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Abstract In this paper we present two criteria for the
existence of common eigen values of several operator
pencils having discrete spectrum. One of the given criteria is
proved by using analogs of resultant for several operator
pencils; proof of the other criterion requires the use of the
results of the multiparameter spectral theory. In both cases
the number of operator pencils is finite, operator pencils act,
generally speaking, in different Hilbert spaces.
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1. Introduction

The definition of abstract analogue of resultant of two
operator pencils in one parameter is given in [2] and [10]
with the help of definitions of tensor product of spaces and
tensor product of operators. When the operator pencils have
the identical degree concerning parameter concept of
resultant has been given in work of Khayniq [9], for operator
pencils, generally speaking, with the different orders of
parameter , the abstract analog of a resultant is studied by
Balinskii [2].

Let be

AA)= A, + A4 + AP A, +...+ 1" 4,

1)
B(A)=B,+AB,+ A’B, +...+ "B,

two operator pencils depending on the same parameters
A and acting, generally speaking, in various Hilbert spaces

H , H , correspondingly.
Res(A(A), B(4))is the resultant of two operator pencils
A(A)and B(A). It is presented by the matrices (2) and

acts in the space (H, ® Hz)"”" - direct sum of 1+ m
copies of tensor product of space H, ® H, .

4,®E, A4 ®F, A4,®E, .. 0
0 .4, ®FE, A®EF, A, ®E,
Re s(A(A), B(A)) =
E,®B, E ®B, E®B, . 0
.E ®B, E®B .. E®B,
(2)

In a matrix Res(4,(4),4,(4)) the number of rows with
operators A, is equal to leading degree of parameter A4 in
pencil B(4), that is M , the number of rows in matrix
Res(4,(1),4,(4)) with operators Bl. coincides with the

leading degree of parameter A in pencil 4(1), thatis 7.

In [2], [10] operator Res(A4(4), B(1)) is named by abstract
analog of a resultant for operator pencils (1).Value of a
resultant Res(A(A),B(1)) is equal to its formal
decomposition wherein each term of decomposition is
tensor product of operators.

Theorem 1. ([2],[10]). Let the following conditions satisfy:
a) Operators 4, and B, are bounded and one of them has

bounded inverse.
b) Spectra of operator pencils 4(4) and B(A) are

discrete set.

Then the pencils (1) have a common eigenvalue if and
only if Ker Re s(A(A), B(A)) # {6}.

In the case m = n in (1) Theoreml is proved in [10], at
arbitrary whole meanings 72, n Theoreml is proved in [2].

Operator (2) is the generalization of Resultant

a, a,, a a 0 .. .. 0 O
0O a .. a a a, .. .. 0 O
Res(f,g)=
0 0 0 0 a .. a, a,
bm bm —1 b3 b2 bl bO 0 0
0 b, b, b, b, b b 0 o
0O 0 0 0 b, b b b,

m m—1
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constructed for polynomials

f(x)=ax"+ aHx"_1 +..+a,, a,#0;
4)
gx)=bx"+b x""+..+b,, b #0;

At the proof of the second criterion of existence of
common eigenvalue of several operator pencils in Hilbert
space we essentially use the results of multiparameter
spectral theory [1,3,5,11] and also the notion of abstract
analog of Cramer’s determinants.

Criterion for the existence of common eigenvalues of
several operator pencils in Hilbert space

1. Let now we have n the  operator pencils
depending on the same parameter A4

B.(A)=B,,+AB,, +..+ A" B, ,

i=12,..,n

when B;(A) be the operator pencils acting in Hilbert space

(5) (3.12)

H ; » correspondingly. Without loss of generality we suppose
k >k >.>k.
Definitionl. [1,3,11] B;i -the operator induced by

operator BS’,- , acting from the space H;into tensor product

space H=H1®...®Hn and is defined the

following way: on decomposable tensor X = x; ® ... ® x,,:

X ®x

s,V i+l

Bix=x®.Qx_ ®B ®..®x, , on
other elements of space [ =H &...® H  operator

B : ; 1s defined on linearity and continuity.

Introduce the operators R, (i =1,...,n—1) in space
H "% (the direct sum of k, +k, copies of tensor product
H=H ®..® H of spacesH ,H,,...,H ) by means

of the operational matrices

By, B, B;l,l ....... 0
0 By, B, Bkl—l.l qa 0
0 0 B, B, B*
R =| . . ’ . A , i=2,..,n
By, B, Bk[ PR 0
0 B, B B 0
0 0 By, B, +

(6)

In the matrix R, , the number of lines with operators
B/,,s =0,l,...,k, is equal tok, and the number of lines with
operators B;l_,s = 0,1,...,ki is equal to k1 . Ri—l are the

ky+k
operators in the space H5 ™ representing by the matrices
in (6). (3.13)

We shall designate O, (Bi (ﬂ)) the set of eigenvalues of
an operator B, (A).

