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Abstract In this paper, we have defined the concept of
p-map and studied some properties of p-map. By using
this map, we have shown that p(G) is a subgroup of G and
S = {x : p(x) = e} is a right transversal (with identity)
of p(G) in G which becomes group by using p-map and
some more conditions. Finally, we have shown that G be an
extension of p(G).
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1 Introduction

Modern group theory - an active mathematical discipline
- studies groups in their own right. To explore groups,
mathematicians have devised various notions to break
groups into smaller, better-understandable pieces, such as
subgroups, quotient groups and simple groups. In addition
to their abstract properties, group theorists also study the
different ways in which a group can be expressed concretely
(its group representations). The problem of classifying finite
groups by determining all groups G (up to isomorphism)
with a fixed subgroup H as a normal subgroup such that the
quotient group G/ H is also a given group K is still not com-
pletely solved.More precisely, to determine all extensions

1-HSG 2K — 1 upto equivalences. This problem is
discussed in the cohomology theory of groups [1]. Holder
and then Schreir [9,10] first discussed this problem. Every
extension together with a choice of a transversal function
determines a factor system and vice-versa [1,3]. Normally,
in the theory of extensions of groups and also in the transfer
theory of groups, if we make our discussions independent of
the choice of transversals then the discussions independent
of transversals, give rise to obstructions and indeterminacies
in determining the extension. This shows that transversals
have more control on the structure of groups than subgroups.
In 1996, Ramji Lal [5] in his paper *Transversals in Groups’
have studied transversals in much more detail. Ungar and
Foguel [4] has also given a way of decomposition of a group
through an involution of a group into a twisted subgroup and
a subgroup.

Consider a group G with identity e. Let H be a subgroup
of G and S be a right transversal with identity to H in G.
Then we have G = HS. This means that each element of

G can be uniquely written as hx where h € H and x € S.
Suppose xz,y € S and h € H. Then z.y = f(z,y)z oy
and z.h = o(x,h)0(x, h) where f(z,y),0(x,h) € H and
x oy,0(x,h) € S. This gives us a binary operation o on
S, an action 6 of H on S, a map f from S x S to H and
a map from S x H to H. For convenience denote 6(x, h)
by z6h and o(x, h) by o, (h). Ramji Lal has shown that S
can be given the structure of a right quasigroup with respect
to the binary operation o defined by {z o y} = S N Hzy.
Conversely, he has proved that every right quasigroup with
identity can be embedded as a right transversal into a group
which is universal in some sense. [5]

Keeping in mind the above extension problem, in this pa-
per, using p-map, we have found a fixed subgroup p(G) and
corresponding to it a right transversal S = {x = p(z) = e}
with identity e which becomes right loop. We have also
shown the action of group p(G) on S. We have proved p(G)
to be normal and finally we conclude the paper by showing
that G be an extension of p(G) with a right transversal .S to
p(G) in G.

Throughout this paper a right transversal will be assumed to
contain the identity of the group.

2 p-map and its properties

In the present section, we have defined p-map for a
group G with identity e. By proving the image p(G)
to be a subgroup of (G, we have shown that the set
S ={z € G : p(x) = e} is aright transversal (with identity)
to p(G) which becomes right loop. Then we have shown that
p(G) acts on S from right.

Definition 2.1 Let G be a group with identity e. A map p
from G to G satisfying the following properties: (i) p(e) = e
(it) p* = p (iii) p(p(g1).92) = p(g1)-p(g2) . is called a
p-map.

Throughout the paper we shall use [p(g9)]~! = p(g)~* and
p(91-92) = p(9192)-

Example 2.2 Identity map I on the group G is a p-map.

Proposition 2.3 Let G be a group with identity e. Let H be
a subgroup of G and S be a right transversal (with identity)
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to H in G. Since each g € G can be uniquely written as hx
where h € H and x € S. Then amap p : G — G defined by
p(g) = his a p-map.

PROOF:  Obviously, we have p(e) = e . Now p*(g)
p(p(g9)) = p(h) = h = p(g) which gives us p*> = p. For the
third property, Let g1 = hix1, go = haoxa, then p(g1) = hy
and p(g2) = ha. Therefore

g192 = hix1haoxo = hihz [ let hx = x1hoxa]
Then
p(g1g92) = Mhih (1)
Now
ha = x1hows = hy 'hix1hezs = hy ' 9192 = p(g1) 19192
Then
h = p(hz) = p(p(g1) " 9192)-
putting this into (1),we get
p(9192) = p(g1)p(p(91) " 9192) ()
Now replacing g1 by p(g1) in (2),we get
p(p(91)g2) p(p(91)p((p(p(91)) " p(g1)g2)
= plg0)p(p(91)"'p(91)g2)  [Since p* = p
= p(g1)p(g2)

Proposition 2.4 Let G be a group with identity e. Let H be
a subgroup of G and S be a right transversal (with identity)
to H in G. Let p be a map as defined in the proposition (2.3).

