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Abstract A partial semiring is a structure possessing an infinitary partial addition and a binary multiplication, subject to a
set of axioms. The partial functions under disjoint-domain sums and functional composition is a partial semiring. In this paper
we introduce the notions of ( R, §) - partial bi-semimodule and ( R, S') - homomorphism of ( R, S') - partial bi-semimodules
and extended the results on partial semimodules over partial semirings by P. V. Srinivasa Rao [8] to ( R, S ) - partial
bi-semimodules.
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1. Introduction

Partially defined infinitary operations occur in the contexts ranging from integration theory to programming lanugage
semantics. The general cardinal algebras studied by Tarski in 1949, ) - structures studied by Higgs in 1980, Housdorff
topoligical commutative groups studied by Bourbaki in 1966, sum-ordered partial monoids and sum-ordered partial
semirings studied by Arbib, Manes, Benson and Streenstrup are some of the algebraic structures of the above type.

The study of pfi(D, D) (the set of all partial functions of a set D to itself), Mfin(D, D) (the set of all multi functions of a
set Dto itself) and Mset(D, D) (the set of all total functions of a set D to the set of all finite multi sets of D) play an
important role in the theory of computer science, and to abstract these structures Manes and Benson[6] introduced the notion
of sum ordered partial semirings(so-rings). Motivated by the work done in partially-additive semantics by Arbib, Manes[3]
and in the development of matrix theory of so-rings by Martha E. Streenstrup[7], G. V. S. Acharyulu[1] in 1992 studied the
conditions under which an arbitrary so-ring becomes a pfi(D,D), Mfia(D,D)and Mset(D,D). Continuing this study, P. V.
Srinivasa Rao[9] in 2011 developed the ideal theory for so-rings and partial semimodules over partial semirings.

In this paper we introduce the notions of ( R, S ) - partial bi-semimodule, ( R, S ) - homomorphism and absorbing
subbi-semimodules and we generalise the results of semirings (Jonathan S. Golan [4] ) and results of partial semirings
(Srinivasa Rao. P.V [9]) to the class of (R, S') — partial bi-semimodules .

2. Preliminaries

In this section we collect important definitions, results and examples which were already proved for our use in the next
sections.

2.1 Definition. [6] A partial monoid is a pair (M ,X) where M is a non empty set and Y is a partial addition defined on
some, but not necessarily all families (x, :i € ) in M subject to the following axioms:

Unary Sum Axiom: If (x; :i € [) isaone element familyin A/ and /= {j}, then z (x, :i € 1) isdefined and equals
xj .

Partition - Associativity Axiom: If (x, :i€ /) is a family in M and If 04 - j€J) is a partition of [, then

(x; :i€l) is summable if and only if (x; :i € /;) is summable for every j in J and (Z(xl. viel;):jeld)is
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summable, and Z(xl. iiel)= Z(Z(xi riel;):jel).

2.2 Definition. [6] The sum ordering < on a partial monoid (M ,X) is the binary relation < such that x <y if and only if
there existsa 2in M suchthaty =x + h, forx, ye M .

2.3 Definition. [6] A partial semiring is a quadruple (R,Z,-,1), Where (R,Z) is a partial monoid with partial addition ¥,
(R,-,]1)is a monoid with multiplicative operation * -’ and unit ‘1°, and the additive and multiplicative structures obey the
following distributive laws:

If Z(xi :i€l) is defined in R, then for all y in R, Z(y-xi :iel) and Z(xi -y:i€l) are defined and

y'[zxi] = Z(y'xi)’[zxi]'y = Z(xi'y)-

2.4 Definition. [6] A sum-ordered partial semiring (or so-ring, in short), is a partial semiring in which the sum ordering is a
partial ordering.
2.5 Definition. [1] Let R be a so-ring. A subset NV of R is said to be an ideal of R if the following are satisfied:

(1)) if (x; :i € I)is a summable family in R and x; € N for every i € I then in €N, (I,) ifx <yand y€Nthenx €N,

and
(I,) if x€ N and r € R then xr, rx EN.
2.6 Definition. [2] A subset N of a so-ring R is said to be a bi-ideal of R if the following are satisfied:

By if (x; :i €l) isasummable family in R and x, € N for every i € I then in EN,

(B,) ifx <y and y € N then x € N, and
(B3) ifx, y€ N and r € R then xry € N.
2.7 Definition. [2]A subset N of a so-ring R is said to be a partial bi-ideal of R if the following are satisfied:

1. if (x, :i€l) isasummable family in R and x; € N for every i €I then in € N, and

ii. ifx, y€ Nand r€R then xry € N.
2.8 Definition. [3]Let M ,M,be (R,S) - partial bi-semimodules. Then a mapping ¢ : M, — M, is said to be an

addative mapping if (15(21’”,) = Z¢(Wl, ) for any summable family (m;: [ € [)in M,
1 1

2.9 Definition. [7] Let (R,Z,-,]1) be a partial semiring and (M’E) be a partial monoid. Then A/ is said to be a left
partial semimodule over R if there exists a function *: Rx M — M :(r,x) > r*Xx which satisfies the following

axioms for X, (x; :i€l) in M and 1,7,,(r;:j€J) in R

i if 2X; existsthen 7 *(2x;) = X(r *x,),

il. if er exists then (Zr/)*x :§(rj *x)’
J J

iii. r % (ry *x)=(r;-r,) *x, and
iv. 1, *x = x.Anlogously, one can define right partial semimodules over R. Throughout this paper R, S donote partial
semirings.

3. (R, S) - Partial Bi-Semimodules

In this section we prove that (0 : M ), = (0 : m), for every nonzero m in M where M is a bi-austere (R,.S) - partial
bi-semimodule.

3.1. Definition. Let R,S be partial semirings and (M,E) be a partial monoid. Then A/ issaidto bean (R,S) - partial

bi-semimodule if it satisfies the following axioms:
1. M s a left partial semimodule over R,

i, M s aright partial semimodule over .S, and (iii) forany ¥ € R,xe M,s € S,r*x*se M.

3.2. Definition. Let (A ,i) be an (R,S) - partial bi-semimodule. Then a non empty subset N of A/ is said to be a
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subbi-semimodule of M if N isclosed under 3 and *.

3.3. Definition. Let N be a subbi-semimodule of an (R, R) - partial bi-semimodule M. Then define ( N : M ) as
(N:M)={reR|rMR c N}.

3.4. Definition. Let N be a subbi-semimodule of an (R, S) - partial bi-semimodule A/ .Then define (N : M), and
(N:M)g as (N:M), ={reR|rMSc N} and (N: M) ={s€S|RMs < N}.

3.5. Remark. Let N be a subbi-semimodule of an (R, S) - partial bi-semimodule M. Then (N : M), and (N : M)

are partial bi-ideals of R and S respectively.
Proof: Note that (N : M), ={r € R|rMS < N} . First we prove that (N : M), is a partial bi-ideal of R. Let

(x;:i€l) be a summable family in R and each x, € (N:M),Viel . Then in exists and x,MS c N

Viel . :inMSQN. :(in)MSgN and hence ine(N:M)R . Let x,ye(N:M), and

reR. Then xMSC N and yMS < N . Now (xry)MS =xr(yMS)cxrNc N . =>xrye(N:M), .
Hence (N : M), is a partial bi-ideal of R. Similarly we can prove that (N : M) is a partial bi-ideal of S.

3.6. Remark. Let N be a subbi-semimodule of an (R, R) -partial bi-semimodule A/ . Then (N : M) is a partial
bi-ideal of R .
3.7. Theorem. If N and N' are subbi-semimodules of an (R,S) - partial bi-semimodule )/ and if A, B are non

empty subsets of A/ then (i) ACB=>(N:B), S (N:4),, (ii) (N(IN":4), =(N:A4),N(N":A4),,
and (iii ) if E(a,b) exists for all @ € A,b € Bthen (N: A), (N :B), < (N: A+ B), with equality holding if
0, €ANB.

