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Abstract  A partial semiring is a structure possessing an infinitary partial addition and a binary multiplication, subject to a 
set of axioms. The partial functions under disjoint-domain sums and functional composition is a partial semiring. In this paper 
we introduce the notions of ( R, S ) - partial bi-semimodule and ( R, S ) - homomorphism of ( R, S ) - partial bi-semimodules 
and extended the results on partial semimodules over partial semirings by P. V. Srinivasa Rao [8] to ( R, S ) - partial 
bi-semimodules. 

Keywords  ( R, S ) - Partial Bi-Semimodule, (N : M ), ( R, S ) - Homomorphism, Bourne Relation, Steady ( R, S )- 
Homomorphism And Absorbing Subbi-Semimodule. 

 

1. Introduction 
Partially defined infinitary operations occur in the contexts ranging from integration theory to programming lanugage 

semantics. The general cardinal algebras studied by Tarski in 1949, ∑- structures studied by Higgs in 1980, Housdorff 
topoligical commutative groups studied by Bourbaki in 1966, sum-ordered partial monoids and sum-ordered partial 
semirings studied by Arbib, Manes, Benson and Streenstrup are some of the algebraic structures of the above type. 

The study of ),( DDpfn (the set of all partial functions of a set D  to itself), ),( DDMfn (the set of all multi functions of a 
set D to itself) and ),( DDMset (the set of all total functions of a set D to the set of all finite multi sets of D ) play an 
important role in the theory of computer science, and to abstract these structures Manes and Benson[6] introduced the notion 
of sum ordered partial semirings(so-rings).  Motivated by the work done in partially-additive semantics by Arbib, Manes[3] 
and in the development of matrix theory of so-rings by Martha E. Streenstrup[7], G. V. S. Acharyulu[1] in 1992 studied the 
conditions under which an arbitrary so-ring becomes a ),( DDpfn , ),( DDMfn and ),( DDMset . Continuing this study, P. V. 
Srinivasa Rao[9] in 2011 developed the ideal theory for so-rings and partial semimodules over partial semirings.  

In this paper we introduce the notions of ( R, S ) - partial bi-semimodule, ( R, S ) - homomorphism and absorbing 
subbi-semimodules and we generalise the results of semirings (Jonathan S. Golan [4] ) and results of partial semirings 
(Srinivasa Rao. P.V [9]) to the class of (R, S ) – partial bi-semimodules . 

2. Preliminaries 
In this section we collect important definitions, results and examples which were already proved for our use in the next 

sections.  
2.1 Definition. [6] A partial monoid is a pair ),( ΣM  where M  is a non empty set and ∑ is a partial addition defined on 

some, but not necessarily all families ):( Iixi ∈  in M subject to the following axioms: 

Unary Sum Axiom: If ):( Iixi ∈  is a one element family in M  and I = { j }, then ):( Iixi ∈∑  is defined and equals 

jx . 

Partition - Associativity Axiom: If ):( Iixi ∈  is a family in M  and If ):( JjI j ∈  is a partition of I , then 

):( Iixi ∈  is summable if and only if ):( ji Iix ∈  is summable for every j in J and ( JjIix ji ∈∈∑ :):( ) is 
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summable, and ):( Iixi ∈∑ = ):):(( JjIix ji ∈∈∑∑ . 

2.2 Definition. [6] The sum ordering ≤ on a partial monoid ),( ΣM  is the binary relation ≤ such that x ≤ y if and only if 
there exists a h in M  such that y = x + h, for x, y∈ M . 
2.3 Definition. [6] A partial semiring is a quadruple )1,,,( ⋅ΣR , Where ),( ΣR  is a partial monoid with partial addition ∑, 

)1,,( ⋅R is a monoid with multiplicative operation ‘ ⋅ ’ and unit ‘1’, and the additive and multiplicative structures obey the 
following distributive laws: 

If ):( Iixi ∈∑  is defined in R, then for all y in R, ):( Iixy i ∈⋅∑  and ):( Iiyxi ∈⋅∑  are defined and 

∑∑ ∑∑ ⋅=⋅⋅=⋅
i

i
i i

ii
i

i yxyxxyxy ).(][),(][  

2.4 Definition. [6] A sum-ordered partial semiring (or so-ring, in short), is a partial semiring in which the sum ordering is a 
partial ordering. 
2.5 Definition. [1] Let R be a so-ring. A subset N of R is said to be an ideal of R if the following are satisfied: 

(I1) if ):( Iixi ∈ is a summable family in R and xi∈N for every i∈I then ∑
i

ix ∈N, (I2) if x ≤ y and y∈N then x∈N, 

and  
(I3) if x∈N and r∈R then xr, rx∈N. 

2.6 Definition. [2] A subset N of a so-ring R is said to be a bi-ideal of R if the following are satisfied: 

(B1) if ):( Iixi ∈  is a summable family in R and xi∈N for every i∈I then ∑
i

ix ∈N, 

(B2) if x ≤ y and y∈N then x∈N, and  
(B3) if x, y∈N and r∈R then xry∈N.  

2.7 Definition. [2]A subset N of a so-ring R is said to be a partial bi-ideal of R if the following are satisfied: 

i. if ):( Iixi ∈  is a summable family in R and xi∈N for every i∈I then ∑
i

ix ∈N, and 

ii. if x, y∈N and r∈R then xry∈N. 
2.8 Definition. [3]Let 21 , MM be ),( SR - partial bi-semimodules. Then a mapping 21: MM →φ  is said to be an 

addative mapping if )()( iiii
mm φφ Σ=Σ for any summable family (mi : Ii∈ ) in M1. 