Then we have the following: (i) p(g192) = p(g1p(g2)) (i)
p(z) =eforallz € S

PROOF: (Z) Let gy = hlflil, go = hoxo. Then g192 =
hix1hoxo = hxxs [if hixihe = hx for some h € H
and x € S ] which implies p(g1g2) = h Now p(hx) =
p(hizihe) = h = p(gip(g2)). Therefore p(gig2) =
p(91p(92))

(it) Let x € S then x = ex =—> p(x) = p(ex) which
implies p(x) =

Proposition 2.5 Let G be a group with identity e and p be a

p-map. Then p(p(g) ' g) = e.
PROOF: Let g € G. Then g = p(9)p(g)~tg implies
p(g) = p(p(9)p(9)~'9) = pl9) = p(9)p(p(9)~'g) [by

(ii) and (iii) property of p-map].
Now p(g)e = p(g)p(p(9)~'9) = p(p(9)~
cancellation in G].

Lg) = e [by left

Proposition 2.6 Let G be a group with identity e and p be a
p-map.The set p(G) = {p(g) : g € G} is a subgroup of G.

PROOF: (i) Since e = p(e) € p(G) so p(G) is non-
emptry.
(i3) Let p(g1),p(92) € p(G) where g1,92 € G, then
p(g1)-p(92) = p(p(91).92) € p(G) [by (iii)property of p-
map]

(#11) Let p(g) € p(G) then p(g)p(g)~" = e [in Gl =
p(p(9)p(9)~") = ple) = ( (Npp(g)™) = e =

p(p (p
p(9)p(p(g)~") = e = plg)~" = plp(9)~") € p(G) [by
using properties of p-map]

Proposition 2.7 Let G be a group with identity e and p be a
p-map. The subset S = {g € G : p(g) = e} of G is a right
transversal with identity to the subgroup p(G) = {p(g) : g €
G}inG.
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PROOF:  Suppose S is not right transversal to p(G) in
G. Therefore, some element g € G can be written as
g = plg1)z1 = p(g2)x2 where p(g1),p(g2) € p(G) &
p(91) # p(g2) and 1,2 € S & w1 # 2. So, p(p(g1)T1) =
p(p(g2)z2) = plg1)p(z1) = plg2)p(z2) =
p(g1).e = p(ge).e = plg1) = p(g2) and therefore
xr1 = xo Which is a contradiction to the assumption. Thus
each element of G can be uniquely written as p(g)x where
p(g) € p(G) and x € S. This shows that S is a right
transversal to p(G) in G. Also ple) =e — e€ S

Definition 2.8 A right loop is a groupoid (S, o) with an iden-
tity element in which the equation X o x Yy possesses
a unique solution for the unknown X. (S,0) is a loop if
x oY = y also possesses a unique solution for the unknown
Y. [8]

Proposition 2.9 Let G be a group with identity e and p be a
p-map. Let S be a subset defined in proposition 2.7 . De-
fine a binary operation o on S by x oy = p(xy)~1zy for all
x,y € S.Then (S, 0) is a right loop.

PROOF: Since p(p(g)~'g) = e forall g € G this implies
that p(g)~tg € S thus x oy = p(xy) 'ay belongs to S
therefore o is a binary operation on S. Now we shall show
that X = [p(yz=1)]"tyz~! is the unique solution of the
equation X o x = y where X is unknown in the equation.

For X ox = p(Xx) ' Xz

= p([plyz=")] "ty a)p(ye™ )] ya e
p([p(yz=H)]"1y)Hp (yar‘1 "y
:[ (l(yz=)]" D)) ply==)] "1y
[by p(p(g91)92) = p(g1)-p(g )
= [p([p(y==")]~ 1]‘ plyz= 1)~y [byply) =e]
= plyz ") [p(yz=")] 'y
=y

Now, let z1,20 € S be two solutions of the equation
Xox=y Thenzjox =y = zp0ox = p(z12)"}

Z21r =
p(222) Lzox = p(z12) 121 = p222) Lozg = 21 = 29

Corollary 2.10 Every right transversal S to p(G) is a right
loop.