Proof: (i). Suppose A B and let xe(N:B),. Then xBSCN. =>xbScN VbeB. =>xaSc N
VacA. >xASc N.=>xe(N:A), . Hence (N:B), c(N:A4),.

(ii). Note that x€e (N[IN": 4), ©xASc NN < xASc N and xASc N' < xe(N:A4), and
xe(N':4), ©@xe(N:A),N(N":A4),.

(iii). Suppose f(a,b) exists forall a € A,be B .Then 4+ B = {E(a,b) | a € A,b € B} exists and nonempty. Let
xe(N:A),N(N:B),. Then xASC N and xBSc N . = x(A+B)ScN . =>xe(N:4+B), .
=>(N:4A),N(N:B),c(N:4+B), . Suppose 0,€A(\B and let xe(N:A+B),
=>x(A+B)ScN. =xAS+xBS< N . Since0,, € 4 and 0,, € B,0+xBS< N and xAS+0c< N .
= xASc N and xBScN . =>xe(N:4), and xe(N:B), . =>xe(N:4),N(N:B),
=>(N:A4+B), c(N:A),N(N:B),.Hence (N:A+B),=(N:4),N(N:B),.

3.8. Definition. Let 4 be a non empty subset of an (R,S) - partial bi-semimodule A/ . Then the subbi-semimodule

generated by A is the intersection of all subbi-semimodules of M containing 4 and is denoted by RAS .

Here we are able to generalise the results of partial semimodules over the partial semirings.
3.9. Theorem. Let M be an (R, S)-partial bi-semimodule. Then for any non empty subset 4 of M,

RAS = {i(ri *a,*s;)|r,eR,s,€8,a, e diel}

1
Proof: Take T = {X(7; *a; *s,)/1, € R,s; € §,a, € A} . First we prove that T is a subbi-semimodule of Af . Let
(x,:i€l) be a summable family in A such that x, € T, je] . Then 2X; exists and each

xi =2(”l/ *ai/. *Sij. ),l"l-j_ ER,CIZ-/ € A)Sjl. € S :>in =22(r,j *ajl. *Si/.) exists and is in T. Let 7 ER,S S S
J ’ J ’

1 1

and XE€ T. Then reR,seS and X=XZ(1;%*a,*s;) . =r x*s=r*xX(r *a, *s,)*s =
1 1

Xrx(r,*a; *s;)*s  =X(r-r))*a,*(s;*S)€ T. Hence T is a subbi-semimodule of A/ . We have
1 1
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a=l,*a*1gVae A and hence AT . To prove that T is smallest, let N be a subbi-semimodule of A/

containing 4 and let X €T. Then X =2(r; *a, *s,), r, € R,a, € A,s, € S.=>r, €eR,a,eN,s,eS Viel.
= x=2(7; *a; *s,) € N . Hence T is the smallest subbi-semimodule of A/ containing 4 .

3.10. Remark. Let M be an (R,S) - partial bi-semimodule. Then the set ZN i of all possible sums of elements of
iel

U N, , is the smallest subbi-semimodule of }/ containing each XV, .

iel

3.11. Definition. A non empty subset N ofan (R,S) -partial bi-semimodule A/ is said to be subtractive if and only if for

any mm' e M, m+m'e N and me N implies m' € N .

3.12. Definition. An (R, S) -partial bi-semimodule A/ is said to be bi-austere if and only if {O} and Af are the only

subtractive subbi-semimodules of M .

3.13. Remark. Let N be a subbi-semimodule of an (R, .S) -partial bi-semimodule A/ and 4 be a non empty subset of

M .Then (N:A),= N{(N:a),|ae 4}

3.14. Theorem. If Af isabi-austere (R,S) -partial bi-semimodule then (0: M), = (0:m), foreverynonzero M in
M.

Proof: Since (0: M), =({(0:m), |[me M}, we have (0: M), < (0:m), for every nonzero m in M .

