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Abstract In this work, we consider the initial boundary value problem for the Kirchhoff-type equations with damping and

source terms )
Utt+M(/ ’(—A)7u‘ dx (—A)mu+\ut|p71ut:f1 (u,v),
Q

m |2 _
ot M ([ 008 of o) (<80 0 fult o = fa a0
Q
in a bounded domain. We prove the blow up of the solution with positive initial energy by using the technique of [26] with a modification

in the energy functional due to the different nature of problems. This improves earlier results in the literature [3, 9, 13, 21].
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1 Introduction

We consider the initial-boundary value problem for the following coupled nonlinear higher-order Kirchhoff-type equations

with damping and source terms
2
Uy + M HP%uH Pu + |Ut|p_1 ur = f1(u,v), (x,t) € Qx(0,T),

2
vt + M Hp%v Po+ 0" v = fo(w,0),  (2,8) € Qx (0,T),

1.1
u(z,0) =ug (x), u (x,0) = uy (x), x €, (.
v (x,0) =vo (z), v (x,0) =v1 (x), x € 9,
Ou _ 0v () j=0,1,..,m— 1, z € 0,

where P = (—=A)™, m > 1 is a natural number, p, ¢ > 1 are real numbers, (2 is a bounded domain with smooth boundary

O0Yin R™, v is the outer normal, and M (s) = 8, + 5557, 5,7 > 0, (1,8, > 0. Without loss of generality, we can assume
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that 8; = B85 = 1 in the problem (1.1).

In [6], Kirchhoff firstly proposed a model given by the equation

0%u ou Ju Eh [* [ou\? 0u
h— + 60— — | = — — | dx ) — , 1.2
Poe * 8t+g<8t> {”0+2L/0 <83:> T g TS W 12)
for f=9g=0,0<x <L, t>0,where u (z,t) is the lateral displacement, F is the Young modulus, p is the mass density,
h is the cross-section area, L is the length, p, is the initial axial tension, J is the resistance modulus, and f and g are the
external forces. Moreover, (1.2) is called a degenerate equation when p, = 0 and nondegenerate one when p, > 0. The

problem (1.1) is a generalization of a model introduced by Kirchhoff.

The single higher-order Kirchhoff-type equation of the problem (1.1)
wy + M (/ V™) dx) (=)™ w+ ue) P uy = |u " (1.3)
Q

have studied local existence and blow up of the solution [3]. In case of M (s) = 1 and m = 1, the equation (1.3) becomes a

nonlinear wave equation

U — Au ug|P g = |u|/"_1 u. (1.4)

Many authors have been established the local existence, blow up and asymptotic behavior, see [4, 7, 8, 11, 15, 22]. The
interaction between damping (|u|”~" ;) and the source term (|u|”~" u) makes the problem more interasting. Levine [7, 8]
first studied the interaction between the linear damping (p = 1) and source term by using Concavity method. But this method
can’t be applied in the case of a nonlinear damping term. Georgiev and Todorova [4] extended Levine’s result to the nonlinear
case (p > 1). They showed that solutions with negative initial energy blow up in finite time. Later, Vitillaro in [26] extended
these results to situations where the nonlinear damping and the solution has positive initial energy. When M (s) = 1 and
m = 2, the equation (1.3) becomes a Petrovsky equation which has been extensively studied and several results concerning
existence, blow up and asymptotic behavior have been established [12, 25]. In case M (s) = 1, m > 1, Ye [27] obtained the
global existence and asymptotic behavior of solutions for the equation (1.3). Also, Zhou et. al. [29] extended the results of
[27].

Ono [16] considered equation (1.3) with M (s) = s”, m = 1 and showed that the solution blow up if the initial energy
is negative. Wu and Tsai [23] showed that the solution blow up under the condition of positive upper bounded initial energy,
for m = 1in (1.3). When M (s) = s7, m > 1 equation (1.3) becomes the higher-order Kirchhoff-type equation which has
been discussed by many authors [9, 13, 20, 28].

