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Abstract 3-roller conical bending process is one which is
used for producing conical sections or cone frustums from
metal plates for various industrial applications. The plates to
be bent are cut for the required size and shape and then rolled
between three cylindrical rollers. The plate is kept between
one top roller and two bottom rollers. Than the top roller is
lowered down and the plate gets bend. The rollers are rotated
to get the roll bending of the plate. Final dimension of the
cone frustum are achieved through setting appropriate
machine setting parameters. An attempt is made in this paper
to develop the analytical model for the prediction of the
bending force during the stage of dynamic roll bending.
During the roll bending of the plate there will be shear
stresses along with the normal stresses. The analytical model
has been developed considering these shear stresses. The
model consists of various parameters like material
parameters and geometrical parameters. Based on the
analytical models derived, effects of some of the material
parameters on dynamic bending force have been studied. In
the development process complex mechanics involved in this
process has been simplified so it will give insight of the
process and will be helpful to the researchers and designers
working in the area of metal forming, especially in roll
bending process.
Keywords
Cone-Frustum, Dynamic-Roll-Bending,
Force-Prediction, Analytical Model

1. Introduction
In modern world, every human being depends on
technology for one or the other reason. It can be day to day
life requirements, luxury or for entertainment.
Manufacturing is one of the technologies to satisfy such
human requirements. Though metal forming is an age old
manufacturing technology, it is still in demand due to its

versatility in satisfying the human needs. If there can be
small reduction in cost or the increase in the effectiveness of
any of the metal forming processes, it will positively affect
the metal forming industry and hence the economy in the
larger context.
Metal forming process in which straight line of the metal
is transformed into a curved length is called bending. Roll
bending or Roller forming is a continuous bending operation
in which a long strip of metal is passed through consecutive
sets of rollers or a roller stand, each performing only an
incremental part of the bend, until the desired cross sectional
profile is obtained. It is observed that the roller bending
process usually produces higher dimensional accuracy of the
finished products [1].
Conical shells and sections are also widely used in
manufacturing of air duct transitions, chimneys, fan inlets,
towers for wind mills, hull of ships, structural components of
on shore oil and gas platforms etc. These conical shells and
sections are widely used in process industries. 3-roller
conical bending machines are used for production of such
conical shells and sections from the metal plates.
Conical bending using 3-roller bending machine can be
achieved by either setting the top rollers inclined in vertical
plane or setting the bottom rollers inclined in horizontal
plane. Conical bending can also achieved by inclining the top
roller and bottom rollers simultaneously. Bottom roller
inclination significantly affects the bending moment as
compared to top roller inclination during 3-roller conical
bending [2] and hence, only bottom roller inclination in the
horizontal plane is considered in the present analysis. In
3-roller conical bending process, the bottom rollers are
inclined as shown in figure 1 and the blank is kept between
the top roller and the bottom rollers such that one of the
generators of the cone frustum remains parallel to the
bending axis. In case of 3-roller bending machine, the
bending line lies parallel to the top roller axis. The top roller
is than lowered down to get the static bending of the plate. At
this stage the plate gets bend locally at the bending line, kept
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at one of the generator of the cone frustum. In the next stage
the bottom rollers are driven with the help of electric motors
and the plate gets dynamically bent throughout its length.
The bottom rollers are rotated in the reverse direction once
the complete length of the plate is bent and then the plate is
unloaded.
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2. Analytical Model for Bending Force
during Dynamic Roll Bending
For development of force relation for dynamic bending
stage, external and internal bending moments have been
equated. Development of external bending moment for
dynamic bending stage is discussed in next section.
2.1. External Bending Moment during Dynamic
Roll-bending Process
After the completion of static bending of the plate when
the bottom rollers are rotated in one direction using power
drives, the roller will exert the forces over the plate to bend
the plate in dynamic conditions. The forces exerted by the
rollers will create the bending moment which will bend the
plate. There will be normal reaction forces as well as
frictional forces at the roller-plate interface. Schematic
arrangement of the rollers and the plate with the help of cross
section of the roller-plate during dynamic bending conditions
is shown in figure 2. The direction of the reaction forces over
the rollers as well as the frictional forces is shown in figure 2.