2.9 Definition. [7] Let )1,,,( ⋅ΣR  be a partial semiring and ),( ΣM be a partial monoid. Then M  is said to be a left 

partial semimodule over R if there exists a function xrxrMMR ∗→×∗ ),(::  which satisfies the following 

axioms for ,x ):( Iixi ∈  in M  and ):(,, 21 Jjrrr j ∈  in R  

i. if ii
xΣ  exists then ),()( iiii

xrxr ∗Σ=Σ∗  

ii. if ∑
j

jr exists then ),()( xrxr jjj
j ∗Σ=∗∑  

iii. ,)()( 2121 xrrxrr ∗⋅=∗∗  and 

iv. xxR =∗1 .Anlogously, one can define right partial semimodules over R. Throughout this paper R, S donote partial 
semirings. 

3. ( R, S ) - Partial Bi-Semimodules 
In this section we prove that (0 : M )R = (0 : m)R

 for every nonzero m in M where M is a bi-austere ),( SR - partial 
bi-semimodule. 
3.1. Definition. Let SR,  be partial semirings and ),( ΣM be a partial monoid. Then M  is said to be an ),( SR - partial 
bi-semimodule if it satisfies the following axioms: 

i. M  is a left partial semimodule over R , 
ii. M  is a right partial semimodule over S , and (iii) for any .,,, MsxrSsMxRr ∈∗∗∈∈∈  

3.2. Definition. Let ),( ΣM be an ),( SR - partial bi-semimodule. Then a non empty subset N  of M  is said to be a 
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subbi-semimodule of M  if N  is closed under Σ  and ∗ . 
3.3. Definition. Let N  be a subbi-semimodule of an ),( RR - partial bi-semimodule M. Then define ( N : M ) as 

}|{):( NrMRRrMN ⊆∈= . 

3.4. Definition. Let N  be a subbi-semimodule of an ),( SR - partial bi-semimodule M .Then define RMN ):(  and 

SMN ):(  as }|{):( NrMSRrMN R ⊆∈=  and }.|{):( NRMsSsMN S ⊆∈=   

3.5. Remark. Let N be a subbi-semimodule of an ),( SR - partial bi-semimodule M. Then RMN ):(  and SMN ):(  
are partial bi-ideals of R and S respectively. 
Proof: Note that }|{):( NrMSRrMN R ⊆∈= . First we prove that RMN ):(  is a partial bi-ideal of R. Let 

):( Iixi ∈  be a summable family in R and each IiMNx Ri ∈∀∈ ):( . Then ∑
i

ix exists and NMSxi ⊆  

Ii∈∀ . ∑ ⊆⇒
i

i NMSx . ∑ ⊆⇒
i

i NMSx )(  and hence ∑ ∈
i

Ri MNx ):( . Let RMNyx ):(, ∈  and 

Rr ∈ . Then NxMS ⊆  and NyMS ⊆ . Now NxrNyMSxrMSxry ⊆⊆= )()(  . RMNxry ):(∈⇒ . 

Hence RMN ):(  is a partial bi-ideal of R. Similarly we can prove that SMN ):(  is a partial bi-ideal of S. 

3.6. Remark. Let N  be a subbi-semimodule of an ),( RR -partial bi-semimodule M . Then ):( MN  is a partial 
bi-ideal of R . 
3.7. Theorem. If N  and N ′  are subbi-semimodules of an ),( SR  - partial bi-semimodule M  and if BA,  are non 

empty subsets of M  then ( i ) ,):():( RR ANBNBA ⊆⇒⊆  ( ii ) ,):():():( RRR ANANANN ′=′


and ( iii ) if ),( baΣ exists for all BbAa ∈∈ , then RRR BANBNAN ):():():( +⊆
 with equality holding if 

BAM ∈0 . 

Proof: (i). Suppose BA ⊆  and let RBNx ):(∈ . Then NxBS ⊆ . NxbS ⊆⇒  Bb∈∀ . NxaS ⊆⇒  

Aa∈∀ . NxAS ⊆⇒ . RANx ):(∈⇒ . Hence RR ANBN ):():( ⊆ . 

(ii). Note that RANNx ):( ′∈ 
 NxASNNxAS ⊆⇔′⊆⇔   and NxAS ′⊆ RANx ):(∈⇔  and 

RANx ):( ′∈  RR ANANx ):():( ′∈⇔ 
. 

(iii). Suppose ),( baΣ exists for all BbAa ∈∈ , . Then },|),({ BbAabaBA ∈∈Σ=+ exists and nonempty. Let 

RR BNANx ):():( ∈ . Then NxAS ⊆  and NxBS ⊆ . NSBAx ⊆+⇒ )( . RBANx ):( +∈⇒ . 

RRR BANBNAN ):():():( +⊆⇒ 
. Suppose BAM ∈0  and let RBANx ):( +∈ . 

NSBAx ⊆+⇒ )( . NxBSxAS ⊆+⇒ . Since AM ∈0  and BM ∈0 , NxBS ⊆+0  and NxAS ⊆+ 0 . 

NxAS ⊆⇒  and NxBS ⊆ . RANx ):(∈⇒  and RBNx ):(∈ . RR BNANx ):():( ∈⇒ . 

RRR BNANBAN ):():():( ⊆+⇒ . Hence RRR BNANBAN ):():():( =+ . 

3.8. Definition. Let A  be a non empty subset of an ),( SR - partial bi-semimodule M . Then the subbi-semimodule 
generated by A  is the intersection of all subbi-semimodules of M  containing A  and is denoted by RAS . 