Recently, Agre and Rammaha [2] studied the existence and blow up of the solution for the problem (1.1) with M (s) =1
and m = 1, by using the same techniques as in [4]. After that, Houari [5] showed the global existence and decay of the
solution for the problem. Li et. al. [10] showed the global existence, blow up and decay of the solution for the problem (1.1)
for M (s) = 1 and m = 2. In [17, 18], it was shown the global existence, decay and blow up of solutions for the problem
(1.1) with M (s) = 1, m > 1 and p = ¢ = 1. Later, Pigkin and Polat [19] showed the global existence, decay of solutions
for the problem (1.1) with M (s) = 1 and m > 1. Very recently, Pigkin and Polat [21] studied the decay of the solution and
blow up the solution with the negative initial energy of the problem (1.1).

Motivated by the above researches, in this work, we analyze the influence of the damping terms and source terms on
the solutions of the problem (1.1). In fact, when both nonlinear damping and source terms are present, then the analysis
of their interaction is more difficult [2]. Blow up of the solution with positive initial energy was proved for 2 (r + 2) >
max {27 + 2,p+ 1,q + 1} by using the technique of [26] with a modification in the energy functional.

This work is organized as follows: In the next section, we present some lemmas, and the local existence theorem. In

section 3, we show the blow up properties of solutions.
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2 Preliminaries

In this section, we shall give some assumptions and lemmas which will be used throughout this work. Let ||.|| and [|.|,
denote the usual L? (Q) norm and LP () norm, respectively.

Concerning the functions f1 (u,v) and f (u, v), we take

f1(u,v) = alu+ o (w4 ) + b |u|" u o) 2,
Fo (u,v) = alu+ ol (w4 v) + b "2 | v,
where a,b > 0 are constants and r satisfies
—1<r ifn<2m,
(2.1)
—l<r<3monifn > 2m.
According to the above equalities one can easily verify that
u fl (uvv) + vf? (ua U) =2 (T + 2)F(u,v) ’ V(“’vv) € sz (2.2)
where
F(u,v) = T alu+ o2 4 2b |uo|" T2 (2.3)
We have the following result.
Lemma 1 [14]. There exist two positive constants co and ¢y such that
o (1P + 1o T) < 2(r +2) F (1,0) < e (Juf 0 4 o042 24
We define the energy function as follows
1 1 2 2
E@) = 5 (lul?+lvl?) + 5 <HP%UH + |[pho )
N 1 (HPI H2(7+1) N HP; H2(w+1)> / Flu)d 2.5)
— Zy 20 — u,v) dx. .
2(v+1) Q
The next lemma shows that our energy functional (3.3) is a nonincreasing function along the solution of (1.1).
Lemma 2 FE () is a nonincreasing function for t > 0 and
1 1
B (t) = = (Jullff + el £31) <o. (2.6)

Proof. Multiplying the first equation of (1.1) by u; and the second equation by v;, integrating over €, using integrating by

parts and summing up the product results, we get

t
1 1
E(t)— E(0) = —/ (Huf\lﬁil + Hlelgil) dr fort > 0.
0

Lemma 3 (Sobolev-Poincare inequality) [1]. If2 < p < —22— (2 < p < 0o if n = 2m) , then

[n—2m]*

m
2

[ull, < C.

(—A) u” foru € H™(Q)

holds with some constant C.,, where we put [a] " = max {0, a}, ﬁ = oo if[a]" = 0.
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Lemma 4 [11]. Suppose that
n—1

- > 3
n_27n_

p=<

holds. Then there exists a positive constant C' > 1 depending on §) only such that
ey < € (I7ull® + ully)
foranyu € H} (), 2 < s <p.
Next, we state the local existence theorem that can be established by combining arguments of [2, 3, 16, 24].

