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Abstract  In this paper we obtain results concerning the 
bound for the number of zeros for the polynomial 𝑝(𝑧) 
which generalizes well known result due to 
A.Ebadian ,M.Bidkham and M.Eshaghi Gordji [Number of 
zeros of a polynomial in a given domain, Tamkang Jour, of 
Mathematics, Vol 42, No.4,(2011), 531-536] and also 
improves upon some well-known results. 
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1. Introduction 
Let𝑝(𝑧) = ∑ 𝑎𝑗𝑧𝑗𝑛

𝑗=𝑜  be a polynomial of degree n such 
that 

𝑎𝑛 ≥ 𝑎𝑛−1 ≥ ⋯ ≥ 𝑎1 ≥ 𝑎0 > 0 

then according to a well known result of Enstrom and 
Kakeya, the polynomial 𝑝(𝑧)  does not vanish in |𝑧| >
1.Concerning the number of zeros of the polynomial in the 
region|𝑧| ≤ 1

2
  the following result is due to Mohammad [1]. 

Theorem A. Let 𝑝(𝑧) = ∑ 𝑎𝑗𝑧𝑗𝑛
𝑗=𝑜  be a polynomial of 

degree n such that 
𝑎𝑛 ≥ 𝑎𝑛−1 ≥ ⋯ ≥ 𝑎1 ≥ 𝑎0 > 0 

then the number of zeros of 𝑝(𝑧)in |𝑧| ≤ 1
2
 does not exceed  

1 +
1

log 2
 log

𝑎𝑛
𝑎0

 

Bidkham and Dewan [2] generalized the Theorem A for 
different class of polynomials and proved the following. 

Theorem B.Let 𝑝(𝑧) = ∑ 𝑎𝑗𝑧𝑗𝑛
𝑗=𝑜   be a polynomial of 

degree n such that 

an ≤ an−1 ≤ ⋯ ≤ ak+1 ≤ ak ≥ ak−1 ≥ ⋯ ≥ a0 

for some 𝑘 , 0 ≤ 𝑘 ≤ 𝑛 , then the number of zeros of 𝑝(𝑧) 
in |z| ≤ 1

2
 does not exceed 

1
log 2

�log |𝑎𝑛|+|𝑎0|−𝑎𝑛−𝑎0+2𝑎𝑘
|𝑎0|

�      (1.2) 

Theorem C. Let 𝑝(𝑧) = ∑ 𝑎𝑗𝑧𝑗𝑛
𝑗=𝑜  be a polynomial of 

degree n with complex coefficients .If for some real 

𝛽,�arg aj − 𝛽� ≤ 𝛼 ≤ 𝜋
2

 , 0 ≤ 𝑗 ≤ 𝑛 

and for some 0 < 𝑡 ≤ 1 , 
|𝑎0| ≤ 𝑡|𝑎1| ≤ ⋯ ≤ 𝑡𝑘|𝑎𝑘| ≥ 𝑡𝑘+1|𝑎𝑘+1| ≥ ⋯ ≥ 𝑡𝑛|𝑎𝑛| , 

𝑜 ≤ 𝑘 ≤ 𝑛 

then the number of zeros of 𝑝(𝑧) in |z| ≤ 1
2
 does not exceed 

1
log 2

�log
2tk+1|ak| cos α+2t sin α∑ tj�aj�−tn+1|an|(cosα+sinα−1)n

j=0

t|a0|
� 

(1.3) 

A.Ebaddian,M.Bidkham and M.Eshaghi Gordji [3] 
generalizes Theorem C and proved the following results. 