Here we are able to generalise the results of partial semimodules over the partial semirings. 
3.9. Theorem. Let M be an (R, S)-partial bi-semimodule. Then for any non empty subset A of M, 

,,|)({ SsRrsarRAS iiiiii
∈∈∗∗Σ= }, IiAai ∈∈  

Proof: Take T = },,/)({ AaSsRrsar iiiiiii
∈∈∈∗∗Σ . First we prove that T is a subbi-semimodule of M . Let 

):( Iixi ∈  be a summable family in M such that ∈ix T, Ii∈ . Then ii
xΣ  exists and each 

SsAaRrsarx
jjjjjj iiiiiiji ∈∈∈∗∗Σ= ,,),( . )(

jjj iiijiii
sarx ∗∗ΣΣ=Σ⇒  exists and is in T. Let SsRr ∈∈ ,  

and ∈x T. Then SsRr ∈∈ ,  and )( iiii
sarx ∗∗Σ= . ssarrsxr iiii

∗∗∗Σ∗=∗∗⇒ )( = 

ssarr iiii
∗∗∗∗Σ )(  ∈⋅∗∗⋅Σ= )()( ssarr iiii

T. Hence T is a subbi-semimodule of M . We have 
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Aaaa SR ∈∀∗∗= 11  and hence TA ⊆ . To prove that T is smallest, let N  be a subbi-semimodule of M  

containing A  and let ∈x T. Then )( iiii
sarx ∗∗Σ= , SsAaRr iii ∈∈∈ ,, . SsNaRr iii ∈∈∈⇒ ,, Ii∈∀ . 

⇒ Nsarx iiii
∈∗∗Σ= )( . Hence T is the smallest subbi-semimodule of M  containing A .  

3.10. Remark. Let M  be an ),( SR - partial bi-semimodule. Then the set ∑
∈Ii

iN  of all possible sums of elements of 



Ii
iN

∈
, is the smallest subbi-semimodule of M containing each iN . 

3.11. Definition. A non empty subset N of an ),( SR -partial bi-semimodule M  is said to be subtractive if and only if for 
any Mmm ∈′, , Nmm ∈′+  and Nm∈  implies Nm ∈′ . 
3.12. Definition. An ),( SR -partial bi-semimodule M  is said to be bi-austere if and only if }0{  and M  are the only 
subtractive subbi-semimodules of M . 
3.13. Remark. Let N  be a subbi-semimodule of an ),( SR -partial bi-semimodule M  and A  be a non empty subset of 

M . Then RAN ):( = }|):{( AaaN R ∈
. 

3.14. Theorem. If M  is a bi-austere ),( SR -partial bi-semimodule then RR mM ):0():0( = for every non zero m  in 
M . 
Proof: Since }|):0{():0( MmmM RR ∈=  , we have RR mM ):0():0( ⊆ for every nonzero m  in M . 

Suppose RR Mm ):0():0( ⊄  for some nonzero m  in M .Then RR mm ):0():0( ′⊄  for some non zero 

Mm ∈′ . Take }):0():0(|{ RR xmMxN ⊆∈= . Then Nm∈≠0  and Nm ∉′≠0  and hence 

MN ⊂⊂}0{ . Now we prove that N is a subtractive subbi-semimodule of M . Let ):( Iixi ∈  be a summable family 

in M  and IiNxi ∈∈ , . Then ii
xΣ  exists and Iixm RiR ∈∀⊆ ):0():0( . 

):0():0():0( iii
iR xxm Σ=⊆⇒ ∑  and hence Nxii

∈Σ . Let SsRr ∈∈ , and Nx∈ . Then SsRr ∈∈ ,  and 

RR xm ):0():0( ⊆ . RR sxrm ):0():0( ∗∗⊆⇒  and hence Nsxr ∈∗∗ . Hence N is a subbi-semimodule of 

M . To prove that N  is subtractive, let Myx ∈,  such that Nx∈  and Nyx ∈Σ ),( . Then RR xm ):0():0( ⊆  

and )),(:0():0( RR yxm Σ⊆ . Now let Rmr ):0(∈ . Then Rxr ):0(∈  and Ryxr )),(:0( Σ∈ . 0=⇒ rxS  

and 0)),(( =Σ Syxr . 0=⇒ rxS  and 0),( =Σ rySrxS . 0),0( =Σ⇒ ryS . .0=⇒ ryS  Ryr ):0(∈⇒ . 

RR ym ):0():0( ⊆⇒  and hence Ny∈ . N⇒  is a non trivial subtractive subbi-semimodule of M , a contradiction. 

Hence RR mM ):0():0( = for every non zero m in M . 

3.15. Remark. If N  is a subtractive subbi-semimodule of an ),( SR -partial bi-semimodule M  and A  is a non empty 

subset of M then RAN ):(  is a subtractive partial bi-ideal of R . 

Proof: By the remark 3.5, RAN ):(  is a partial bi-ideal of R . Let RANyxRyx ):(, ∈+∋∈ and RANx ):(∈  . 

Then RaNyx ):(∈+  and AaaNx R ∈∀∈ ):( . NaSyx ⊆+⇒ )(  and NxaS ⊆ . Nasyx ∈+⇒ )(  and 

Nxas∈ Ss∈∀ . Nyasxas ∈+⇒  and Nxas∈ Ss∈∀ . Nyas∈⇒  Ss∈∀ . .NyAS ⊆⇒  

RANy ):(∈⇒  and hence RAN ):(  is a subtractive. 

3.16. Definition. An ),( SR -partial bi-semimodule M  is said to be entire if and only if Msmr 0≠∗∗  whenever 

,0 RrR ∈≠  SsS ∈≠0 and MmM ∈≠0 . 

3.17. Theorem. A partial semiring R is entire if and only if there exists a non trivial entire ),( RR -partial bi-semimodule.  
Proof: If R is entire then R is a non trivial ),( RR -partial bi-semimodule. Suppose ∃  a non trivial entire ),( RR -partial 

bi-semimodule M . Then MmM ∈≠∃0 . Let 0, =′∋∈′ rrRrr . Mrrmrr 0)()( =′∗∗′⇒ . 