Figure 1. Schematic of 3-roller bending process

Research related to V-bending as well as roll bending for
springback prediction has been reported extensively
[3,4,5,6,7]. Hua et al. have extensively analyzed the 4-roll
bending process considering various aspects like mechanics
of the process, springback, internal and external moments,
etc [8,9,1]. Raval reported the study of bendability of plate
along with the simulation program to predict the desired top
roller position to bend the plate at the required curvature on
three-roller plate bending machine [10]. Gandhi et al have
derived equations for Moment required for bending of blank
with initial radius without applied tension, Springback for
cone frustum bending, Top roller position for desired
residual radius at reference and larger ends, Effective center
distance between bottom rollers for desired residual radius at
larger end [11,2]. Attempt for development of bending force
prediction during static bending stage have been reported [12]
but bending force prediction models for dynamic bending
stage during 3-roller conical bending have not been reported
as per the best of the knowledge of the authors. Hence an
attempt is made in the present paper to develop such bending
force prediction model for dynamic bending stage during
3-roller conical bending process.

Figure 2. Schematic of blank and roller arrangement for dynamic
roll-bending

Here bottom roller rotation is considered to be
anti-clockwise in figure 2. Cross section of the roller set up at
some radius of blank R is shown. Top roller is not shown in
the figure but the vertical reaction at the top roller and plate
interface, P is shown. Bottom roller inclination can be seen in
figure 1. But it cannot be visualised in figure s as the front
view is shown and the cross section of the roller and plate
along the width of the blank at bending radius R is taken. For
particular bottom roller inclination, bending radius at front
end and rear end will have certain values. Thus bottom roller
inclination will affect the value of R along the width of the
blank. In figure 2 reaction at the top roller i.e. bending force
P at the top roller is shown. Top roller is given the
displacement U in the first stage of the static bending.

150

Development of Analytical Model for Dynamic Bending Force during Single Pass 3-roller
Cone Frustum Bending Technique

Normal reaction on the bottom roller on left side by the plate
is Q. As in dynamic bending stage rollers are rotated
(anti-clockwise in the present case) the frictional force will
be assisting the rollers to move the plate. So frictional force
on the left hand side roller µQ will be leftwards and tangent
to the roller surface as shown in figure 2. Normal reaction
and frictional force for bottom right roller is shown by J and
µJ respectively. Frictional force on the right hand side roller
µJ will be leftwards and tangent to the right hand side roller
as shown in figure 2. Other geometrical parameters for
dynamic bending are also shown in the figure 2.
For roll bending of the blank as shown in figure 2, bending
moment at point A (i.e. point at an intersection of the line of
action of the concentrated load & outer fibre of the blank)
considering the normal reactions at the roller plate interface
can be given by,[13]
𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑃𝑃 ( 1 −

𝑥𝑥−𝑟𝑟1 sin 𝜃𝜃

𝑎𝑎−𝑟𝑟1 sin 𝜃𝜃

in figure 3. Along with normal stresses there will be shear
stresses acting over the plane. If we consider infinitesimal
element of the plate and show the normal axis by x, y and z as
shown in figure 3. Because of such 3-dimensional stress
pattern there will be shear stress components along with the
normal force for the stress tensor.

(1)

𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑄𝑄 𝑔𝑔

)(1�1 + 𝜇𝜇 tan 𝜃𝜃 )(𝑥𝑥 − tan 𝜃𝜃 (𝑟𝑟1 − 𝑈𝑈))

(2)

Now, total bending moment required to bend the plate also
consists of the bending due to frictional forces. During
dynamic roll bending of the plate the radius of the curvature
of the plate is not constant. In such conditions from figure 2 it
can be said that perpendicular distance of frictional forces
μQ and μJ will be different. But for present study the
curvature of the bend plate is assumed constant and hence
perpendicular distance for both the frictional forces from the
point A will be same. It is designated by h in figure 2.
Now external bending moment due to friction at point A,
from figure 2,
𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝜇𝜇 ∗ 𝑄𝑄 ∗ ℎ + 𝜇𝜇 ∗ 𝐽𝐽 ∗ ℎ

(3)

𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝜇𝜇(𝑄𝑄 + 𝐽𝐽)ℎ
𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 =

𝜇𝜇

cos 𝜃𝜃

(4)

∗ 𝑃𝑃 ∗ ℎ

Proceeding further, total bending moment can be derived as,
(5)

𝑀𝑀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 2𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒 + 𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

Figure 3. Plate element showing the 3-dimensional stress pattern

To get the internal bending moment equation, it is required
to have the relation of effective stress and effective strain
with normal stresses and normal strains respectively. For
stress conditions as per theory proposed by Hill [14] and
discussed by Hasek [15], effective stresses can be related
with corresponding normal stresses by;
1
3
2
�𝐹𝐹�𝜎𝜎𝑦𝑦 − 𝜎𝜎𝑧𝑧 � + 𝐺𝐺(𝜎𝜎𝑧𝑧 − 𝜎𝜎𝑥𝑥 )2
𝜎𝜎� = �
2 𝐹𝐹 + 𝐺𝐺 + 𝐻𝐻
2
2
2
+ 𝐻𝐻�𝜎𝜎𝑥𝑥 − 𝜎𝜎𝑦𝑦 � + 2𝐿𝐿𝜏𝜏𝑦𝑦𝑦𝑦
+ 2𝑀𝑀𝜏𝜏𝑧𝑧𝑧𝑧
For planar isotropy