Theorem D. Let 𝑝(𝑧) = ∑ 𝑎𝑗𝑧𝑗𝑛
𝑗=𝑜  be a polynomial of 

degree n such that 

an ≤ an−1 ≤ ⋯ ≤ ak+1 ≤ ak ≥ ak−1 ≥ ⋯ ≥ a0 

for some 𝑘 , 0 ≤ 𝑘 ≤ 𝑛 , then the number of zeros of 𝑝(𝑧) 
in |z| ≤ R

2
 , R > 0, does not exceed 

1
log 2

�log
|𝑎𝑛|𝑅𝑅𝑛+1 + |𝑎0| + 𝑅𝑅𝑘(𝑎𝑘 − 𝑎0) + 𝑅𝑅𝑛(𝑎𝑘 − 𝑎𝑛)

|𝑎0| � 

for 𝑅𝑅 ≥ 1 

and 
1

log 2
�log

|𝑎𝑛|𝑅𝑅𝑛+1 + |𝑎0| + 𝑅𝑅(𝑎𝑘 − 𝑎0) + 𝑅𝑅𝑛(𝑎𝑘 − 𝑎𝑛)
|𝑎0| � 

For 𝑅𝑅 ≤ 1                 (1.4) 

Theorem E. Let 𝑝(𝑧) = ∑ 𝑎𝑗𝑧𝑗𝑛
𝑗=𝑜  be a polynomial of 

degree n with complex coefficients .If for some real 
𝛽,�arg aj − 𝛽� ≤ 𝛼 ≤ 𝜋

2
 , 0 ≤ 𝑗 ≤ 𝑛 and for some 𝑅𝑅 > 0 , 

|𝑎0| ≤ 𝑅𝑅|𝑎1| ≤ ⋯ ≤ 𝑅𝑅𝑘|𝑎𝑘| ≥ 𝑅𝑅𝑘+1|𝑎𝑘+1| ≥ ⋯ ≥
𝑅𝑅𝑛|𝑎𝑛| , 𝑜 ≤ 𝑘 ≤ 𝑛 

then the number of zeros of 𝑝(𝑧) in |z| ≤ R
2

 , R > 0 does 
not exceed  

1
log 2

�log
2Rk+1|ak| cosα+2R sinα∑ Rj�aj�−Rn+1|an|(cosα+sinα−1)n

j=0

R|a0|
�

(1.5) 

In this paper we improve Theorem D and Theorem E for 
polynomials with real and complex coefficients. More 
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precisely we prove 
Theorem 1 .Let 𝑝(𝑧) = ∑ 𝑎𝑗𝑧𝑗𝑛

𝑗=𝑜   be a polynomial of 
degree n such that 

an ≤ an−1 ≤ ⋯ ≤ ak+1 ≤ ak ≥ ak−1 ≥ ⋯ ≥ a0 

for some 𝑘 , 0 ≤ 𝑘 ≤ 𝑛 , then the number of zeros of 𝑝(𝑧) 
in |z| ≤ Rδ , R > 0,and 0 < 𝛿 < 1does not exceed  

1

log 1
𝛿

�log
|𝑎𝑛|𝑅𝑅𝑛+1 + |𝑎0| + 𝑅𝑅𝑘(𝑎𝑘 − 𝑎0) + 𝑅𝑅𝑛(𝑎𝑘 − 𝑎𝑛)

|𝑎0| � 

for  𝑅𝑅 ≥ 1 
and 

1

log 1
𝛿

�log
|𝑎𝑛|𝑅𝑅𝑛+1 + |𝑎0| + 𝑅𝑅(𝑎𝑘 − 𝑎0) + 𝑅𝑅𝑛(𝑎𝑘 − 𝑎𝑛)

|𝑎0| � 

for  𝑅𝑅 ≤ 1                 (1.6) 

Remark 1.1. If we choose = 1
2
 , Theorem 1.reduces to 

Theorem D. 

Remark 1.2. If we choose = 1 , 𝛿 = 1
2

 . Theorem 1 
reduces to Theorem B. 