Theorem 2. [4] Let the operator Bk] has inverse.
iDIGP(BI.(/l)):t{H} iff D}KerRi #1{6}.

Proof of Theorem 2. Necessity. We suppose, that pencils

B,(A) have a common cigen- value A°. For everyone i

there are  such  elements x, €H, , that
B/(A)x,®..®x, =0, i=12,..,n.

It is easy to see, if the element

X= (xl ®..0x,, A% ®..0®x,,..(° "y, ®...®xn)

in the kernel of an operator R, foreach i=1,2,...,n—1,

n—1
then X e ﬂKerRi.
i=1
n-1
Sufficiency. Let [ )KerR, = {6}

i=1

and an element

n-1

X = (380X )€ (\KerR., % eH.Then element X in
i=1

the kernels of operators R,R,,...,R , , i e

-
R (X, X)X 4 ) =055 =1,2,...,n—1 . Expression

n—-1
nKerR, #{0} means there is such nonzero element
i=1

s K +k2
(fof-) ®xy) ®---®x£“?j c(H ®..9H )12 that the
=1 s=1
Then an element

equalities satisfy.

o K +k2
[le(j) ®x§fi) ®---®Xf,f,-)j enters the kernel of

i=1 s=1

Resultant of operators B;(1) and B™" (4, a,,...,a,) =
a,B; (D) +a,B; (A)+...+a,B " (L).
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Bglzx“) ®xy) ®..0x) +..+B) |

sk1+1

Z 1(ljl+l)® ®x (k1+1) -0

i=1

sky+ko

PN CERCENCRT NV i ST NN

le(ll) ®x)) ®..@x) +.. +B+

skny +1

Z x(kl“’® ®x<"l“> 0 7

sky +k

le(kl) ®..0x 1D 1B

n,i ki

B (A, ay,.n
H,®..®H, byanoperator B,(A) and ¢, (i=2,3,..,n)-

-the operator induced to the space

arbitrary complex numbers. The Resultant of pencils B, 1)
and B™ (A, a,,...,
copies of tensor product H, ®...® H of spacesH,,...,H,.

@) acts in the direct sum of k, +k,

Further we use the known property of the elements of
tensor product space. It is known that the representation of
the element in tensor product space is not unique. For each
element of the tensor product space there is the number
coinciding with the minimal number of decomposable
tensors, necessary for the representation of this element. This
number is named the rank of element. If the sum
decomposable tensors in the representation of element are
more than the rank of this element then one-nominal
components of the given element are linear dependent.
Having transferred to each line of equalities (7) one
decomposable tensor from left side in the right side of the
this eqalities, we get, that the series standing at the left side
in each equation have a rank 1 as they are equal to a
decomposable tensor, standing in the right side of this
equality. Thus, between one-nominal components of all
terms entering into expression (7) there is a linear
dependence and an element standing at the left in all
equalities in (7) is a decomposable tensor.

We have that

fo” ®x) ®.0x") |eH ®.®H,

is decomposable vector for all values of number S. Using [2]
we prove there is a number A being the common point of

spectra of operators B,(1) and B (4, a,,...,a,) atall

values X, . The last means, that A there is a common

eigenvalue of all pencils B, (4), i=12,...,n. Theorem2

Z x(k1+k2) R .. ®x(k1+k2) 0

i=2,..n

is proved.

2. Give some definitions and concepts of the theory of
multiparameter operator systems in the case when the
number of parameters is equal to the number of equations.

Let the linear multiparameter system in the form be:

B, (A)x, = [B0k+zﬂ’Bijk_0 k=12,.n

k=1
®)
when operators B r; actin the Hilbert space H .
Definition 2. [1,2,11] A = (4,4 ,..,4,)eC"
eigenvalue of the system (8) if there are non-zero elements
X, € H (i =1,2,...,n) such that equalities in (8) are true,,

then a decomposable tensor X = X ® X, ®..® X, is
called the eigenvector corresponding to
A=A, ,..,4,)eC".

Definition 3 ([5], [6]).