Mrrmrr 0)( =′∗∗∗′∗⇒ . Since M is entire, 0=r  or 0=′r . Hence R  is entire. 
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3.18 Remark. Let M  be an ),( SR -partial bi-semimodule. If NNN ′′′,,  are subbi-semimodules of M such that N  
is subtractive and NN ⊆′ , then )()( NNNNNN ′′∩+′=′′+′∩ . 

Proof: Clearly )()( NNNNNN ′′∩+′⊇′′+′∩ . Let )( NNNx ′′+′∩∈ . Then Nx∈ and NNx ′′+′∈ . 
zyxNx +=∈⇒ ,  for some NzNy ′′∈′∈ , . Nzyx ∈+=⇒ and Ny∈ . Since N  is subtractive, Nz∈  

)( NNNzyx ′′∩+′∈+=⇒ . Hence the remark. 

4. (R, S) - Homomorphisms and Absorbing Subbi-Semimodules 
In this section we introduce the notions of ),( SR - homomorphism, Bourne relation, steady ),( SR -homomorphism and 

absorbing subbi-semimodules and study various characteristics of them. 
4.1. Definition. Let M be an ),( SR - partial bi-semimodule and θ  be an equivalence relation on M . Then θ  is said to 
be an ),( SR - congruence relation on M  if and only if it satisfies the following: ( i ) θ  is closed under the additive 

operation of the product (R, S)- partial bi-semimodule MM × . i.e., if ):( Iixi ∈  and ):( Iiyi ∈  are summable 

families in M such that θ∈),( ii yx  then ,),( θ∈∑
∈

i
Ii

i yx  ( ii ) if θ∈∈∈ ),(,, yxSsRr  then 

θ∈∗∗∗∗ ),( syrsxr . 

4.2. Definition. Let ),,( ∗ΣM  be an ),( SR - partial bi-semimodule and θ  be an ),( SR - congruence relation on M . 

Then their quotient is the structure ),,/( ⋅
′

ΣθM  where }/]{[/ MxxM ∈= θθ  ( θ][x  is the equivalence class 

containing x  with respect to θ ), ′
Σ  and ⋅  are defined as follows: 

A family ):]([ Iixi ∈θ  is summable in θ/M  if and only if ):( Iixi ∈  is summable in M . Then we write 

θθ ][][ iiii
xx Σ=

′
Σ . And ‘ ⋅ ’ is a function sxrsxrMSMR ⋅⋅→×× θθθθ ][),][,(://   where 

θθ ][][ sxrsxr ∗∗=⋅⋅  SsRr ∈∈∀ , and Mx∈ .   

The following example shows that θ/M  need not be an ),( SR - partial bi-semimodule. 
4.3. Example. We know that ),),(( ⋅ΣDP  is a partial semiring, where 

∑


 ≠∀=∩∪

=
i

jii
i otherwiseundefined

jiAAifA
A

.,
φ

 

and BABA ∩=⋅ . Take )(::: DPMSR === . Then M is an ),( SR - partial bi-semimodule. 
Let },{ yxD = . Then ),,(}),{},({}),{},({),,{( DDyyxxφφθ =  )}},({}),{,(}),{,(),},({ φφ yyxDDx  is an 

),( RR - congruence relation on )(DP . Now },}{,{/)( xDP φθ = where }{}}{,{ yy == φφ , DDxx == }},{{}{ . 

Here }{}{ yx +  is defined. But }{},{ yyx +  is not defined and hence }{}{ yx +  is not well defined. Hence θ/)(DP  
is not a partial bi-semimodule. 
4.4. Remark. Let θ  be an ),( SR - congruence relation on an ),( SR - partial bi-semimodule M . Then a necessary and 

sufficient condition for θ/M  to be a partial semiring is that the family ):( Iiyi ∈  is summable whenever ):( Iixi ∈  

is summable and Iiyx ii ∈,θ . 

4.5. Definition. Let N be a subbi-semimodule of an ),( SR - partial bi-semimodule M . Then the Bourne relation N≡  

on M  is defined as ⇔′≡ mm N  there exists Nnn ∈′, such that nmnm ′+′=+ . 

4.6. Definition. An ),( SR - partial bi-semimodule M  is said to be a complete ),( SR -partial bi-semimodule if for any 

family ):( Iimi ∈  in M, ii
mΣ  is in M. 

4.7. Remark. The Bourne relation N≡  is an ),( SR - congruence relation on a complete ),( SR -partial bi-semimodule 
M. 
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Proof: Clearly N≡  is closed under the additive operation of product (R, S) - partial bi-semimodule .M Let SsRr ∈∈ ,  

and .),( Nmm ∈≡′ nmnmNnn ′+′=+∋∈′∃⇒ , . snmrsnmr ∗′+′∗=∗+∗⇒ )()( .

.snrsmrsnrsmr ∗′∗+∗′∗=∗∗+∗∗⇒  Since Nnn ∈′,  and N  is a subbi-semimodule of M, 

Nsnrsnr ∈∗′∗∗∗ , . smrsmr N ∗′∗≡∗∗⇒ . Hence N≡  is an ),( SR - congruence relation on M .  

We denote the equivalence class of m as Nm /  and the quotient NM ≡/ by NM / . 

4.8. Definition. Let N be a subbi-semimodule of an ),( SR - partial bi-semimodule M . Then the subtractive closure of 
N  is the intersection of all subtractive subbi-semimodules of M containing N . 
4.9. Remark. If N is a subbi-semimodule of a complete ),( SR - partial bi-semimodule M . Then N/0  is the 
subtractive closure of N . 
Proof: Note that }0|{/0 NmMmN ≡∈= = }|{ NnmNnMm ∈+∋∈∃∈ . First we prove that N/0  is a 

subtractive subbi-semimodule of M . Let ):( Iimi ∈  be a summable family in M such that IiNmi ∈∈ ,/0 . Then 

0Nim ≡  Ii∈∀ . 0Nii
m ≡Σ⇒  and hence Nmii

/0∈Σ . Let SsRr ∈∈ ,  and Nm /0∈ . Then SsRr ∈∈ ,  

and MNm 0≡ . srsmr MN ∗∗≡∗∗⇒ 0 . MNsmr 0≡∗∗⇒  and hence Nsmr /0∈∗∗ . Let 

NmmMmm /0, ∈′+∋∈′  and Nm /0∈ . 0)( Nmm ≡′+⇒ and 0Nm ≡ . 

