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Abstract In this paper we obtain results concerning the
bound for the number of zeros for the polynomial p(z)
which  generalizes well known result due to
A.Ebadian ,M.Bidkham and M.Eshaghi Gordji [Number of
zeros of a polynomial in a given domain, Tamkang Jour, of
Mathematics, Vol 42, No.4,(2011), 531-536] and also
improves upon some well-known results.
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1. Introduction

Letp(z) = ¥}, a;z/ be a polynomial of degree n such
that
anzan_lz"'2a12a0>0

then according to a well known result of Enstrom and
Kakeya, the polynomial p(z) does not vanish in |z| >
1.Concerning the number of zeros of the polynomial in the

region|z| < % the following result is due to Mohammad [1].
Theorem A. Let p(z) = }j_, a;jz/ be a polynomial of
degree n such that
anZan_IZ"'2a12a0>0
then the number of zeros of p(z)in |z| < % does not exceed
1
log 2

1 log—
+ oga0

Bidkham and Dewan [2] generalized the Theorem A for
different class of polynomials and proved the following.

Theorem B.Let p(z) = X7, ajzj be a polynomial of
degree n such that

ap<ap g < Sagpg <ag=agq == Qg

for some k,0 < k < n, then the number of zeros of p(z)
in |z| S% does not exceed

1 lan|+laol-an—ao+2ak
logz{ lag| } (1.2)
Theorem C. Let p(z) = X7, ajzj be a polynomial of

degree n with complex coefficients .If for some real

ﬁ,|argaj—ﬁ|SaS§,0San

and forsome 0 <t <1,
lagl < tlay| < -+ S thlag| =t Hagyq| = = thayl ,
o<k<n

. 1
then the number of zeros of p(z) in |z|] < > does not exceed

! {10
log2
(1.3)

A.Ebaddian,M.Bidkham and M.Eshaghi Gordji [3]
generalizes Theorem C and proved the following results.

2t%+1|ay | cos a+2t sin aZ}":O d |aj|-t2+t |an|(cosa+sina—1)}

tlaol

Theorem D. Let p(z) = X7, a;z’ be a polynomial of
degree n such that

Ay S aAp S S A S a2 A = 2 Qg
for some k,0 < k < n, then the number of zeros of p(z)
. R
in |z| < 2 ,R > 0, does not exceed

A lag[R™* + |ao| + R*(ay — ag) + R™(a) — ay)
log 2 © |aol
forR>1
and
1 lan|R™* + |ay| + R(ay — ap) + R™(ay — ay)
log
log 2 |ao|

For R<1 (1.4)

Theorem E. Let p(z) = X7, a]-zj be a polynomial of
degree n with complex coefficients .If for some real
B.largaj—B| < a S%,O <j <n and forsome R >0,

laol < Rlay| < -+ < R¥|ay| 2 R*Mapy| 2 - 2
R%a,|,o<k<n

then the number of zeros of p(z) in |z| < % ,R >0 does
not exceed

L {lo
log 2
(1.5)

In this paper we improve Theorem D and Theorem E for
polynomials with real and complex coefficients. More

2RK*1|ay | cos a+2R sin aZ]n:O RI |a]-|—R“+1|an|(cosa+sina—1)}
Rlag]|
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precisely we prove
Theorem 1 .Let p(z) = X7, ajz/  be a polynomial of
degree n such that

ap<ap g S S<agpg <ag=agq == Qg
for some k,0 < k < n, then the number of zeros of p(z)
in |z] < R§,R > 0,and 0 < § < 1does not exceed

1 | lan|R™ + |ao| + R*(ay — ao) + R™(a, — a,)
18 lao
logE Qo
for R>1
and
1 | lan |[R™* + |ao| + R(ay — ao) + R™(a, — a,)
18 lao
logE Qo

for R<1 (1.6)

Remark 1.1. If we choose =% , Theorem 1.reduces to
Theorem D.

Remark 1.2. If we choose =1, § =% .
reduces to Theorem B.