Theorem 2. Let 𝑝(𝑧) = ∑ 𝑎𝑗𝑧𝑗𝑛
𝑗=𝑜  be a polynomial of 

degree n with complex coefficients .If for some real 
𝛽,�arg aj − 𝛽� ≤ 𝛼 ≤ 𝜋

2
 , 0 ≤ 𝑗 ≤ 𝑛 and for some 𝑅𝑅 > 0 , 

|𝑎0| ≤ 𝑅𝑅|𝑎1| ≤ ⋯ ≤ 𝑅𝑅𝑘|𝑎𝑘| ≥ 𝑅𝑅𝑘+1|𝑎𝑘+1| ≥ ⋯ ≥
𝑅𝑅𝑛|𝑎𝑛|   ,    𝑜 ≤ 𝑘 ≤ 𝑛 

then the number of zeros of 𝑝(𝑧)  in |z| ≤ Rδ , R >
0, 0 < 𝛿 < 1 does not exceed  

1

log1δ
�log

2Rk+1|ak| cos α+2R sin α∑ Rj�aj�−Rn+1|an|(cosα+sinα−1)n
j=0

R|a0|
�

(1.7) 

Remark 2.1.If = 1
2
 , Theorem 2 reduces to Theorem E. 

Remark 2.2. For 𝑅𝑅 = 1 , 𝑘 = 1 , 𝛿 = 1
2

and 𝛼 = 𝛽 = 0 . 
Theorem 2 reduces to Theorem A. 

2. Lemma 
For the proof of the theorems , we need the following 

lemmas. 
Lemma 2.1. If 𝑓(𝑧) is regular, 𝑓(0 ≠ 0) and 𝑓(𝑧) ≤ 𝑀 

in |𝑧| ≤ 1, then see ([4], 𝑝𝑝 171)the number of zeros of 
𝑓(𝑧) in |𝑧| ≤ 𝛿 , 0 < 𝛿 < 1 does not exceed 

1

𝑙𝑜𝑔 1
𝛿

log
𝑀

|𝑓(0)| 

Lemma 2.2. Let 𝑝(𝑧) = ∑ 𝑎𝑗𝑧𝑗𝑛
𝑗=𝑜  be a polynomial of 

degree n with such that �arg aj − 𝛽� ≤ 𝛼 ≤ 𝜋
2

 , 0 ≤ 𝑗 ≤ 𝑛 
for some real 𝛽, then for some 𝑡 > 0 , 

�𝑡𝑎𝑗 − 𝑎𝑗−1� ≤ �𝑡�𝑎𝑗� − �𝑎𝑗−1��𝑐𝑜𝑠𝛼
+ �𝑡�𝑎𝑗� + �𝑎𝑗−1��𝑠𝑖𝑛𝛼 

The above lemma is due to Govil [5]. 

3. Proof of the Theorems 
Proof of Theorem 1. Consider the polynomial 

𝑔(𝑧) = (1 − 𝑧)𝑝(𝑧) 

= −𝑎𝑛𝑧𝑛 + 𝑎0 + ��𝑎𝑗 − 𝑎𝑗−1�𝑧𝑗
𝑛

𝑗=1

 

For |𝑧| ≤ 𝑅𝑅 , we have 
|𝑔(𝑧)| ≤ |𝑎𝑛|𝑅𝑅𝑛 + |𝑎0|

+ ��𝑎𝑗 − 𝑎𝑗−1�𝑅𝑅𝑗
𝑘

𝑗=1

+ � �𝑎𝑗−1 − 𝑎𝑗�𝑅𝑅𝑗
𝑛

𝑗=𝑘+1

 

Which gives 

|𝑔(𝑧)| ≤ |𝑎𝑛|𝑅𝑅𝑛+1 + |𝑎0| + 𝑅𝑅𝑘(𝑎𝑘 − 𝑎0) + 𝑅𝑅𝑛(𝑎𝑘 − 𝑎𝑛) 

for  𝑅𝑅 ≥ 1 

and 

|𝑔(𝑧)| ≤ |𝑎𝑛|𝑅𝑅𝑛+1 + |𝑎0| + 𝑅𝑅(𝑎𝑘 − 𝑎0) + 𝑅𝑅𝑛(𝑎𝑘 − 𝑎𝑛) 

