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Abstract  Considered dynamic network flows identically 
zero on the negative time axis. The concept of the frontal 
flow is introduced for such flow. The article contains the 
theorem about the decomposition of the dynamic flow on an 
arbitrary time interval ];0[ T  on the sum of two flows, the 
first of which is equivalent to the original flow on the interval 
and equals to zero outside the interval, the second flow is 
equivalent to zero on the interval and coincides with the 
initial flow outside of the interval. The first is minimum flow 
which equals the original flow at a given time interval. 
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1 Introduction 
The subject in the article is the dynamic flows in oriented 

networks which identically equals to zero for 0<t . We 
define the concepts of the part of the flow and the front flow 
for such flow Decomposition theorem for dynamic flow on 
the time interval [ ]T;0 in the sum of frontal flows are proved. 
The main result is decomposition theorem for the dynamic 
flow which identically equals to zero for 0<t   as the sum 
of two flows. The first flow has the same magnitude as 
original flow on [ ]T;0  , and it is identically equal to zero for 

Tt > , the second flow is equal to original flow for Tt > , 
and it is magnitude equals to zero on [ ]T;0  . 

2 Definitions and Notations 
Let ),,,( cfUXG  is a oriented network, where X  - 

a set of vertices; U  - set of arcs; XXUf ×→: . Denote 
s  - a source, r - a drain. The capacity of each arc we denote

)(uc , )(xU −  - the set of arcs entering to the vertex x  ; 
)(xU +  - the set of arcs exiting out the vertex x . 

Now we recall the definition of a stationary flow in the 
network (see [1]). 

Definition 1: Stationary flow 

Stationary flow in the network ),,,( cfUXG  is a 
mapping );(: ∞=→ + oRUϕ , which satisfying the following 
conditions: 
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where s  - the source; r - the drain. 
Magnitude of a stationary flow is called flow values sum 

through any arcs belongs some cut of the network, and in 
particular,  
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When we talk about the dynamic flow (see [2 - 5]), the 
discrete time Zt∈ is added to consideration. It is believed 
that each transition along the arc is made during the unit of 
discrete time (i.e., per clock). 

Here is the definition of dynamic flow: 

Definition 2: Dynamic flow 

Dynamic flow in the network ),,,( cfUXG  is a mapping 

+→× RZU:ϕ , for a which the next conditions satisfy: 
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where s – the source; r  – the drain; t  - the time. 

Definition 3: Instantaneous magnitude of the flow 

The magnitude of the flowϕ  at the time t  is a value 
),( tv ϕ  determined by the equals : 
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I.e. the total flow entering the drain at the time t  . 

Definition 4: Magnitude of the flow on interval 

The magnitude of the flow ϕ on the interval ZTT ];[ 21  
(here in after instead ZTT ];[ 21  we write ];[ 21 TT ) is the value 

]),[,( 21 TTV ϕ defined by: 

∑ ∑
= ∈ −

=
2

1 )(
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T

Tt rUu
tuTTV ϕϕ     (4)  

I.e. the total flow coming into the drain during the time 
interval ];[ 21 TT  

3. Claims 
It is clear that we have the equality 
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Dynamic flow definition implies: 
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Denote 
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We write down the equality that follows from (5) and (6): 

)()1()1()()()( tIIItIIItIItIIItIItI ++++=++ .   (7) 

Consider the flow is identically equal to zero for 0<t , 
and let  ZTT ∈> ,0 . 

For this flow we have (for 1,,1,0 −= Tt  ) next 
equalities: 

)0()1()1()0()0()0( IIIIIIIIIIIIII ++=++  

)1()2()2()1()1()1( IIIIIIIIIIIIII ++=++  

)2()3()3()2()2()2( IIIIIIIIIIIIII ++=++  

)1()()()1()1()1( −++=−+−+− TIIITIIITIITIIITIITI  

Add to these equalities the following identity 

)()()()()()( TIIITIITITIIITIITI ++=++ . 