NnmmNnn ∈+′+∋∈′∃⇒ )(,  and .Nnm ∈′+ NnnmmNnnm ∈′+++′∋∈′++∃⇒ )( . 

0Nm ≡′⇒  and hence Nm /0∈′ . Therefore N/0  is a subtractive subbi-semimodule of M . For any 

00, +=+∈ aaNa  and hence 0Na ≡ . Hence Na /0∈ . NN /0⊆⇒ . Now let N ′  be a subtractive 

subbi-semimodule of NNM ′⊆∋ . Let Nm /0∈ . Then NnmNn ∈+∋∈∃ . NnmNn ′∈+∋′∈∃⇒ . 
Since N ′  is subtractive, Nm ′∈  and hence NN ′⊆/0 . Hence the remark. 
4.10. Remark. If N  is a subbi-semimodule of a complete ),( SR - partial bi-semimodule M . Then the congruence 

relations N≡  and N/0≡  on M  coincide.  

Proof: Since NN /0⊆ . Clearly N≡  ⊆ N/0≡ . Now let mm N ′≡ /0 . Then ymxmNyx +′=+∋∈∃ /0, . 

NymNxm /)(/)( +′=+⇒ . NyNmNxNm //// +′=+⇒ . Since Nyx /0, ∈ . NNx /0/ =⇒  and 

NNy /0/ = . NmNm // ′=⇒ . mm N ′≡⇒  and hence N≡  ⊆ N/0≡ . 

4.11. Definition. Let 21 , MM  be ),( SR - partial bi-semimodules. Then a mapping 21: MM →φ  is said to be an 
),( SR -mapping if sxrsxr ∗∗=∗∗ )()( φφ .,, SsRrMx ∈∈∈∀  

4.12. Definition. A mapping 21: MM →φ  is called an ),( SR -homomorphism of ),( SR - partial bi-semimodules M1, 

M2 if ( i ) φ  is an additive mapping, and ( ii ) φ  is an ),( SR  - mapping. 

4.13. Definition. Let 21: MM →φ  be an ),( SR -homomorphism of ),( SR - partial bi-semimodules . Then the kernel 

of φ  is }0)(|{ker 1 =∈= xMx φφ , for any subset M  of 1M , }|)({ MmmM ∈= φφ  and for any 

})(|{)(, 1
1

2 yxMxyMy =∈=∈ − φφ . 

4.14. Theorem. Let M be a complete ),( SR - partial bi-semimodule. Then a subset N  of M  is subtractive 
subbi-semimodule if and only if there exists an ),( SR - homomorphism MM ′→:α  satisfying )ker(α=N . 
Proof: Suppose there exists an ),( SR - homomorphism MM ′→:α  such that )ker(α=N . To prove that )ker(α  

is a subbi-semimodule of M , let ):( Iixi ∈  be a summable family in M ∋  each )ker(α∈ix . 0)( =⇒ ixα . 

0)( =Σ⇒ ii
xα . 0)( =Σ⇒ ii

xα . )ker(α∈Σ⇒ ii
x . Let Rr ∈ , Ss∈  and )ker(α∈x .Then 

MM srsxrsxr 00)()( =∗∗=∗∗=∗∗ αα . )ker(α∈∗∗⇒ sxr . Hence )ker(α  is a subbi-semimodule of 

M . To prove that N  is subtractive, let NyxMyx ∈+∋∈,  and Nx∈ . Then 0)( =+ yxα  and 0)( =xα . 
0)( =⇒ yα . Ny =∈⇒ )ker(α . Hence N  is a subtractive subbi-semimodule of M .  

Conversely suppose that N is a subtractive subbi-semimodule of M . Let NMM /=′  and define MM ′→:α  by 
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Nmm /
. Now we prove that α  is an ),( SR - homomorphism. 

Let ):( Iimi ∈ be a summable family in M . Then ./)()( Nmmm iiiiii
Σ=Σ=Σ αα Therefore α  is an additive 

mapping. Let Rr ∈ , Ss∈  and Mm∈ . Then Nsmrsmr /)()( ∗∗=∗∗α = smrsNmr ∗∗=∗∗ )(/ α  . 
Hence α  is an ),( SR - homomorphism. Now }/0)(|{)ker( NmMm =∈= αα  }/0/|{ NNmMm =∈=

}0,/{ yxmNyxMm +=+∋∈∃∈= = 
NNmMm =∈∈ }|{ . Hence the theorem. 

4.15. Theorem. Let NM →:α  be an ),( SR - homomorphism of complete ),( SR - partial bi-semimodules. If N ′  

is a subtractive subbi-semimodule of N and ,1 MNM ⊆′=′ −α then  

i. M ′  is a subtractive subbi-semimodule of M containing )ker(α  
ii. α  induces an ),( SR - homomorphism NNMM ′→′ //:β  having }/0{)ker( M ′=β . 

Proof: (i) Note that }|{1 NmMmNM ′∈∈=′=′ − αα  is a subbi-semimodule of M. To prove that M ′  is subtractive, 

let MmmMmm ′∈′+∋∈′,  and Mm ′∈ . Nmm ′∈′+⇒ αα  and Nm ′∈α . Since N ′  is subtractive, 

Nm ′∈′α . MNm ′=′∈′⇒ −1α . Therefore M ′  is subtractive. To prove that M ′⊆)ker(α , let )ker(α∈m . 
Then Nm ′∈= 0α . MNm ′=′∈⇒ −1α . M ′⊆⇒ )ker(α . 