Replacing equation 2 and 4 in equation 5 & simplifying;

′

𝑀𝑀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑃𝑃 �

��1 −

−�
′

𝜇𝜇 𝑥𝑥 ′

𝑥𝑥 ′

𝑥𝑥−tan 𝜃𝜃 (𝑟𝑟1 −𝑈𝑈)
��
��
𝑎𝑎 ′
1+𝜇𝜇 tan 𝜃𝜃

cos 𝜃𝜃

�sin 𝜃𝜃 −

𝑥𝑥 ′ cos 𝜃𝜃
𝑈𝑈 ′

� (6)
��

Where, 𝑎𝑎 = 𝑎𝑎 − 𝑟𝑟1 sin 𝜃𝜃 ; 𝑈𝑈 = 𝑈𝑈 − 𝑟𝑟1 (1 − cos 𝜃𝜃); 𝑥𝑥 ′ =
𝑥𝑥 − 𝑟𝑟1 sin 𝜃𝜃
Equation 6 gives the total external bending moment
exerted by the rollers over the plate.
After getting the equation for external bending moment it
is required to get the internal bending moment equation for
the dynamic bending process.
2.2. Internal Bending Considering Shear Stresses Along
with Normal Stresses
There will be 3-dimensional stress pattern as can be seen

+

2 ��
2𝑁𝑁𝜏𝜏𝑦𝑦𝑦𝑦

1
2

F = G = H & L = M = N = 3F [16]
2

1

2

𝜎𝜎� = � ��𝜎𝜎𝑦𝑦 − 𝜎𝜎𝑧𝑧 � + (𝜎𝜎𝑧𝑧 − 𝜎𝜎𝑥𝑥 )2 + �𝜎𝜎𝑥𝑥 − 𝜎𝜎𝑦𝑦 � +
2
(7)
6𝜏𝜏𝑦𝑦𝑥𝑥2+𝜏𝜏𝑧𝑧𝑥𝑥2+𝜏𝜏𝑦𝑦𝑧𝑧212

For 3-roller conical bending process there are no
constraints in the width directions of the plate and hence
𝜎𝜎𝑧𝑧 = 0 can be assumed. Also it is assumed that the thickness
of the plate remains constant. So the strain element in
thickness direction will also be very small and can be
neglected. Hence the elements of the stress tensor, 𝜎𝜎𝑧𝑧 = 0
& 𝜏𝜏𝑥𝑥𝑥𝑥 = 0, putting theses values in equation 7,
1

2

𝜎𝜎� = � ��𝜎𝜎𝑦𝑦 � + (𝜎𝜎𝑥𝑥
2

)2

2

+ �𝜎𝜎𝑥𝑥 − 𝜎𝜎𝑦𝑦 � +

2
6�𝜏𝜏𝑧𝑧𝑧𝑧

2
2
𝜎𝜎� = �𝜎𝜎𝑥𝑥 2 {1 + ζ2 − ζ} + 3�𝜏𝜏𝑧𝑧𝑧𝑧
+ 𝜏𝜏𝑦𝑦𝑦𝑦
��

1
2

+

1

2
2
𝜏𝜏𝑦𝑦𝑦𝑦
���

(8)
(9)
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Where, ζ = 𝜎𝜎𝑦𝑦 /𝜎𝜎𝑥𝑥 (stress ratio) [17]
Now the relation for effective strain and normal strain can
be obtained by considering the theory proposed by Hill [14]
and discussed by Hasek [15]. The suggested relation of
effective strain with corresponding normal strains is,
1

2

2
𝜀𝜀̅ = � (𝐹𝐹 + 𝐺𝐺 + 𝐻𝐻)� ��

3

2

2

𝐹𝐹(𝐺𝐺𝜀𝜀𝑧𝑧 −𝐻𝐻𝜀𝜀𝑥𝑥 )2 +𝐺𝐺�𝐹𝐹𝜀𝜀𝑦𝑦 −𝐻𝐻𝜀𝜀𝑧𝑧 � +𝐻𝐻�𝐹𝐹𝜀𝜀𝑥𝑥 −𝐺𝐺𝜀𝜀𝑦𝑦 �

(𝐹𝐹𝐹𝐹+𝐺𝐺𝐺𝐺+𝐻𝐻𝐻𝐻)2

assumed that the material follows Power law material
behavior and elastic-plastic bending conditions prevailing in
the plastic region. So relation of effective stress and strain
can be given as:
𝜎𝜎� = 𝐶𝐶 𝜀𝜀̅𝑛𝑛 𝜀𝜀̇𝑚𝑚̇ [19]
1