Let X =X, ® X, ®... ®x" be an eigenvector of

the corresponding to its

IS an

an eigenvalue

0,..,0

system  (8),
= (A Ayyen ) s the X

eigenvalue

is m,,m,,...,m

n

- the associated vector (see[5]) to an eigenvector X, of the

system (8) if there is a set of vectors

(xl. L ) - H K.0H ,» satisfying to conditions
15525090
+ + + _
BO,i(ﬂ’)xsvl,,sz,. S +Blz §1=1,87 s, +.. +Bkz 1587 seesSy —1 =0
i =0,when s, <0
1512 50e0ly i

0<s, <m, ,r=1..n i=1..n, )

Indices §,, 5, ,..., 5, in element
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(xil o )C H, ®...® H  there are various

arrangements from set of integers on nwith 0<s, <m,,

.....

r=12,..,n.

Definition 4. In [1,3,11] for the system (8) analogue of the
Cramer’s determinants, when the number of equations is
equal to the number of variables, is defined as follows: on

decomposable tensor x =x; ® x, ®...® x, operators

Al_ are defined with the help the matrices

Sahx=®
a, a, a, . . a,
By x,  Byx, B,x B, x
B,,x, B,x, B,,x, B, ,x,
By;x;  Biyx;  B,ixs B, ;x;
BO,n'xn Bl,n‘xn BZ,n'xn . . Bn,n'xn
(10)

where @), & ,..., &, are arbitrary complex numbers. The

decomposition of the determinant (10) is its formal
decomposition, when all terms of decomposition are tensor

products of elements. If ¢, =1,&;, =0,7 %= k ,thenright
10) s Ax
x=x ®x,®..®x,. Onall the other elements of the

side  of equal to where

space [{ operators A,, are defined on linearity and continuity.

E (s=12,..,n) is the identity operator of space /1 .
that for all xeH , x#0 ,
(Apx,x)25(x,x)>0, 6>0 , and all B are

Suppose

selfadjoint operators in the space /4 .. Inner product [.,.] is
defined as follows; if x=x ®x,®.®x, and
y=y,®y,®..Qy, are decomposable tensors, then
[x,y]=(A,x,), where (xl_ , yi) is the inner product in
the space /1,. On all the other elements of the space /{ the
inner product is defined on linearity and continuity. In space

H with such metric all operators I, = ABlAi are

selfadjoint [1,3,11].

We give a new criterion for the existence of common
points of spectra of all operator pencils (5). Let us assume
that each operator pencil in (5) has a discrete spectrum.

Conditions on the operators Bj,k remain the same. Let

highest degree of parameter A in (5)is 17 .
In (5) we make the transformations

A=Ay A = Ayeni=12,..,m. (11)

then the operator pencils (5) are written in the form

B' (A A,)X%, =0 i=L.,k (12)
by the operator B, (4, ,..., 4, ), that acts in space H, .
The equation B (4,....,4,)X, =0 i=1..,k we
consider together with the following equations
(t, + A4ty + A,t)x, =0
At + Aty + A t)x, =0
142 2%0 3b1 )43 (13)

(Z‘m—2t2 + ﬂ’m—lto + //Lmtl )xm = 0

where the operators £ ,7,,

t ,are defined with help of the

matrices

R H I
10 0 0 01

In the space R* the equations (13) on its eigenvectors
realize the connections between the parameters

Ay Ay ...y A, according to the requirements of (5).
We build £ linear multiparameter systems
B (A, A,)%, =0
(t, + 4ty + A,t))x, =0
(At, + At + Ast))x; =0
(im—2t2 + j"m—ll(O + ;i’mtl)xm = 0
XeH ®.®H, x,eR,s=2,...m—1; i=1,.,k.
(15)
and introduce the space

IEI:H1 ®.QOH, ®R*>®...® R?. In the tensor

product Jf factor R? repeats m —1 time. Construct

the analog determinants of Cramer for the linear
multiparameter system (15) of the formulae
o, o : .a,
++ ++ ++ ++
BO,i Bl,' B2,i Bm,i
m t++ t++ t++ . . O
an e .
i=0 t1,3 lo3 : .
++
o o0 o0 . .
(16)
When B,; =0 if j>k,. All operators B:;, t;in
the  expression (16) are induced in  space

H=H ®.QH, QR*®..®R? by the
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.
operators B, ., ,,

correspondingly.
If operators B; ; are selfadjoint in space [, and above

accepted conditions are satisfied, then all the eigenvalues of
each operator

Fi,S = A_Ol,sAi,s (S = lapk, i= 1,...,7’}’1

.) , are real
,A,) is an

eigenvalue of the system (15). Take two equations of the
system, namely the equations

(t, + 4ty + ,t)x, =0
(At, + At + A4t)x, =0

numbers [1,3,11]. Suppose now that (4,,...