(ii) Define NNMM ′→′ //:β  by NmMm ′′ // α
. First we prove that β  is well defined. Let 

MyMxMMMyMx ′=′∋′∈′′ ////,/ . Then mymxMmm ′+=+∋′∈′, . 
mymxNmm ′+=+∋′∈′∃⇒ αααααα , . NyNx ′=′⇒ // αα . Hence β  is well defined. Now we prove that 

β  is an ),( SR - homomorphism. Let ):/( IiMxi ∈′  be a summable family in MM ′/ . Then ):/( IiNxi ∈′α  is 

a summable family in NN ′/ . ):)/(( IiMxi ∈′⇒ β  is a summable family in NN ′/ . Consider 

)/)(())/(( MxMx iiii
′Σ=′

′
Σ ββ  = )/(/)( NxNx iiii

′
′

Σ=′Σ αα = )/( Mxii
′

′
Σ β . Let SsRr ∈∈ ,  and 

MMMx ′∈′ // . Consider ))/((( sMxr ∗′∗β = NsxrMsxr ′∗∗=′∗∗ /)()/)(( αβ =
sMxrsNxr ∗′∗=∗′∗ )/(/)( βα  . Hence β  is an ),( SR - homomorphism. To prove }/0{)ker( M ′=β , let 

)ker(/ β∈′Mx . Then NMx ′=′ /0)/(β . NNx ′=′⇒ /0/α . NbaxNba ′∈=+∋′∈∃⇒ α, . Since N ′  
is subtractive , Nx ′∈α . MNx ′=′∈⇒ −1α . MMx ′=′⇒ /0/ . }/0{)ker( M ′=⇒ β . Hence the theorem. 
4.16. Definition. Let MM ′→:α  be an ),( SR -homomorphism of ),( SR - partial bi-semimodules then a relation 

α≡  on M is defined as )()( mmmm ′=⇔′≡ ααα .  

4.17. Remark. The relation α≡  is an ),( SR - congruence relation on an ),( SR - partial bi-semimodule M. 

Proof: Let ):( Iixi ∈  and ):( Iiyi ∈  be summable families in M such that α∈≡),( ii yx . ii yx α≡⇒ . 

)()( ii yx αα =⇒ Ii∈∀ . )()( iiii
yx αα Σ=Σ⇒ . )()( iiii

yx Σ=Σ⇒ αα . iiii
yx Σ≡Σ⇒ α . α∈≡ΣΣ⇒ ),( iiii

yx . 

⇒ α≡ is closed under additive operation. 

Let Rr ∈  and Ss∈ , α∈≡),( yx . yx α≡⇒ . )()( yx αα =⇒ . Consider )( sxr ∗∗α =

)()()( syrsyrsxr ∗∗=∗∗=∗∗ ααα . syrsxr ∗∗≡∗∗⇒ α . α∈≡∗∗∗∗⇒ ),( syrsxr . 

Hence α≡  is an ),( SR - congruence relation on M. 

If M is a complete ),( SR - partial bi-semimodule and MM ′→:α  is an ),( SR - homomorphism, then clearly 

)ker(α≡  ⊆ α≡ . The following example shows that α≡  need not be contained in )ker(α≡ . 

4.18. Example. Let R be the so-ring { 0, 1 } with trivial addition and trivial multiplication. Any partial monoid Σ,(M ) is 

uniquely an ),( RR - partial bi-semimodule with ‘*’ defined for any Mx∈ as ,11 xx =∗∗  

0011000 =∗∗=∗∗=∗∗ xxx . Consider the partial monoid }1,,,0{1 baM =  with Σ  on M1 defined by 
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

 ≠∀=

=Σ
otherwiseundefined

jsomeforjixifx
x ij

ii ,
0,

. Then ),( 1 ΣM  is an ),( RR - partial bi-semimodule 

and the mapping 21: MMh →  defined by 1,1,00  ba  and 11  is an ),( SR - homomorphism. Now 

hba ∈≡),( but )ker(),( hba ∉≡ . 

4.19. Definition. Let MM ′→:α  be an ),( SR - homomorphism of complete ),( SR - partial bi-semimodules. Then 

α  is said to be a steady ),( SR - homomorphism if the relations α≡  and )ker(α≡  coincide. 

4.20. Remark. A steady ),( SR - homomorphism α  is monic if and only if }0{)ker( =α . 
Proof: Suppose NM →:α  is a steady ),( SR - homomorphism and monic. Then for any 

)0(0)(),ker( MNmm ααα ==∈ . Mm 0=⇒  and hence }0{)ker( =α . Conversely suppose that 

}0{)ker( =α  and let )()(, mmMmm ′=∋∈′ αα . Then mm ′≡α . mm ′≡⇒ )ker(α . mm ′≡⇒ }0{ . 

mm ′=⇒ . Hence α  is monic. 
4.21. Theorem. If α  is a steady ),( SR - endomorphism of a complete ),( SR -partial bi-semimodule M then Kα  is 
steady for each 1≥k . 

Proof: Suppose that Kα  is steady and we prove 1+Kα  is steady. Note that 1+Kα  is an ),( SR -endomorphism on M. 

Let mm k ′≡ +1α . Then )()( 11 mm kk ′= ++ αα . ))(())(( mm kk ′=⇒ αααα . )()( mm kK ′≡⇒ αα α . 

)()( )ker( mm kk ′≡⇒ αα α . )()( )ker( xmxm k ′+′≡+⇒
α  for some )ker(, α∈′xx . 