Sum the resulting set of equalities: 
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From the fact that the flow ϕ  is identically equal to zero 
for 0<t  the next equalities satisfied 

0)0(,0)0( == IIIII  . We have obtained the equality: 
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The expression on the left-hand side of equality (8) can be 
called the total flow entering the network at an interval 

];0[ T . Thus we have proved 

Theorem 1 For any dynamic flow ϕ  is identically 

equal to zero for 0<t  and for all ZTT ∈> ,0  there is a 
basic balance relation: 
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It is obvious that for any dynamic flow ϕ   and arbitrary 
ZTTTT ∈< 2121 ,, we have the following balance relation: 
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Definition 5: Partial flow 

Let ),,,( cfUXG  is oriented network, ϕ  is dynamic 

flow. Dynamic flow 1ϕ  will be called the partial flow for 
ϕ  , if all time t  , and any arc u  satisfied: 

),(),(0 1 tutu ϕϕ ≤≤ .        (11) 

Obviously, there are properties: 
a) Zero flow is the partial flow of any flow.  
b) Any flow is the partial flow of itself.  
c) If the flow 1ϕ  is the partial flow of the flow ϕ  and 

the flow 2ϕ  is the partial flow of the flow 1ϕ , then 
flow 2ϕ  is the partial flow of the  flow ϕ  . 

d) If the flow 1ϕ  is the partial flow of the flowϕ , then 
the flow 1ϕϕ −   is also the partial flow of the flow 
ϕ  . 

We continue to study flows are identically zero for 0<t . 
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Definition 6: Equivalent flows 

 Two dynamic flow 1ϕ and 2ϕ  will be called equivalent 

on the time interval ZTTTTZTT ∈≤ 2,1,21,]2;1[  if for 

any ZTTt ];[ 21∈  next equality ),(),( 21 tVtV ϕϕ = holds. 

Example 1. Consider the network shown in Fig. 1. We 
assume that the capacity of all arcs is equals 2. Consider 

two flows 1ϕ and 2ϕ shown in Fig. 2 and Fig. 3, 

respectively, which will be assumed to be constant at the 
time. Figures standing near arcs indicate the value of the 
flow. 

 

Fig. 1. 
 

 
Fig. 2. 

 

 
Fig. 3. 

It is clear that the flows in Fig. 2 and Fig. 3 equivalent at 
any time interval ZTTTTZTT ∈≤ 212121 ,,,];[ , including 
at all Z .  

It is clear that any flow is equivalent to itself at all Z . 

Definition 7: Frontal flow 

Let ),,,( cfUXG  is oriented network, ϕ  - dynamic 
flow identically equal to zero for 0<t  . Frontal flow of the 

flow  ϕ  will be called a flow Fϕ  satisfied the following 
conditions: 

a) Fϕ  is a the partial flow of the flow ϕ ; 

b) Fϕ  is a the partial flow of the flow ϕ ; 

c) UuuuF ∈∀= ),0,()0,( ϕϕ  ; 

d) 1),(,0),( ≥∀∈∀= + tsUutuFϕ . 

Theorem 2▲ For any dynamic flow ϕ  that is identically 
equal to zero when 0<t   there is frontal flow Fϕ . 

Proof: Frontal flow Fϕ  is the partial flow of the flow 
ϕ . From (11) implies that it is identically equal to zero for 

0<t  . Its value when 0=t  is determined under definition 
6 (c). Next we argue by induction. Let us assume that the 
frontal flow is already defined for all 0tt ≤  .  We show 
that it is defined and when 10 += tt  . 

Take w - arbitrary arc of the network ),,,( cfUXG . If 
)(sUw +∈ , then 0)1,( 0 =+tuFϕ  (see definition 7 (c)). If

)(\ sUUw +∈ , then we find a vertex wx  that )( wxUu +∈ . 
Let 
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It is clear that  

ww ba ≤             (13) 
This follows from partial flow definition. 

If )0()0( =∨= uu ba , then we believe 

0)1,( 0 =+tuFϕ  . (This follows from the 
non-negativity of the flow.) It remains to consider the case

ww ba ≤<0 . If 0)1,( 0 =+twϕ  we believe 
0)1,( 0 =+twFϕ . (It requires partial flow definition.) 