for  𝑅𝑅 ≤ 1 

Which further imply 

�
𝑔(𝑧)
𝑔(0)� ≤

|𝑎𝑛|𝑅𝑅𝑛+1 + |𝑎0| + 𝑅𝑅𝑘(𝑎𝑘 − 𝑎0) + 𝑅𝑅𝑛(𝑎𝑘 − 𝑎𝑛)
|𝑎0|  

𝑓𝑜𝑟𝑅𝑅 ≥ 1 

And 

�
𝑔(𝑧)
𝑔(0)� ≤

|𝑎𝑛|𝑅𝑅𝑛+1 + |𝑎0| + 𝑅𝑅(𝑎𝑘 − 𝑎0) + 𝑅𝑅𝑘(𝑎𝑘 − 𝑎𝑛)
|𝑎0|  

𝑓𝑜𝑟𝑅𝑅 ≤ 1 

Applying Lemma 2.1to (𝑧) , we get the number of zeros of 
𝑔(𝑧) in |𝑧| ≤ 𝑅𝑅𝛿, does not exceed 

1

log 1
𝛿

�log
|𝑎𝑛|𝑅𝑅𝑛+1 + |𝑎0| + 𝑅𝑅𝑘(𝑎𝑘 − 𝑎0) + 𝑅𝑅𝑛(𝑎𝑘 − 𝑎𝑛)

|𝑎0| � 

for  𝑅𝑅 ≥ 1 
and 

1

log 1
𝛿

�log
|𝑎𝑛|𝑅𝑅𝑛+1 + |𝑎0| + 𝑅𝑅(𝑎𝑘 − 𝑎0) + 𝑅𝑅𝑘(𝑎𝑘 − 𝑎𝑛)

|𝑎0| � 

for  𝑅𝑅 ≤ 1 

As the number of zeros of 𝑝(𝑧)  in |z| ≤ Rδ  does not 
exceed the number of zeros of 𝑔(𝑧) in |z| ≤ Rδ  , the 
theorem follows. 

Proof of Theorem 2. 
Consider 

𝐹(𝑧) = (𝑅𝑅 − 𝑧)𝑝(𝑧) 
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= −𝑎𝑛𝑧𝑛+1 + 𝑅𝑅𝑎0 + ��𝑅𝑅𝑎𝑗 − 𝑎𝑗−1�𝑧𝑗
𝑛

𝑗=1

 

For |𝑧| ≤ 𝑅𝑅 , we have 

|𝐹(𝑧)| ≤ |𝑎𝑛|𝑅𝑅𝑛+1 + 𝑅𝑅|𝑎0| 

 +��𝑅𝑅�𝑎𝑗� − �𝑎𝑗−1��𝑅𝑅𝑗 cos 𝛼
𝑛

𝑗=1

+ ��𝑅𝑅�𝑎𝑗� + �𝑎𝑗−1��𝑅𝑅𝑗 sin 𝛼
𝑛

𝑗=1

 

 = |𝑎𝑛|𝑅𝑅𝑛+1 + 𝑅𝑅|𝑎0|

+ ��𝑅𝑅�𝑎𝑗� − �𝑎𝑗−1��𝑅𝑅𝑗 cos 𝛼
𝑘

𝑗=1

+ � ��𝑎𝑗−1� + 𝑅𝑅�𝑎𝑗��𝑅𝑅𝑗 cos 𝛼
𝑛

𝑗=𝑘+1

+ ��𝑅𝑅�𝑎𝑗� + �𝑎𝑗−1��𝑅𝑅𝑗 sin 𝛼
𝑛

𝑗=1

 

 = 2𝑅𝑅𝑘+1|𝑎𝑘| cos 𝛼

+ 2𝑅𝑅𝑠𝑖𝑛𝛼�𝑅𝑅𝑗�𝑎𝑗�
𝑛

𝑗=0
− 𝑅𝑅|𝑎0|(cos 𝛼 + sin 𝛼 − 1)
− 𝑅𝑅𝑛+1|𝑎𝑛|(cos 𝛼 + sin 𝛼 − 1) 

≤ 2𝑅𝑅𝑘+1|𝑎𝑘| cos 𝛼

+ 2𝑅𝑅 sin 𝛼�𝑅𝑅𝑗�𝑎𝑗�
𝑛

𝑗=0
− 𝑅𝑅𝑛+1|𝑎𝑛|(cos 𝛼 + sin 𝛼 − 1) 

Further proceeding on the same lines of Theorem 1, 
the proof of Theorem 2 can be completed. 
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