Theorem 5 (Local existence). Under condition (2.1) there are p, q satisfying

1 <p, ifn < 2m,
<p.q if 0.7
1<pq <220 fn>2m

— n—2m

and further ug,vg € HF* () N H*™ (Q) and uy, vy € HE* (Q) such that problem (1.1) has a unique local solution
u,v € C([0,T); H (Q) N H*™ (Q)),

up € C([0,7); L% (Q)) N LPT (2 x [0,T)) and vy € C ([0,T);L* (Q)) N LT (2 x [0,T)).

Moreover, at least one of the following statements holds
i) T = oo,

2 2(v+1)
i) e + ool + || P+ | PEo |

2 L L 2(v+1)
‘ —l—HP§u —l—HPivH —rocast — T

Remark 6 We denote by C' various positive constants which may be different at different occurrences.

3 Blow up of solutions
In this section, we are going to consider the blow up of the solution for the problem (1.1).

Lemma 7 Suppose that (2.1) holds. Then there exists 1 > 0 such that for any (u,v) € (H*™ (Q) N H{* (Q)) x (H>™ () N H (Q))

the inequality

1 2 1|12 T+2
oI35 + 2ol < o ([[PEa] + 2] ) G

holds.

Proof. The proof is almost the same that of [14], so we omit it here. m

For the sake of simplicity and to prove our result, we take a = b = 1 and introduce

1 r+2 ]_ ].
B = n2t+) =B v Fi=|-—-——_|a? 32
n , O , £1 (2 2(r 2)>a1, (3.2)

where 7 is the optimal constant in (3.1). Next, we will state and prove a lemma which is similar to the one introduced firstly

by Vitillaro in [26] to study a class of a single wave equation.

Lemma 8 Suppose that (2.1) holds. Let (u,v) be the solution of system (1.1). Assume further that E (0) < E; and

. 2 N 2\ 2
(2] + [2e]) > an 63)
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Then there exists a constant as > o such that

(v+1) 1 1 2(v+1)\ 2
(Il s lpel s g o™ g oo ) 2 6.4
+1 v+1
and
(4 02072 + 2 awl53) ™ > Ba, (3.5)

forallt €0,T).

Proof. We first note that by (2.5), (3.1) and the definition of B, we have

1 1|2 1|2 1 1120+ 1 1 ||2(v+1)
B0 = g ([P bl g e ) - [ P e
1 2 2 1 2(v+1) 1 2(y+1)
S e et
2 +1 y+1
1 (r+2) +2
T3(r+2) (I +vll333) + 2wl 3)
2 2(v+1) 2(y+1)
1 (e e e e L =1
2 +1 v+1
1 pi 2 Pt T2
(e +H vH)
1 1|2 1 2(y+1) 1 1 (2(v+1)
a1 Ui IR L e s H el e
+1 7+1
BQ(T'+2) HP H _;'_HP H Lo H 1 HQ('y+1)+ 1 HPl HQ(PHFl) r+2
YIS - 3
2(T+2 u v +1 u 1 v
Lo B2 ois)
- 3 T2t =G 3.6
2% T2k +2)” (@), (3.6)

H 2(y+1)

1|12 1 1 20v+1)\ 2 . . .. .
where o = HPEuH + HPivH ‘P u + == HPEUH . It is not hard to verify that G is increasing

n
for 0 < o < a1, decreasing for @ > a1, G (o) — —oo0 as @« —» 00, and
1 B2(r+2)

2
—af —

5 "t = By, 3.7)

G () = D

where «; is given in (3.2). Since E (0) < E, there exists cs > a1 such that G (o) = E (0).
1

2 2\ 2
Set ap = (HPéuOH n HP%UOH ) . Then by (3.6) we get G (ap) < E (0) = G (av2) , which implies that ap > a.

Now, to established (3.4), we suppose by contradiction that
L2 T
( |Phug|| + || Phoo| ) < as,

1
2 2\ 2
for some ¢ty > 0. By the continuity of (HPéu‘ + HP%vH ) , we can choose % such that,

L2 L2\ 2
(‘P2UOH + HPE'U()H ) > .