Otherwise, in the set )( wxU + exists a non-empty subset of 

the set of arcs )( wxU ϕ+ , such that:  

a) w
xUu

btu
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=+∑
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ϕ
; 

b) )(,01),( 0 wxUutu ϕϕ +∈∀>+ ; 

c)  )( wxUw ϕ+∈ . 
We numerate arcs of the set 

},,{)( 21 kw uuuxU =+ϕ . Let 1uw = . 
It is clear that  

 w
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Consider the equation: 

 w

k
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From (13) and (14) it follows that the equation (15) has 
solutions. (In the case ww ba =   this solution is unique.) Fix 
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a solution of equation (15) - )~,,~,~( 21 kxxx  . We believe 
in this case 
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Note that in this way we have defined Fϕ   on all arcs of 

the set },,{)( 21 kw uuuxU =+ϕ  within 10 += tt   . 
The inductive step is proved.▼ 

Now we consider the flow Fϕϕϕ −=1 . It is clear that it 
is identically equal to zero for 1<t . 
Similarly, the definition 7, we can determine its frontal flow 
(replacement 0=t for 1=t ) - F1ϕ . Consider the flow 

FFF 1112 ϕϕϕϕϕϕ −−=−= . It is clear that it is 
identically equal to zero for  2<t . Thus, the following 
theorem holds. 

Theorem 3 For any dynamic flow ϕ  on oriented 
network that is identically equal to zero for 0<t , and 

ZTT ∈> ,0  equality holds: 
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Equation (16) we call the decomposition of the flow 
across on ];0[ T  in the sum of frontal flows. 

Definition 8: The conveying path 

Let ),,,( cfUXG  - oriented network with a source s  

and a drain r  . Um N →];1[:µ  - the path  from s  to 
r  . They say that the path µ  carries a portion ∆ of the 

];[ 21 TT , if there is a dynamic flow µϕ  that satisfies the 
following conditions: 

a) µϕ  is identically zero outside the interval ];[ 21 TT ; 
b) ,)),1(( 1 ∆=+− tTtµϕµ

)1(,0),( 1 +−≠= Ttutu µϕµ  . 

It is clear that for conveying path next equalities satisfies 

∆=≠=∆= ]);[,(,,0),(,),( 2122 TTVTttT µµµ ϕϕνϕν . 

Theorem 4 Theorem 4 Let ),( tuϕ a dynamic flow on 
network ),,,( cfUXG  equal to zero on all arcs of the 
network when 0<t , then for an arbitrary NT ∈ , there are 
flows ),(),,( 21 tutu ϕϕ  for which the following 
conditions are satisfy: 

a) Flows ),(),,( 21 tutu ϕϕ  - partial flows for the 
flow ),( tuϕ ; 

b) Flow ),(1 tuϕ  is equal to zero on all arcs with 
Tt > ; 

c) Flow 1ϕ  is equivalent to the flow ϕ on interval 

];0[ T , i.e. ( ) ( ) ];0[,,, 1 TttVtV ∈= ϕϕ ; 
d) Flow 2ϕ  is equivalent to zero on interval ];0[ T , 

i.e. ( ) ZTttV ];0[,0,2 ∈=ϕ ; 

e) Zttututu ∈+= ),,(),(),( 21 ϕϕϕ . 

Note that the flow 2ϕ  is equal to the flow ϕ   1 for all 
Tt > . 

Proof: ▲In fact, it suffices to prove this theorem for the 
frontal flow. 

Consider frontal flow F

def

FiF Ti ϕϕϕ =∈ 0],;0[,  . 
It is clear that 

0),( =tiFϕν  when it < ; 

If 0),( >tiFϕν , then ];[ Tit∈  and  the values 

),( tuifϕ obtained on the arcs of the set )(rU −  of values 

taken on the set of arcs )(sU +  in time t shipment of paths 
which length equal 1+− it . 

The network is a finite graph and we can solve the problem 
of transportation quantity ),( tiFϕν  with the paths have a 

given length. These paths are parts of a flow iFϕ  . Define 
transporting paths for all ];[ Tit ∈ . The desired expansion 
has the form  

=1)),(( tuifϕ ”The sum of transporting flows” 

12 )),((),()),(( tututu ififif ϕϕϕ −= ▼ 

Decomposition of the frontal flow in sum of of conveying 
flows is an analogue of the theorem on the decomposition of 
a stationary flow in sum of flow along paths (see [6]). 

From basic balance relation (9) we have that the partial 
flow ),(1 tuϕ of the flow ),( tuϕ  (obtained by theorem 3) it 
is minimum partial flow satisfying  

]);0[,(]);0[,( 1 TVTV ϕϕ = , 

i.e. 1ϕ  is minimum flow which equals the original flow at a 
given time interval. 
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