PROOF: Let S be any right transversal to p(G) in G then
g = p(g)x for some x € S. Therefore p(g) = p(p(g)x)
= p(g) = p(p(9))p(z) = p(9) = p(g)p(x) [by (i)
property of p- map] so we have, p(x) = e. Thus every right
transversal S will be of the form as defined above.

Remark 2.11 Let G be a group with identity e then corre-
sponding to a p-map from G to G, G can be factorized as
G = p(G)S where p(G) and S are as defined above. Thus
each element g € G can be uniquely written as g = p(g)x
where p(g) € p(G) and x € S.

Definition 2.12 Let G be a group with identity e and X a set.
Amap 0 : X x G — X is called a right action of G on X if
(1) x0e = x (i1) 209192 = (x0g1)0g2. [2]

Proposition 2.13 Let G be a group with identity e and p be
a p-map. Let S be a right transversal to p(G) in G. Let us
define 0 : S x p(G) — S by x0h = p(zh)~'zh. Then 0 is a
right action of p(G) on S.

PROOF: Letx € S and hy, ha € p(G)
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We have
xle p(ze) we = p(x) 'z
= ex [since p(z) = €]
Now, we shall show that x0hihs = (x0h1)0hs
R.H.S = (m9h1)9h2
= p(xhl)_lxhlﬂhg
= [p(p(zhy) " txhihe)] " tp(zhy) " tahihe
= [p(p(p(xh1) " )xhihs)| = p(ahi) = ahihe
= [p(p(zh1)~)p(xhihs)] = p(ahi) " zhihe
[by p(p(gl)gz) = p(gl)-p(g2)]
= [ (a:hl)_ (Z‘hlhg)]_ ($h1)_11‘h1h2
= [p(zhihs)]~ [ (Ihl) N~ p(wha) " whihe
[P(»Thlhz)] ( Vp(zhi) = ahihe
= x@hlhg
=LHS

Thus 0 is a right action of p(G) on S.
Let G be a group with identity e then End(G) denote the
set of all homomorphisms from G to G.

Proposition 2.14 Let G be a group with identity e and p :
G — G be a p-map. Then the restriction of p to the subgroup
p(G) is in End(p(Q)).

PROOF: Let p(g1),p(g2) € p
Then
Pip(c) (P(91)p(92)) = p(p(91)p(92))
[since p(p(g1)g2) = P(91)-p(g2)]
=p(g1)p(g2)  [since p* = p]

= Pp(e) (P(91))Pp(e) (P(g2))
Hence, pp) € End(p(GQ))

(@)

= p(p(91))p(p(92))

3 Normality and Extension of p(G)

In this section, by showing right loop (S, o) to be a group
and using some definitions and results from [5-7], we have
shown that p(G) can be a normal, stable and perfectly stable
subgroup. Finally, we have proved in theorem (3.15) that G
be an extension of p(G) with a right transversal S to p(G) in

G.

Proposition 3.1 Let G be a group with identity e and p be
a p-map. Let S be a right transversal with identity to p(G)
in G. If p-map satisfies the condition p(g192) = p(g1p(g2)),
then the right loop (S, o) is a group.

PROOF: Let x,y € S. Then p(zy) = p(xp(y)) =
p(we) = e This implies that x o y = p(xy) ‘zy = .
Therefore, (S, o) becomes a group.

Now let us cosider the following definition and proposi-

tion:
It is well known that if S be a non-empty set and T(S) de-
note the set of all bijective maps from S to S. Then T(S)
is a group with respect to the binary operation - defined by
(f-9)(x)=9g(f(x)V f,g € T(S) and x € S. This group
is called the transformation group. We can observe that any
subgroup H of T(S) acts faithfully from right on S through
an action 0 given by 20f = f(x)Va € Sand f € H.

So,for a right loop (S, 0), we can define a map f°(y, 2)
from S to S as follows: consider f°(y, z)(x) to be unique
solution of the equation X o (y o z) = (x o y) o z, where
xz,y,z € S and X is unknown in the equation. It is shown in
[5] that the map f°(y,z) € T(S).

On the p-Maps of Groups

Definition 3.2 The subgroup of T(S) generated by the sub-
set {f5(y,2) : y,z € S} is called the group torsion. It is
denoted by Gg. [5]

Remark 3.3 Since (eoy)oz = eo(yoz) = f5(y,2)(e) =
eforally,z € S. Thus Gg is the subgroup of T(S — {e}))
also.