Again, the use of (3.6) leads to

E(to) > G (HP%UOH2 + HP%% 2) > G (as) = E(0).

This is impossible since E (t) < E (0) for all ¢ € [0,T) . Hence (3.4) is established.

To prove (3.5), we make use of (2.5) to get
2(y+1)
3 (2l ool |

1 2(’Y+1)>
v

il

IN

2 2 r+2
E(0) + (lu+ v||2§::12§ +2|ull33) -

1
2(r+2)
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Consequently, (3.4) yields

1 (r+2) r+2
sy (et ol + 2wl )

1 H2(7+1)
2

Y

1 2 2
(G I

1

5043 - £(0)
1

5043 -G (a2)

1
I
Y

2(v+1)
+1H b >E(O)

7—1—1“

Y

v

2(r42)
— Laﬁ“*”. (3.8)
2(r+2)

Therefore, (3.8) and (3.2) yield the desired result. This completes the proof of Lemma 8. m

Theorem 9 Assume that (2.1) holds. Assume further that 2 (r + 2) > max {2y + 2,p+ 1,q + 1} . Then any solution of the

system (1.1) with initial data satisfying

. 2 L2\ 2
(HquOH +HP§UO > > a1 and E (0) < By
cannot exist for all time, where constants o1 and E are defined in (3.2).

Proof. We suppose that the solution exists for all time and we reach to a contradiction.
For this purpose, we set

H({t)=E —E(t). (3.9)

By using (2.5) and (3.9), we get

1
0 < HO)<H®=E -5 (Jul + i)
1 pi pi 1 Pl 2(y+1) Pl 2(y+1)
- uH+H L DR Uit I

/ (3.10)

From (2.4) and (3.4) we have
)

2(v+1)
> —|—/ F (u,v)dx
Q

1 1 2
a2(MW+mﬂﬂ2QPMH+WﬁU

1 1 2(y+1) 1
STcE HMH +][pto
2(y+1)

1 2(r+2 2(r+2
< E;-— 50&% 4+ — ( ) (” “2(;+2) +|lv ||2(T+2))
1 (r+2) 2(r+2
= _2(T—|—2) 1+ 2( +2) (” H2(7+2) + || ||2(7+2))
_a (r+2) 2(r+2)
= 20+ (1wl + Ie155) (3.11)

Combining (3.10) and (3.11) we have

= r+2) 2(r+2)
0<H(O0) < H®) < 57 (W50 + 101313 (.12)
We then define
U(t)=H"°(t)+ e/ (uuy + vuy) du, (3.13)
Q

where € small to be chosen later and

(3.14)

0<U§min{2(r+2)_(p+1) 2(r+2)—(¢g+1) r+1 }

2(r+2)p ’ 2(r+2)q "2(r+2)
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Our goal is to show that U (t) satisfies a differential inequality of the form
V() > 06 (1), ¢ > L.

This, of course, will lead to a blow up in finite time.

Taking the time derivative of (3.13) and using Eq. (1.1) we obtain
/ - / 2 2 112 12
V() = (=) H W) H )+ (ful + o)) — HPuH +HszH
l 2(v+1) 1 2("/“!‘1)
—€ H 2 H +HP2’UH +2€(r+2)/F(u,v)dx
Q

—€ </ o |ut|p_1 dx —|—/ VU \vt|q_1 dx) ) (3.15)
Q Q

From definition of H (t) , it follows that
1 2(y+1) 1 2(v+1)
(i B

= 207+ DH® =20y + 1) By + (7 + 1) (luel* + o))

1 2 1 2
+(y+1) (HPUH +HP%H )—2(v+1)/ F (u,v) dz. (3.16)
Q
Inserting (3.16) into (3.15), we conclude that
/ — / 2 2 112 12
V() = (—o)H 7 () H (0 + (luel® + ool) — e (| Pruf + [Pro| ) +2c v+ 1) 1 0)