Suppose (0:m), < (0: M), for some nonzero M in A .Then (0:m), & (0:m'), for some non zero
meM . Take N={xeM|0:m),c(0:x),} . Then OxmeN and Oxm'¢ N and hence
{0} € N © M . Now we prove that N is a subtractive subbi-semimodule of A/ . Let (x; :i € I) be a summable family

in M and x,eN,jel .  Then E_X,» exists  and O0:m), < (0:x,),Viel
= (0:m), QZ(O:xi):(OZ%“xi) and hence ixi €N . Let reR,seSand xe N.Then r € R,s €S and

0:m), c(0:x),. > (0:m), c(0:r*x%*s), and hence r*x*s e N . Hence N is a subbi-semimodule of
M . To prove that N is subtractive, let X,y € M such that x € N and E(x,y) € N.Then (0:m), < (0:x),

and (0:m), g(O:i(x,y)R). Now let # € (0:m),. Then r€(0:x), and re(O;i(x,y))R . =>mxS =0

and 7(Z(x,))S=0. =S =0 and T(xS,7S)=0. = 2(0,/S)=0. =>nS=0. =re(0:y),.
=(0:m), <(0:y), andhence y € N. = N isanon trivial subtractive subbi-semimodule of A/ , a contradiction.
Hence (0: M), =(0:m), for every non zero Min M .

3.15. Remark. If N is a subtractive subbi-semimodule of an (R, S) -partial bi-semimodule )}/ and 4 isa non empty
subset of A/ then (N : A), is a subtractive partial bi-ideal of R .

Proof: By the remark 3.5, (N : A), is a partial bi-ideal of R.Let X,y € R3x+ye(N:A),and x (N :4), .
Then x+ye(N:a), and xe(N:a),Vae A. = (x+y)aS< N and xaSc N. = (x+y)ase N and
xaseN VseS . = xas+yase N and xase N VseS . = yase N VseS . = yASc N.

= ye(N:A), andhence (N : A), isa subtractive.

3.16. Definition. An (R,S) -partial bi-semimodule A/ is said to be entire if and only if r*m*s # 0 » Whenever
0,#r€R, Oy #se€Sand 0,, #me M.

3.17. Theorem. A partial semiring R is entire if and only if there exists a non trivial entire (R, R) -partial bi-semimodule.

Proof: If R isentire then R is a non trivial (R, R)-partial bi-semimodule. Suppose 3 a non trivial entire (R, R) -partial
bi-semimodule A/ . Then 30, #meM . Let r,r'eR3'=0 . = (r)xm*(rr') = 0,

=r*(r'*m=r)xr'=0,,.Since Misentire, y =0 or 7' =0.Hence R is entire.
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3.18 Remark. Let A/ bean (R,S) -partial bi-semimodule. If N, N', N" are subbi-semimodules of )/ such that N
is subtractiveand N' < N ,then NN(N'+ N")=N"+(NNN").

Proof: Clearly NN(N'+ N )2 N +(NNN"). Let xe NN(N'+N"). Then xe Nandxe N'+ N".
=>xeN,x=y+z forsome ye N',ze N". =>x=y+ze Nand y€ N.Since N is subtractive, z € N
= x=y+ze N +(NNN"). Hence the remark.

4. (R, S) - Homomorphisms and Absorbing Subbi-Semimodules

In this section we introduce the notions of (R, .S) - homomorphism, Bourne relation, steady (R,.S) -homomorphism and
absorbing subbi-semimodules and study various characteristics of them.
4.1. Definition. Let )/ bean (R,.S) - partial bi-semimodule and @ be an equivalence relation on A/ . Then @ is said to

be an (R,S) - congruence relation on M if and only if it satisfies the following: (i) @ is closed under the additive

operation of the product (R, S)- partial bi-semimodule M x M . ie., if (x;:7€ ) and (y, :i €l) are summable

families in M such that (x,,),)€6 then Z(xi’yi)ee’ (i ) if reR,seS,(x,y)€l then
iel

(rex*s,rxy*s)ed.