�+

2
2
2
+ 𝜏𝜏𝑧𝑧𝑧𝑧
+ 𝜏𝜏𝑦𝑦𝑦𝑦
��2
�𝜎𝜎𝑥𝑥 2 {1 + 𝜁𝜁 2 − 𝜁𝜁} + 3�𝜏𝜏𝑧𝑧𝑧𝑧

2𝛾𝛾𝑥𝑥𝑦𝑦2𝐿𝐿+2𝛾𝛾𝑦𝑦𝑧𝑧2𝑀𝑀+2𝛾𝛾𝑧𝑧𝑥𝑥2𝑁𝑁12

2

2

(𝜀𝜀 𝑧𝑧 −𝜀𝜀 𝑥𝑥 )2 +�𝜀𝜀 𝑦𝑦 −𝜀𝜀 𝑧𝑧 � +�𝜀𝜀 𝑥𝑥 −𝜀𝜀 𝑦𝑦 �

1

𝜀𝜀̅ = [2𝐹𝐹]2 ��

9𝐹𝐹 2

�+�

2
2𝛾𝛾𝑥𝑥𝑥𝑥

3𝐹𝐹
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2
2𝛾𝛾𝑦𝑦𝑦𝑦

3𝐹𝐹

+

2
2𝛾𝛾𝑧𝑧𝑧𝑧

3𝐹𝐹

��

(10)

For Normal isotropy F = 1 [18]
2

2

(𝜀𝜀 𝑧𝑧 −𝜀𝜀 𝑥𝑥 )2 +�𝜀𝜀 𝑦𝑦 −𝜀𝜀 𝑧𝑧 � +�𝜀𝜀 𝑥𝑥 −𝜀𝜀 𝑦𝑦 �

1
2

𝜀𝜀̅ = [2] ��

9

�+�
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3
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3

+
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3

1
2

��

(11)

For the case of conical bending, as the thickness is assumed
to be constant, strain in y direction will be zero, hence
𝜀𝜀𝑦𝑦 = 0 and 𝛾𝛾𝑧𝑧𝑧𝑧 = 0
2

1
2

𝜀𝜀̅ = � � ��
3

(𝜀𝜀 𝑧𝑧 )2 +(𝜀𝜀 𝑥𝑥 )2 −2𝜀𝜀 𝑧𝑧 𝜀𝜀 𝑥𝑥 +(𝜀𝜀 𝑧𝑧 )2 +(𝜀𝜀 𝑥𝑥 )2
3

1
2

2
2
� + �2𝛾𝛾𝑥𝑥𝑥𝑥
+ 2𝛾𝛾𝑦𝑦𝑦𝑦
�� (12)

Considering volume constancy, as 𝜀𝜀𝑦𝑦 = 0 it can be derived
as, 𝜀𝜀𝑧𝑧 = −𝜀𝜀𝑥𝑥
𝜀𝜀̅ =

2

√3

2
2
�(𝜀𝜀𝑥𝑥 )2 + 𝛾𝛾𝑥𝑥𝑥𝑥
+ 𝛾𝛾𝑦𝑦𝑦𝑦
�

1
2

(13)

The bending moment can be split into an elastic contribution
and plastic contribution and can be calculated from [9],
𝑀𝑀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 + 𝑀𝑀𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
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�
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Where, ζ =
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�
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�
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For development of the internal bending moment it is
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Dynamic bending force, P for the case considered here can
be derived by external bending moment from equation 6 and
internal bending moment from equation 20 as below:
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2.3. Analytical Expression for Dynamic Bending Force
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Again for planar isotropy F = G = H & L = M = N = 3F [18]
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(21)

To get the value of P i.e. top roller force, from the above
equation 21 along with the material properties and
geometrical parameters of the machine setting, the value of
coefficient of friction µ at roller plate interface is required.
Value of angle θ can be calculated from the geometrical
configurations of the machine setting. Integration involved
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in the numerator of the equation is to be evaluated by
numerical integration as the complete solution cannot be
obtained for the same. Equation 21 is used for studying the
effects of various parameters involved in the conical bending
process and reported in the subsequent section.
(c)