9 9 1 2 1 2
2(y+1E+e(y+1) (||ut|| + ||| ) +(v+1) (HP2UH + HPMH >

7+1 2(r+2) r42

re (1= 255 (I ol373) + 2 ool 2)

—£ (/ uuy |ut|p_1 dz —l—/ VU |vt|q_1 das) )
Q Q

Then using (3.5), we have
’ —0c / 2 2 112 12
V) = Q-0 H T WH @)+ (Jul® + o) — e ([Pra] + |Pro] ) +2e 3+ D E @)

9 9 1 2 1 2
e (v + 1) (el + oel®) + v+ 1) (|| PRa||” + || P2o

+ed (Hu—l—v”é(:i;; +2u ||;j§) - </ sy g [P dx+/ vy 0|7 dx>7 (3.17)
Q Q
where ¢/ =1 — ZTJF; —2(v+1)E; (Bozg)_Q(TH) > 0, since aig > B~ In order to estimate the last two terms in (3.17),

we make use of the following Young’s inequality

5k xk N syt

XY <
— k l 3

where X, Y >0, 6 >0, k,l € R such that % =+ % = 1. Consequently, applying the above inequality we have

p+1 *pﬂ
_ 0
p—1 1 p+1 p+1
[P e < Sl P
p+1 -
6 p+1 p(s i /
< S+ B )
and
5(]—0—1 q+1
q-1 2 q+1 q+1
Jovlo ™ de < Sl + L2 e
_at1
< Bt gy
~ g+ 10 +1 ’
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where 01, 02 are constants depending on the time ¢ and specified later. Therefore, (3.17) becomes

V() = (=) B H 1)+ (Jul® + o)) + ey (HP%uHQ + |[pho

]2> 2 (y+1) H (1)

2 2 2(r+2 r+2
e (1) (el + oel®) + e (hu o+ 015075 + 2 uel13)
_ptl att
pé, " qdy ° ot 1 5+1 +1
=\ T T H/(t)_€<pl+1” I+ g vl ) e

pt1 g+l

Therefore by choosing §; and d2 so that (51_ "=k H (), 05 ¢ = keH °(t), where k1, ko > 0 are specified

later, we get

S = kP (1) < ke (B + 22 (3.19)
and
53 = kg Ho (1) < e () + 1ol a) (3.20)
since H (t) < )< [ F(u,0)dz < ¢ (\u|2<’”+2> + |u|2<r+2>).
Inserting (3.19) and (3.20) into (3.18), we conclude that
v(t) > <1U;If11;(f21) (t) +2¢ (v + 1) H (t)

+evy (HP2u ’ + HP2U

)

2(r+2 r+2
e (247) (lhuel + Joul?) 42! (Jlu+vll375) +2 vl 13)

skz ] r r op
G () + 10l20) ™ izt

pr1 2(r+2) (r+2) p+l
eky 1¢] 2(r+2 2(r+2)\ 7 1
- ;Hl (I3 + Ielsss)) ™ elledt (321)

Since 2 (r 4+ 2) > max{p+1,¢+ 1}, we obtain

+1 +1 Pt
[l < Clulgtay < © (Julagny + [0llrsn

and
+1 +1 q+l1
lolliyy < Clollii, £C (HUI|2<,-+2) + Hvllg(r+2>)

Thus,

) H™({t)H' (t)+2(y+1)H(t)

)
2(r+2)

2 2 r+2
e @+) (el + leal®) + ¢ (Ihu+0l3043) + 2wl $3)
ek PcJPC
p+1

eky 1c71C
=2 (o) + 132

20 (r+2)p+p+1
(Nllagrzy + I0llagrsa))

20(r+2)g+q+1
) , (3.22)

where (a + b)* < C (a* +b*), a,b> 0is used.
From (3.14), wehave 2 < 20 (r + 2)p+p+1<2(r+2),2<20(r+2)qg+q+1<2(r+2). By using Lemma 4

and Sobolev-Poincare inequality, we have

A

20(r+2)p+p+1 (r+2)
lalizr 5 <o (vl + lleli3i 1))