4.2. Definition. Let (M ,i*) be an (R,S) - partial bi-semimodule and @ be an (R,.S) - congruence relation on A/ .
!
Then their quotient is the structure (37 /¢ 5 ) Where M/0={[x],/xeM} ([x], is the equivalence class

containing X with respectto @), E' and - are defined as follows:

A family ([x,], :i€l) is summable in M /@ if and only if (x; :7 € ) is summable in A/ . Then we write
i['xi]ez[i‘xi]ﬁ . And ° - is a function RxM/OxS—>M/0:(r,[x],,s)=>r-[x], s where

r-[x],-s=[r*x*s], VreR,seSand xeM.

The following example shows that A/ /@ need notbe an (R,.S) - partial bi-semimodule.
4.3. Example. We know that (P(D),Z,) is a partial semiring, where
4 :{ U 4, if ANA =¢ Vi

~ ' |undefined, otherwise.
and 4-B=ANB.Take R:=S8:=M = P(D).Then M isan (R,S) - partial bi-semimodule.

Let D ={x,y}. Then 6 ={(¢,¢),({x},{x}),({¥},{¥}).(D,D), ({x},D),(D,{x}),(¢,{y}).({»}.#)} isan
(R, R) - congruence relationon P(D) . Now P(D)/ 6 = {g,@},where g ={d,{y}} = @ ,@ ={{x},D} = D.
Here {x}+{y} isdefined. But {x,y}+ {y} isnotdefined and hence m + {_y} is not well defined. Hence P(D)/6

is not a partial bi-semimodule.
4.4. Remark. Let @ bean (R,S) - congruence relation on an (R,.S) - partial bi-semimodule )/ . Then a necessary and

sufficient condition for A/ /@ to be a partial semiring is that the family (), :i € I) is summable whenever (x, :i € I)
is summable and x,6y,,i € I.

4.5. Definition. Let /N be a subbi-semimodule of an (R, S) - partial bi-semimodule A . Then the Bourne relation =,
on M isdefinedas m=, m' < thereexists n,n' € N suchthat m+n=m'+n'.

4.6. Definition. An (R, S) - partial bi-semimodule A/ is said to be a complete (R, S) -partial bi-semimodule if for any
family (m; :i€l) inM, gm,» is in M.

4.7. Remark. The Bourne relation =, is an (R,.S) - congruence relation on a complete (R,.S) -partial bi-semimodule
M.
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Proof: Clearly =, is closed under the additive operation of product (R, S) - partial bi-semimodule M .Let 7 € R,s € §
and (mmye=,,. =3dnn'eNosm+n=m'+n" . =Srx(m+n)*s=r*(m'+n)*xs
=rimes+rinks=r*m *s+r*pn'*s. Since n,n e N and N is a subbi-semimodule of M,
ren*s,rxn'*se N. =>r*m#*s=, r*m'*s. Hence =, isan(R,S)- congruence relationon A .

We denote the equivalence class of 7 as m /N and the quotient M / =, by M /N .

4.8. Definition. Let N be a subbi-semimodule of an (R,.S) - partial bi-semimodule A/ . Then the subtractive closure of
N is the intersection of all subtractive subbi-semimodules of A/ containing N .

4.9. Remark. If NN is a subbi-semimodule of a complete (R,S) - partial bi-semimodule A/ . Then O/ N is the
subtractive closure of N .

Proof: Note that 0/ N ={meM |m=, 0}= {meM |Ine N>m+ne N}. First we prove that 0/ N is a

subtractive subbi-semimodule of Af . Let (m, :i € I) be a summable family in A/ such that m, € 0/ N,i € I . Then

m =,0 Viel. :>§_m,» =, 0 and hence imiEO/N.Let reR,seS and me(O/N.Then re R,s €S

and m=,0, . =>r*m*s=,r*0,, *s . =r*m#*s=,0, and hence r*m*se0/N . Let
m,m'e M >m+m'e0/N and me0/N : =m+m')=,0  and m=, 0

= 3dnn'eN>(m+m)+neN and m+n'eN. = Im+n+n'eNom'+(m+n+n)eN

= m'=,, 0 and hence m'€(0/N . Therefore (O/N is a subtractive subbi-semimodule of Af . For any
aeN,O+a=a+0 and hence a=, 0. Hence ac0/N. = NcO0/N . Now let N' be a subtractive
subbi-semimodule of M > N N'. Let meQ/N . Then Ine Nom+neN. =>3Ine N sm+neN'.
Since N' is subtractive, m € N' and hence 0/ N < N'.Hence the remark.