3. Effect of Plate Thickness and
Coefficient of Friction on Dynamic
Bending Force
To study the effect of thickness of the plate on the
dynamic bending force, analytical values of bending force
have been evaluated for constant values of bottom roller
inclination by varying the coefficient of friction and plotted
as shown in figure 4 (a-e). Dynamic bending force for
different thickness of the plates is also plotted on the same
graph as shown in figure 4 (a-e).
It can be observed from the figure 4 that as the thickness of
the plate increases for constant value of bottom roller
inclination and constant value of coefficient of friction, the
dynamic bending force increases. It is quite obvious as the
plate thickness increases the material required to be bent will
increase, which in turn increase the dynamic bending force.

(d)

(e)

(a)

Figure 4. Effect of coefficient of friction and thickness on dynamic
bending force

(b)

It can also be observed from figure 4 that the dynamic
bending force reduces when the coefficient of friction
increases for constant bottom roller inclination and constant
thickness of the plate. If it is compared with the effect of
coefficient of friction on static bending force [12], it is quite
opposite to it. The bending force, increases in case of static
bending when the coefficient of friction increases whereas
the dynamic bending force decreases, as the coefficient of
friction increases.
In figure 2 the bottom rollers are rotated in anti-clockwise
direction and the frictional force are favoring the rotation of
the roller. The frictional force assists the movement of the
plate over the rollers by pulling the plate along with it. If the
friction coefficient is higher, it will give better gripping of
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the plate on the bottom rollers and hence it will reduce the
requirement of the bending force. That is why when the
coefficient of friction increases in case of dynamic bending,
the bending force reduces.
It can also be observed from figure 4 that as coefficient of
friction μ decreases, the force required to bend the plate
increases sharply. This phenomenon is because of slipping of
plate over the roller when μ is very less, nearly zero. The
coefficient of friction μ being very less near zero, there will
not be proper gripping of the plate over the rollers. To allow
rolling of plate over roller with less friction, more bending
load for the top roller is required, resulting in sharp increase
in force at μ near zero.
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(b)

4. Effect of Strain Hardening Exponent
on Dynamic Bending Force
To study the effects of strain hardening exponent ‘n’ on
dynamic bending force, the analytical values of dynamic
bending force have been calculated by varying ‘n’ for
constant bottom roller inclination keeping all other
parameters constant. The plot of dynamic bending force with
respect to strain hardening exponent for different thicknesses
have been plotted as shown in figure 5 (a-e).
It can be observed from figure 5 that as the strain
hardening exponent increases the bending force reduces for
constant bottom roller inclination and constant plate
thickness. It is similar to the effect of strain hardening
exponent on the static bending force [12]. As the strain
hardening exponent increases, the internal stress required to
deforming the material decreases and hence the force
required to deform the material decreases.
The slope of the bending force curves with respect to
strain hardening exponent decrease as the thickness of the
plate decreases and the bending force curves almost become
linear for thickness 6mm as can be seen figure 4. It can be
seen from figure 2 that inelastic region stress will vary
linearly while in plastic region the stress will vary
non-linearly. For higher thickness the plastic region will be
larger as compared to elastic region and hence the force
variation for higher thickness will be non-linear as compared
to the variation of bending force for lower thickness.

(c)

(d)

(e)
(a)

Figure 5. Effect of strain hardening exponent on the dynamic bending
force
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5. Conclusion
Analytical model of bending force prediction for dynamic
bending stage during 3-roller conical bending has been
developed equating the external bending moment and
internal bending moment. Shear stresses developed in the
plate material were considered for the present derivation and
effects of some material parameters have been studied.
Following conclusions can be derived from the present
study:
1. The analytical model of force prediction during
dynamic roll bending has to be solved by the
numerical methods and hence it will not give the exact
solution. However, the model can be used to study the
effects of various parameters on dynamic bending
force.
2. As the thickness of the plate increases, the bending
force required during dynamic bending increases and
it represents the practical situation. In practice, it is
observed that as the thickness increase the force
required to bend the plate increases.
3. The friction at the roller plate interface improves grip
of the bottom roller over the plate. The frictional
forces assist the rollers in bending plate in dynamic
conditions and hence as the coefficient of friction
increases the dynamic bending force decreases.
4. Dynamic bending force decreases as the strain
hardening exponent increases. This effect of strain
hardening exponent is similar for static bending force.
5. Work carried out in the present paper will provide
better understanding of the complex mechanics
involved during the 3-roller conical bending process
to the researchers working in the area of metal
forming.
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