)()( yxmyxm ′+′+′=++⇒  for some )ker(, 1+∈′+′+ kyxyx α . mm k ′≡⇒ + )ker( 1α . Hence 1+Kα  is steady. 
Hence the statement is true by the induction. 
4.22. Theorem. Let NN ⊆′  be subbi-semimodules of a complete ),( SR -partial bi-semimodule M . Then the function 

NMNM //: →′α  defined by NmNm // 
′  is a steady surjective ),( SR - homomorphism. 

Proof: The mapping NMNM //: →′α  defined by NmNm // 
′  is clearly a surjective ),( SR - homomorphism. 

To prove α is steady, let NmNm ′′≡′ // α . Then )/()/( NmNm ′′=′ αα . NmNm // ′=⇒ . 

ymxmNyx +′=+∋∈∃⇒ , . NymNxm ′+′=′+⇒ /)(/)( . 

NyNmNxNmNyNx ′+′′=′+′∋∈′′∃⇒ ////)ker(/,/ α . NmNm ′′≡′⇒ // )ker(α . Hence α  is a 

steady ),( SR - homomorphism.  
4.23. Definition. A surjective ),( SR - homomorphism NM →:α  is said to be an ),( SR -semiisomorphism if and 

only if }0{)ker( M=α .  

4.24. Example. Consider the ),( RR - partial bi-semimodules }1,,,0{1 baM =  and }1,0{2 == RM as in the example 

4.18. Then the mapping 21: MM →α  defined by 1,1,00:  baα , 11  is a surjective ),( SR - 

homomorphism such that }0{)ker( =α  and hence α  is an ),( SR -semiisomorphism. 
4.25. Corollary. Let NM →:α  be a surjective ),( SR -homomorphism of a complete ),( SR -partial bi-semimodule. 
Then there exists an ),( SR -semiisomorphism NM →)ker(/ α . 

Proof: Note that }0{=′N  is a subtractive subbi-semimodule of N and )ker(}/{1 ααα =′∈∈=′=′ − NmMmNM . 

By the theorem 4.15 , ∃  an ),( SR - homomorphism NNMM ′→′ //:β  having }/0{)ker( M=β . ∃⇒  an 
),( SR - homomorphism )}ker(/0{)ker()ker(/: αβαβ =∋→ NM  and β  is surjective. ∃⇒  an ),( SR

-semiisomorphism NM →)ker(/: αβ .  
4.26. Corollary. If NN ⊆′  be subbi-semimodules of a complete ),( SR -partial bi-semimodule M then NM /  is 

),( SR - semiisomorphic to )//()/( NNNM ′′ . 
Proof: The mapping NMNM //: →′α  defined by NmNm // 

′  is clearly surjective ),( SR - 
homomorphism with NN ′= /)ker(α . Hence by above corollary, )//()/( NNNM ′′  is ),( SR - semiisomorphic to

NM /  . 
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4.27. Corollary. If N and N ′  are subbi-semimodules of a complete ),( SR - partial bi-semimodule M then there exists a 
canonical surjective ),( SR - homomorphism NNNNNN /)()/(: ′+→′∩′α and α  is an ),( SR - 
semiisomorphism if N is subtractive. 
Proof: The mapping NNNNNN /)()/(: ′+→′∩′α defined by NnNNn /)/( ′′∩′

  is a surjective ),( SR - 
homomorphism. Suppose N is subtractive and let )ker(/ α∈′∩′ NNn . NNn /0/ =′⇒ . 

NnnnNnn ∈+=+′∋∈∃⇒ 2121 0, . Nn ∈′⇒ . Hence }/0{)ker( NN ′∩=α . Then by above corollary, α  

is an ),( SR -semiisomorphism. 
4.28. Definition. A non zero subbi-semimodule N of an ),( SR - partial bi-semimodule M is said to be absorbing ( denoted 

as MN 
 ) if and only if  ( i ) if NnM ∈≠0  and Mm∈  then ,0 NmnM ∈+≠  and ( ii ) if NnM ∈≠0  

then }0{):0( RRM n = . 

4.29. Theorem. Let M be an ),( SR - partial bi-semimodule and let JjN j ∈|{ } be a family of absorbing 

subbi-semimodules of M such that 
Jj

j NN
∈

=  and 
Jj

j NN
∈

′= . Then MN 
 and MN 

′ . 

Proof: Note that 

Jj
jNN

∈

=  is a subbi-semimodule of M . Now let Nn∈≠0  and Mm∈ . Then jNn∈≠0  

Jj∈∀  and Mm∈ . jNmn ∈+≠⇒ 0  Jj∈∀  and hence Nmn ∈+≠0 . Let Nn∈≠0 . Then 

jNn∈≠0  Jj∈∀  and hence }0{):0( RRM n = . Hence MN 
.Now we prove that 

Jj
jNN

∈

=′ is a 

subbi-semimodule of M. Let ):( Iixi ∈  be a summable family in M and Nxi ′∈  Ii∈∀ . Then for each 

iji NxIi ∈∈ ,  for some Jji ∈  and ii
xΣ exists in M. Now 

iji Nx ∈≠0  and Mxkik
∈Σ

≠
. 

ijkiki Nxx ∈Σ+≠⇒
≠

0 for some Jji ∈  ( MN
ij
 ). 

Jj
jii

Nx
∈

∈Σ⇒  and hence Nxii
′∈Σ . Now let 

SsRr ∈∈ ,  and Nn ′∈ . Then SsRr ∈∈ ,  and jNn∈  for some Jj∈ . jNsnr ∈∗∗⇒  for some Jj∈ . 