Proposition 3.4 A right loop (S, 0) is a group if and only if
its group torsion Gg is trivial. [5]

PROOF: Gg = {Is}ifand only if f¥(y,2) = sV y,z €
S that is, v o (yoz) = (xoy)ozforal x,y,z € S.
Thus the result follows by observing that a right loop S is a
group if and only if the binary operation o of the right loop is
associative.

Corollary 3.5 Let G be a group and p be a p-map satisfying
the condition p(g192) = p(g1p(g2)), then the group torsion
Gs of every right loop determined by every right transversal
S of subgroup p(G) in G is trivial.

PROOF: Proof follows from the proposition (3.1), (3.4) .

Proposition 3.6 A subgroup H of a group G is normal if and
only if the group torsion of every right transversal of H in G
is trivial.

PROOF: Proof follows from Corollary (3.3) of [5].

Corollary 3.7 Let G be a group with identity e and p be a

p-map satisfying the condition p(g192) = p(g1p(92)), then
the subgroup p(G) of group G is normal.

PROOF: Proof follows from Corollary (3.5) and proposi-
tion (3.6).

Definition 3.8 A subgroup H of a group G is called stable if
group torsions of all right transversals to H in G are isomor-
phic. [6]

Definition 3.9 A subgroup H of a group G is called perfectly
stable if all right transversals of H in G are isomorphic (as
right loops). [7]

Remark 3.10 If H be a normal subgroup of a group G then
group torsions of all right transversals to H in G are triv-
ial (by proposition 3.6). So H is stable. And also if H be a
normal subgroup of a group G then all right transversals to
H in G are isomorphic (as right loop) to the quotient group
G/H. Then H is perfectly stable. Thus if G be a group
with identity e and p be a p-map satisfying the condition
p(9192) = p(91p(92)), then the subgroup p(G) of group G is
both stable and perfectly stable (by corollary (3.7)).

Proposition 3.11 Let G be a group with identity e. Then the
total number of distinct p-maps in G is the total number of
distinct factorizations of G as HS where H is a subgroup of
G and S is a right transversal (with identity e) of H in G.
PROOF: Since every G can be written as G = HS where H
is subgroup of G and S is a right transversal to H in G. We
have p(g) = p(hxz) = h as a p-map (proposition 2.3). But
if we define any other map except this then it can not satisfy
the condition p*> = p. Therefore it is not a p-map.Hence the
result.
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Remark 3.12 Let v,y € S and h € p(Q) then it can be
easily observed that vy = p(xzy)x o y and xh = p(xzh)xbh
for some p(zy),p(zh) € p(G) and x oy, z0h € S

Proposition 3.13 Let G be a group with identity e and p be a
p-map. Let S be a right transversal with identity to p(G) in
G . Let p(G) act on S from right through an action 0. Then
we have the following

(i) p(x(hih2)) = p(zhy)p((x6hy)hs)

(ii) (v oy) oz = x0p(yz) o (y o 2)

(#i7) (x o y)Oh = x0p(yh) o (ybh)

EW) p(zy)p((z o y)z) = p(zp(yz))p((z0p(yz))(y o 2))

) p(xy)p((x 0 y)h) = p(zp(yh))p((xOp(yh))(yoh))
where x,y,z € S and h, hy, ha € p(Q)

PROOEF: (¢1) Let « € S and hi,ha € p(G).
Then using xzh = p(zh)xbh and associativity of

G, we have p(x(hihg))xbhihe = x(hihe) =
(zhi1)ha = (p(zhy)xbhi)he = p(zhy)((x6hi)hs) =
p(xhl)p((m@hl)hg)(xﬂhl)th

So we get,

p(z(hih2)) = p(zh1)p((z6hi)hs) .

(it) and (iv) Let x,y, z € S. Then using vy = p(xy)xoy and
associativity of G, we have (p(xy)p((zoy)z))((zoy)oz) =
p(zy)(p((z o y)2)((z 0 y) 0 2)) = play)((z 0 y)z) =
(p(zy)(x o y))z = (zy)z = z(yz) = z(p(yz)(y o 2)) =
(@p(yz))(y o 2) = (p(ap(yz))(zlp(y2))(y o z) =
p(zp(y2))((z0p(yz))(y o 2)) = plep(yz))p((x0p(y2))(y o
2))((z0p(yz)) o (y © 2))

Thus we get,
(xoy)oz=uabp(yz)o (yoz)and
p(zy)p((z 0 y)z) = p(zp(yz))p((x0p(y2))(y  2)) .