4.10. Remark. If N is a subbi-semimodule of a complete (R,S) - partial bi-semimodule A/ . Then the congruence
relations =, and =;,,, on A coincide.

Proof: Since N —0/N . Clearly =, € =;,,. Now let m=,, m'. Then 3x,y €0/ Nom+x=m'+y .
=>m+x)/N=(m'+y)/N. >m/N+x/N=m'/N+y/N . Since x,ye0/N. = x/N=0/N and
Y/ N=0/N. =>m/N=m'/N. =>m=, m' andhence =, € =,,.

4.11. Definition. Let M, M, be (R,S) - partial bi-semimodules. Then a mapping ¢ : M, — M, is said to be an
(R,S) -mapping it p(rxx*s)=r*d(x)*s Vxe M,r e R,s € S.

4.12. Definition. A mapping ¢: M, — M, iscalledan (R,S)-homomorphism of (R,S) - partial bi-semimodules M,,
M, if (i) ¢ isan additive mapping, and (ii) ¢ isan (R,S) - mapping.

4.13. Definition. Let ¢: M, — M, bean (R,S)-homomorphism of (R,S) - partial bi-semimodules . Then the kernel
of ¢ is kerg={xeM,|p(x)=0}, for any subset A of M,, ¢M ={p(m)|me M} and for any
yeM,,¢'(y)={xeM, |§x)=y}.

4.14. Theorem. Let Af be a complete (R,S ) - partial bi-semimodule. Then a subset N of A/ is subtractive
subbi-semimodule if and only if there exists an (R, S) - homomorphism o : M — M’ satisfying N = ker(«).
Proof: Suppose there exists an (R, .S) - homomorphism ¢ : M — M’ such that N =ker(). To prove that ker(«)
is a subbi-semimodule of A, let (X, :i € ) be a summable family in M 3 each x; € ker(ar). = a(x,)=0.

=Za(x)=0 . =a(®x)=0 . =>Ixcke@) . Lt reR . seS and xeker(@) Then

a(rxx*xs)=rxa(x)*s=r*0, *s=0, . = r*x*seker(a). Hence ker(ar) is a subbi-semimodule of
M . To prove that N is subtractive, let X,y €M >x+y €N and x € N. Then a(x+y)=0 and a(x)=0.
= a(y)=0. = yeker(a) = N .Hence N is a subtractive subbi-semimodule of Af .

Conversely suppose that }V is a subtractive subbi-semimodule of M. Let M' =M /N anddefine o : M — M' by
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m+— m/ N .Now we prove that @ isan (R,S) - homomorphism.

Let (m; :i €l)be a summable family in A/ . Then a(gm,-) = gam,- = (?m[)/ N. Therefore & is an additive
mapping. Let r € R, s€ S and me M . Then a(r*m=*s)=(r*m*s)/N=r*m/N*s=r*a(m)*s .
Hence ¢ is an (R,S) - homomorphism. Now ker(a)={meM |a(m)=0/N} ={meM |m/N =0/N}
={meM/Ix,ye Nom+x=0+y}=

{me M |me N} =N .Hence the theorem.

4.15. Theorem. Let o : M — N be an (R, S) - homomorphism of complete (R,S) - partial bi-semimodules. If N’
is a subtractive subbi-semimodule of Nand M’ = 'N' < M, then

i M' is a subtractive subbi-semimodule of M containing ker(c)

ii. @ induces an (R,S) - homomorphism f: M /M'"— N/N' having ker(f)={0/M"}.
Proof: (i) Notethat M' =g 'N' = {me M |ame N'} isasubbi-semimodule of M. To prove that A/’ is subtractive,
let mm'eM>m+m'eM' and meM'. = am+am’' e N' and ame N'. Since N' is subtractive,
oam'e N'. =m'ea'N'=M'. Therefore )’ is subtractive. To prove that ker(a) = M', let m € ker().
Then am=0eN'. =>meaq 'N =M'. = ker(a)c M'.

