-ef——-——=—— t—x————— ,
2 3! 2 2 2 2 2 4! 2 2 2 2
and so on.

The series solution is
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tZ 2
u(x,t)=t+et+ex—1—7+x?+xet+tex—xt
t3 x2t3 2 2
—_— Y — — _ _,t X
X3! X t+23!+2€ +2€
x%t?  x%t* xzt t2 x% t?
22 24 2T T2
+...
22
u(x,t)=t+et(1+x+§+ >
tZ
<1+t+2'+ )—(1+(x+t)
(x+ 1)
TR )

The close form solution is
u(x,t) =t +e*+d, (11)

Example 3.3. Consider the following linear inhomogeneous
Goursat Problem

Uy = U + 4xt — x%t2, (12)
Subject to the conditions
u(x,0) =e*, u(0,t) =et,u(0,0) = 1.

According to the procedure defined above, we have

(13)

o) = u(0,6) +ux,0) —u(00) + 45 - XL

22 33
+f fu(x,t)dtdx
0 0

t3 X t
—+f fu(x, t)dtdx,
3 0 0

G, t) = e* +et—1+4> A
ugx —e e 22 33

Cerpeto1445 L %
e +ef 22 3

Consequently, we have

x rt
u(x, t) = J- f ugy(x, t)dtdx
0 Yo

x th
= e*+et—1+4——
fofo[ 2 2

—?? dtdx
x3t3 x*tt
=te* + xe' —xt + o "2z Xt
The series solution is
u(x, t) =e*+et —1+4%§—%3§+te + xe' — xt
x3t3 xttt
9 —m—x—t+-~-
t? x?
= x2t2 4 o* [1+t+2'+ ] [1+x+5+ ]
—[1+(x+t)+(x~2|_—'t)2+---]

The closed form solution is

u(x, t) = x2t? + e*+0, (14)
Example 3.4. Consider the following non-linear
inhomogeneous Goursat Problem
Uy = —u® + x3 4+ 3x%t + 3xt? + t3, (15)
Subject to the solution
u(0,t) =t, u(x,0)=x, u(0,0)=0. (16)

According to the procedure defined above, we have

x*t x3t2 x%t3  xtt

=x+t+——+
ulx, t) =x > 2

f fu (x, t)dtdx

+t+X4t+xgt2
=x —_—
4 2

3 xt4

[ [

Consequently, we have

up(x, t) = x + t,

) x4t N x3t?  x%t3 Lxt xt4 f f A ded
L= 2 o GLax
—x4t+xgt2+xzt3+xt4 f f +t)3dtd
=2 " 2 (x +£)" dtdx

_oxte | X8t x%e3 xtt (x4t x3t2  x%t8 xt4)_0
4 2 2 4

T s 2 2 4

and so on.
The solution is

ulx,t) =Yooy, =x +t. 17)

Example 3.5. Consider the following non-linear
Inhomogeneous Goursat Problem
Uy = —U% + %% + %t + 2e* (18)
With the condition
u(x,0) =1+ e*,u(0,t) =1+et, u0,0) =2.

According to the procedure defined above, we have

(19)

0 0) = e t+xte2t+te2x ert+x+2 ()
u(x,t) =e*+e 5 5 2 2 t e
t X
—Zex—Zef——+2—f fuzdtdx
2 0 0

eZt teZX

+

=eX et 47

— £+ 2e(x+t) _
2 2

S 3 A dtdx.

2e* —2et +2 —

Consequently, we have

uy = e* +et,

ert ter

x
—— (x+t) _ Dpx
2 + 2 2-i-Ze 2e

x rt
0 Yo

u; (x,t) = —2et+2
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2t 2x

er te _{ (x+t) _ x _ t _ x rt x
—+———+2e 2e* —2et +2— [ [ (e +
eH)? dtdx=0,

and so on.

The solution is

ulx,t) = Y2 ou, =e* +et. (20)
4. Conclusions
We have successfully applied the Adomian’s

decomposition method for linear and nonlinear solving
Goursat problems. This method can also be extended to other
nonlinear partial differential equations. The method is
applied in a direct way without using linearization,
transformation, discretization or restrictive assumptions. It
may be concluded that the proposed method is very powerful
and efficient in finding the analytical solutions for a wide
class of boundary value problems.
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