1 2(r+2
c (HquH + |u||2§ri2§>

IN
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and
20(r+2)q+q+1 2(r+2)
lellg Pt < e (ol + Jelisii))
112 2(r+2
< oprf +mz3).
Thus,

_epk eqhe o, /
<1 7 B q+1)H (8) H' () + 2 (v + 1) H (1)

1|2 1 []2
e (ool + o]
2(r+2) 9 r+2
+ 2ol 1

2 2
e 2+7) (el + Noul?) + e (Ilu+ ol204)

1"q'C k'O 2(r+2) (r+2)
( p+1 g+1 OWMW“Y+”MVHJ
—q9,.049 2 9
< 12948:1 kzq 310) (“Pé“H +||Po] ) (3.23)

By using the ¢ (||u||§(:i§§ + ||11H2 ) < lu+ v||§§:i§; +2 ||uv||:i§ in (3.23) we obtain

k eqks _
! > _ _ g—:p 1 _ o !/
U (t) (1 o P H™7 (t)H' (t)

+2¢ (v + 1) H (8) + € 2+ ) (el + el

Pe? C’ ko 4c7iC 2r+2 2(r+2
+e (coc'— 14 2_1 ) (HUHQEMg%"’H ||2(7‘+2§)

p+1 g+1
k‘ip op k*q oq 2 2
ve (- S - BN (b + i)
p+1 qg+1

We choose k1, ko large enough so that

ki Pel?C ky 'ef'C eod

and
ki Pel?C kyel'C 57

T Tt g+l 2

Then, we choose ¢ small enough so that 1 — o — ?’% — Z‘Tf > 0. Thus, we have

U(t) > e@+q) (el + ol*) + 26 (v + 1) H (@)
Y 112 12 coc 2(r+2) 2(r+2
e ([l ) <55 e i)

1 1 2 r r
> 77<||ut||2+||vt||2+H(t)—|—HP%&H + [Pt +||u||§§§§§+||v|§grj§;), (3.25)

where 7 = min {5 (24+7), 2e(v+1), €3, 50020/ } . Consequently we have
U(t)>T(0)=H"7(0)+¢ (/ ugU1dr +/ vovldx) >0, Vt > 0. (3.26)
Q Q

On the other hand, applying Holder inequality, we obtain

/uutdz+/vvtda:
Q Q

1—0o

1 1 1 1
7= w77 4 [0l =7 floe] 7=

IN

_1 _1
(nung(w) el =7 + [[o]1350) ||vt||w) . (3.27)

IN
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Young’s inequality gives

1
.
/uutdx—i—/vvtda:
Q Q

for i +4=1Wetake § =2 (1 —0),toget p = ( ”) < 2(r + 2) by (3.14). Therefore (3.28) becomes

_0
< O (I[ull305 + el ™7 + loll 37 + 0 ™57 (328)

1o
/Quutd:c-i-/gvvtdm <||ut|| ol + Tl 357 +||v||;(;;2) (3.29)
By using Lemma 4, we obtain
=
/Quutdm-l-/gvvtda: §c<||ut||2+|vt||2+||u2(:1§)+|| ||§§;1§)+HPWH +HP2UH ) (3.30)

Thus

VT (1)

|:H1—U (t)+e¢ (/ uurde —|—/ mmla:)} -
Q Q

=
< 27%% H(t)+5ﬁ /uutdx+/vvtdx
Q Q
< (mn+an+ff>+nnﬂﬁ2+n2 +wh4\+upw\>. (331)

By combining of (3.25) and (3.31) we arrive
V() 2 EUTE (1), (332)

where £ is a positive constant.

A simple integration of (3.32) over (0,¢) yields W=7 (t) > ———1——— Therefore ¥ (t) blows up in a finite time

T < 12 |
= £owT7 (0)
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