Theorem 1

Theorem 2. Let p(2) = }j., a]-zj be a polynomial of
degree n with complex coefficients .If for some real
ﬁ,|arga]- —ﬁ| <a S%,O <j <n and for some R >0,

lagl < Rlay| < -+ < R¥|ay| = R ayyq| = -+ =
RYa,| , o<k<n

then the number of zeros of p(z) in |z] <R§,R >
0,0 < § <1 does not exceed

L{lo
log% g )
(1.7

Remark 2.1.If = % , Theorem 2 reduces to Theorem E.

Remark 2.2. For R=1,k = 1,5=%and a=p=0.
Theorem 2 reduces to Theorem A.

2RK*1|ay | cos a+2R sin aZ]n:O RI |a]-|—R“+1|an|(cosa+sina—1)}
Rlao|

2. Lemma

For the proof of the theorems , we need the following
lemmas.

Lemma 2.1. If f(z) isregular, f(0 #0) and f(z) <M
in |z| <1, then see ([4],pp 171)the number of zeros of
f(z) in |z] £ 6,0 < § < 1 does not exceed

1 1 M
—_— 0 —_—
log% Sl

Lemma 2.2. Let p(z) = X7, a]-zj be a polynomial of
degree n with such that |argaj -Bl<as< % ,0<j<n
for some real f3, then for some t > 0,

|ta; — aj_| < (t|aj] = [a-1])cosa
+ (t|aj| + |aj_1|)sina

The above lemma is due to Govil [5].

3. Proof of the Theorems
Proof of Theorem 1. Consider the polynomial

9(2)=(Q1 - 2)p(2)
=—a,z" +ay+ Z(aj —aj_,)z’
=1

For |z| < R, we have
Ig(f)l < |an|R™ + |a,|

+ Z(aj -4 1)R
=
n
+ Z (a1 — @))R

j=k+1
Which gives
lg(2)| < lan|R™ + |ao| + R*(ax — ao) + R™(a — ay)
for R >1
and
lg(2)| < lan|R™ + lao| + R(ay — ao) + R™(ay — az)
for R<1
Which further imply
9(@)| _lan|R™* + |ao| + R*(a, — ap) + R™(a; — a,)
g0~ |ao|
forR =1
And

9@)| _ lan|R™ + |ao| + R(ay — ao) + R*(a) — ax)
g~ |aol
forR <1

Applying Lemma 2.1to (z) , we get the number of zeros of
g(z) in |z| < Ré6, does not exceed

1 | lan|R™ + |ao| + R*(ax — ao) + R™(a, — a,)
1|8 lao
logE Qo
for R>1
and
1 1 lan,|[R™* + |ao| + R(ay — ao) + R*(a, — a,)
18 lao
logg Qo

for R<1

As the number of zeros of p(z) in |z| < RS does not
exceed the number of zeros of g(z)in |z| < RS , the
theorem follows.

Proof of Theorem 2.

Consider
F(z) = (R —2)p(2)
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n
= —a,z"*"! + Ra, + Z(Raj —aj_,)z/

Jj=1
For |z| < R , we have

[F(2)| < |an|R™" + R|a,|
n
+Z(R|aj| —|aj_1|)R? cosa
=1

n
+ ) (Rlay| + |a_ )R sina
j=1

= |a,|R™** + Rlao|

K
+ Z(R|a]~| —|a;_1|)R! cos a
=1
n
+ Z (|laj-1| + R|aj|)R/ cos a

j=k+1
n
+ ) (Rla)| + a1 )R sina
j=1
= 2R**1q,| cosa

n
+ 2Rsinaz Rl
=0
— Rlag|(cosa + sina — 1)
— R""a,|(cosa + sina — 1)

< 2R*1|a,| cosa
n

+ 2R sinaz Rl|aqj]
=0

— R™"a, |(cosa +sina — 1)

Further proceeding on the same lines of Theorem 1,
the proof of Theorem 2 can be completed.
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