(7i1) and (v) Let x,y € S and h € p(G) then similarly
using th = p(zh)xbh, vy = p(zy)z o y and associa-
tivity of G, we get (x o y)0h = x0p(yh) o (ybh) and
p(xy)p((z o y)h) = p(zp(yh))p((z0p(yh))(yoh)).

Proposition 3.14 Lete € S and h € p(G). Then efh = e
PROOF: efh = p(eh)~teh = p(h)"'h = h™'h = e
[using definition of action]

Theorem 3.15 Let G be a group with identity e and p be a
p-map. Then G be an extension of the subgroup p(G) with a
right transversal S to p(G) in G.

PROOF: Let G = p(QG)S denote the cartesian product of
p(G) and S. Let us denote an ordered pair (h,x) by hx.Let
us define a binary operation - in G as follows:

ha - ky = hp(xk)p((z0k)y)(x0k) o y

Associativity of the binary operation - is as follows:

Let h,k,l € p(G) and z,y, z € S then

we want to show that (hx - ky) - lz = ha - (ky - 12)
L.H.S = (hx - ky) - lz = (hp(zk)p((x0k)y)(z0k) o y) - Iz
[by above definition]

— (hp(ak)p((6k)y))p(((xk) o y))p((((28k) o )81)2)
(((z0k) 0 y)0l) o 2)

[by above definition |

= (hp(zk)p((x0k)p(yl)))p((x0k)0p(yl)(y6l))
p((((20k) 0 1)00)2)((((x0k) o y)8l) o =)

[using (v) of prop (3.13)]

= (hp(zk)p((x0k)p(yl)))p((x0kp(yl))(yol))
p((((z0k)0p(yl)) o (y61))z)((((z0k)0p(yl)) o (yOl)) o 2)
[using (iii) of prop (3.13) and definition of action |

= (hp(xk)p((z0k)p(yl)))p((x0kp(yl))(yol))
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p(((20kp(yl))) o (y01))2) (y0D)) o 2)
[using definition of action |

= (hp(zk)p((x0k)p(yl)))p((x0k)0p(yl)p((y61)2))
p((z0kp(yl))0p((y0l)=)((y01)2)) ((x0kp(yl)))Op((y0l)z) ©
((yOl) o 2)

[using (iv) and (ii) of prop (3.13)]

= (hp(zk)p((x0k)(p(yl)p((y0l)z))
p((@0kp(yl)p((y01)2))((y0l) o 2))(x0kp(yl)p((yol)z) o
((y0l) o 2))

[using (i) of prop (3.13) and definition of action]

R.H.S = hx-(ky-1z) = ha- (kp(yl)p((y0l)2)((yol)oz))
[by above definition]

— hp(a(kp(yl)p((y01)2))
p((x0kp(yl)p((y61)2))((y0l) o 2))
((@0kp(yl)p((y0l)z)) o ((y0l) © 2))
[by above definition]

= (hp(ak)p((20k)p(y1)p((y01)2))
P((@0kp(y)p((yO1)2))((401) © 2)))
((x0kp(yl)p((y0l)z)) o ((y0l) © 2))
[using (i) of prop (3.13)]

Thus L.H.S = R.H.S.

Also ee is the identity element of G = p(G)S (follows
from corollary (2.10), proposition (2.4)(ii) and prop (3.14))
and p(z' )" p(zh=1)(x'Oh~1) is the left inverse of ha (fol-
lows from corollary (2.10), proposition (2.4)(ii) and prop
(3.13)(i)) where (' is the left inverse of x in (S,0)).

Thus, by defining a p-map, we have find a subgroup p(Q)
[Proposition 2.6] and in theorem (3.15), we have shown that
G be an extension of the subgroup p(G) for which S is a
right transversal to p(G) in G. In proposition (3.11), we have
proved that the total number of distinct p-maps in G is the to-
tal number of distinct factorizations of G as HS where H is a
subgroup of G and S is a right transversal of H with identity
e in G. Thus we hope that for a finite group, corresponding to
p-maps we can find all extensions. Thus we have worked upto
some extent in the direction of the existing problem of clas-
sifying all finite groups by determining all groups G (up to
isomorphism) with a fixed subgroup H as a normal subgroup
such that the quotient group G /H is also a given group K.
We are working on its approach in topological sense by mak-
ing p to be continuous map.

We are hopeful that using category theory, one can find some
relationship between algebraic and topological approach.

((((z0kp(yl))) o
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