)

For eigenvector
% ®.0x, x eR..x, ek, (x®.0x)eH ®.QH, of
the system (15) we have the following:

If ﬂ,l # Qand x, =(a,, ) is ecigenvector of the
first equation of (16) then

(R (O R O

oA B + A0 =0,8+Aa, =0, 4, #0;4, =4 .

Further ifﬂ,1 # 0, ﬂ,z =0, X ., = (az,ﬂz) # 0 then
the equalities 1,8, + Ao, =0, A B, + A, =0 and
ﬂl 13 = /12 .Earlier we proved ﬂ,z = ﬂ,lz ,
A =i

By analogy for other equations: if (4,,4,,...,

m?

therefore

A,) isan
eigenvalue of the system (15) then 14 Zﬁ? -
A, =A" ,A =4, arevalid.

In the space H = H, ®..® H, ® R* ®...® R*we

A (accord to the definition 4) for
If kernels of
A, -are zero then (see [1],[3L[5]) the

build operators A ...,
each of linear multiparameter system (15).

operators Ag | ...,

parameter ﬂ,l. in (15) are separated. The formulae

A’O{SAlezﬂlil, . AOSAmem A%, s=1..,k
fceﬁzHl ®.OH QR*Q..®R’
are true. So on eigenvectors of the system
Ay = A=, A=A A =, A=
and

A A X =A%, ey A A, X, = A'X,

Besides of A = A, then

-1 = qi= _
Ao A X =%, s=12,.

Theorem3. Let the spectra of the operator pencils B, (4)
(i=12,..,k)
existand bounded. Then A is a common eigenvalue of all
the operators B, (A1) in (5) iff

—AA ) N..Nker(A,,

Proof of Theorem3. Suppose that conditions of the
Theorem 3are fulfilled. From [ 5] it follows: system of
eigen and associated vectors of all multiparameter systems
(15) and system of eigen and associated vectors of operators

L, =A0A,,, D, =A0A,, (=12..m)
(20)

coincide for the each fixed meanings of number L. Tn virtue of
the connections between the components of eigenvalues of
the system(15) we have

-1 T o— .y -3
AO,SAi,sxi _ii‘xi s xi =X

tain only ei 1 tors A’
contain on y elgenva ues , Opera ors 0,i

Ker(A, — AN, ) #{0} (19)

A‘ =A% i=l.,m s=1..k

@n

Let A is the first component of eigenvalue of all systems
(15). From condition

Ker(A,; —AAy,)N...MNker(A
follows that there is the element
X®x,®.Qx =XeH; x,e¢H ®.QH, .

being the common eigenvector of all systems (15),
corresponding to the common eigenvalue

(A Ayseis Ay ) = (A, 400, A7)

We use the known formulae of multiparameter spectral
theory [1,3,11]

—A4,,) # 10}

1,m

++ ++ ++ .
By, +B T, +..+B,I,,=0,i=12,..,k
++ ++ ++
(tz,z +t0,2rl,i +1,, Fz,i =0
++ ++ ++
t2,3rl,i + t0,3r2,i + t17,3r3,i =0 22)
++ ++ ++
t2,m—lrln—2,i + tO,m—lrm—l,i + tl,m—lrm,i = 0

i =1,..., k. Substituting into the first equality in all

multiparameter systems (22) values of operators I,  from

(20),(21) and given X, =X, =...=X,, =X we establish
that all operator pencils in (5) have a common eigenvalue.

It is true an inverse preposition. Let A there is a common
eigenvalue of the operator pencils (5), consequently,

(A2,
is the eigenvalue of (15),
i =%=.=5%

A™)is a eigenvalue of all systems in (15). So A
then there is eigenvector

= X of all multiparameter system in
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(15).From [5] it follows that the system of eigen and
associated vectors of multiparameter system (15) and of each

equation (A, —AA )X =0,.,(A, —4A )X =0
coincide. So X is an eigenvector of (15),
Ker(AL1 - /1Ao,| )N...N ker(Al’k - /1A0,k) + {6}

Theorem3 is proved.

then

Application. In the case when all operators in all operator

pencils (5) are the real numbers, Hilbert spaces
H, =R, (i=12,..,n). wehave npolynomials
b.(x)=b,, +b, x+..+b, .x"
i 0,i 1,i ki (23)

i=12,..,n

when the variable X is the parameter A in (5). Then the
polynomials (23) have the common solution then and only

then when ﬂ KerR # {0} R, are constructed by the
i=1

formula (6), in which the operators BSJ. are replaced by the

numbers b__,.
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