Nsnr ′∈∗∗⇒ . Hence N ′  is a subbi-semimodule of M. Now we prove that MN 
′ . Let Nn ′∈≠0  and 

Mm∈ . Then jNn∈≠0  for some Jj∈  and Mm∈ . jNmn ∈+≠⇒ 0  for some Jj∈  and hence 

Nmn ′∈+≠0 . Let Nn ′∈≠0 .Then jNn∈≠0  for some Jj∈  and hence }0{):0( RRM n = . Hence 

MN 
′ . 

4.30. Remark. If N and N ′  are subbi-semimodules of an ),( SR - partial bi-semimodule M. Then we have the 
following: 

( i ) if MN 
and NN ′⊆  then ,NN ′

  

( ii ) if MNN 
′,  then MNNNN M 

′+≠′∩ ,0 and ,NNNN ′∪=′+ and ( iii ) if MN 
 then 

NNN ′′∩ 
. 

Proof: ( i ) Suppose MN 
 and NN ′⊆ . Since N and N ′  are subbi-semimodules of M and NN ′⊆ , we have N 

is a subbi-semimodule of N ′ . Let Nn∈≠0  and Nm ′∈ . Then Nn∈≠0  and Mm∈  and hence 

Nmn ∈+≠0 . Let Nn∈≠0 . Then }0{):0( RRM n = . Hence NN ′


. 
( ii ) Suppose MN 

 and MN 
′ . Then Nn∈≠∃0  and NnnNn ∈′+≠∋′∈′≠ 00  and 

Nnn ′∈+′≠0 . Hence MNN 0≠′∩ . Now we prove that MNN 
′+ . Note that NN ′+  is a 

subbi-semimodule of M. Let NNx ′+∈≠0  and Mm∈ . nnx ′+=≠⇒ 0  for some NnNn ′∈′∈ ,  and 
Mm∈ . Since MN 

, we have Nmn ∈+≠0 . Since MN 
′ , Nn ′∈′≠0  and Mmn ∈+≠0 , we have 

Nmnn ′∈++′≠0 . NNNmnn ′+⊆′∈+′+≠⇒ )(0  and hence NNmx ′+∈+≠0 . Let 

NNx ′+∈≠0 . Then nnx ′+=≠0  for some NnNn ′∈′∈ , . }0{):0( RRM n =⇒  and 

}0{):0( RRM n =′  and hence }0{):0( RRM x = . Hence MNN 
′+ . Clearly NNNN ′+⊆′∪ . Let 

NNx ′+∈≠0 . Then nnx ′+=≠0  for some NnNn ′∈′∈ , . Nn∈≠⇒ 0 and Nn ′∈′≠0 . 
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Nnn ∈′+≠⇒ 0 and Nnn ′∈+′≠0 and hence NNx ′∪∈ . Hence NNNN ′∪=′+ . 
( iii ) Suppose MN 

 and let NNx ′∩∈≠0  and Nn ′∈′ . Then NnxNx ′∈′∈≠ ,,0 . 
Nnx ∈′+≠⇒ 0  and Nnx ′∈′+ . Hence NNnx ′∩∈′+≠0 . Now let NNn ′∩∈≠0 . Then Nn∈≠0  

and hence }0{):0( RRM n = . Hence NNN ′′∩ 
. 

4.31. Theorem. Let MM ′→:α  be an ),( SR - homomorphism of (R, S )- partial bi-semimodules satisfying the 
condition M)ker(α . If MN ′′


 then MNN 

′= −1α . 

Proof: Suppose MN ′′


. Note that })(|{1 NxMxNN ′∈∈=′= − αα  is a subbi-semimodule of M. Now we prove 

that MN 
. Let 0≠∋∈ nNn  and Mm∈ . Suppose )ker(α∈n . Since Mmn ∈∈ ),ker(α  and 

M)ker(α , we have )ker(0 α∈+≠ mn . Nmn ′∈=+⇒ 0)(α . Nmn ∈+≠⇒ 0 . Suppose )ker(α∉n . 
Then 0)( ≠nα . Since MN ′′


, Nn ′∈≠ )(0 α  and Mm ′∈)(α , we have Nmn ′∈+≠ )()(0 αα . 

Nmn ′∈+≠⇒ )(0 α . Hence Nmn ∈+≠0 . Let 0≠∋∈ nNn . Suppose )ker(α∈n . Since M)ker(α , 

we have }0{):0( RRM n = . Suppose )ker(α∉n . Nn ′∈≠⇒ α0 . Let RM nr ):0(∈ . Then 0=∗∗ Snr . 

Sssnr ∈∀=∗∗⇒ 0 . 0)( =∗∗⇒ snrα . Sssnr ∈∀=∗∗⇒ 0)(α . 0)( =∗∗⇒ Snr α . 

))(:0( nr M α∈⇒ . Since MN ′′


, we have }0{))(:0( RRM n =α . 0=⇒ r . Hence }0{):0( RRM n = . 

Hence MNN 
′= −1α . 

5. Conclusion 
In view of partial addition in the partial semirings, the bi-semimodule theory of semirings( Jonathan S. Golan[4]) are not 

applicable to partial semirings and hence we introduced the notions of (R, S )- partial bi-semimodule, ),( SR -homomorphism 
of (R, S )- partial bi-semimodules, (R, S )-semiisomorphism and absorbing subbi-semimodule and generalised the results of 
semirings( Jonathan S. Golan[4]) and results of partial semirings( Srinivasa Rao. P. V [9]) to the class of (R, S) – partial 
bi-semimodules of partial semirings. In this investigation we studied the characteristics of the set (N : M ), proved that ( 0 : 
M )R = ( 0 : m )R for every nonzero m in M where M is a bi-austere ( R, S ) – partial bi-semimodule and obtained the 
characterization of subtractive subbi-semimodules by an ( , )R S - homomorphism. Also we obtained the semiisomorphism 
theorems for (R, S )- partial bi-semimodules and studied the absorbing subbi-semimodules. 
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