(i) Define B:M/M'—> N/N'" by m/M'+— am/N' . First we prove that [ is well defined. Let
xIM',y/M"'eM/M'>5x/M"'=y/M' . Then mm' eM' >5x+m=y+m'
= Jam,am' e N'>ax+am=ay+am’'. = ax/ N'=ay/N'. Hence [ is well defined. Now we prove that
p isan (R,S) - homomorphism. Let (x,/M":i € I) beasummable familyin A /M'.Then (cx,/N':ie€l) is
a summable family in N/N' . = (f(x;/M'):iel) is a summable family in N/N' . Consider
BE (x, /M) =(Zx)/ M) = a(Zx)/N'=Z (a,/N') = T f(x, /M) . Let reRseS and
x/M'eM/M' . Consider S((r*(x/M"*s) = [B(rxx*s)/M)Y=a(r*x*s)/N" =
rea(x)/N'*s=r=f(x/M")*s . Hence [ is an (R,S)- homomorphism. To prove ker(f)={0/M"} let
x/M"eker(f). Then S(x/M")=0/N" .= ax/N'=0/N'. =>3Ja,be N'3ax+a=be N'. Since N’

is subtractive, axe N'. =>xea 'N' =M'. = x/M'=0/M'. = ker(f) ={0/M'} . Hence the theorem.
4.16. Definition. Let o : M — M’ be an (R,S) -homomorphism of (R,S) - partial bi-semimodules then a relation

=_ onMisdefinedas m=, m' < a(m)=a(m’).

a a

4.17. Remark. The relation =, isan(R,S) - congruence relation on an (R, S) - partial bi-semimodule M.

Proof: Let (x;:i€/l) and (y,:i€l) be summable families in M such that (x,,y,)€=, . =X, =, J, .
= a(x)=a(y) Viel. = a(x)=2a(y,). = a(@x)=a(Zy,) .= 2x =, 2y, = (Ix,2y,) e=,.
= =, is closed under additive operation.

Let reR and seS , (x,y)es, . =>x=,y . = a(x)=a(y) . Consider a(r*x#*s) =
req(x)*s=r*xa(y)*s=a(rxy*s). > r*xx*s=, rxy*s. = (rxx*s,r*y%*gs)e=,.
Hence =, isan (R,S) - congruence relation on M.

a

If M is a complete (R,S) - partial bi-semimodule and ¢ : M — M’ is an (R,S) - homomorphism, then clearly

=(er@) € =, The following example shows that = need not be contained in =) -

4.18. Example. Let R be the so-ring { 0, 1 } with trivial addition and trivial multiplication. Any partial monoid (M ,E) is
uniquely an (R,R) - partial bi-semimodule with ‘* defined for any xe M as l*x*1=x,
O%x*0=0%x*1=1%x*0=0. Consider the partial monoid M, ={0,a,b,]} with ¥ on M, defined by
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. Then (M l,i) is an (R, R)- partial bi-semimodule

i

T = X, ifx, =0 VYi#j for somej
" |undefined, otherwise

and the mapping h: M, — M, defined by 0+ 0,a+> 1,b+>1 and 1> 1 isan (R,S) - homomorphism. Now
(Cl,b) €=, but (Cl,b) eEker(h) .

4.19. Definition. Let ¢ : M — M' be an (R, S) - homomorphism of complete (R,.S) - partial bi-semimodules. Then

@ s said to be a steady (R, S) - homomorphism if the relations =, and =,.,, coincide.
4.20. Remark. A steady (R, S) - homomorphism & is monic if and only if ker(a) = {0} .
Proof: Suppose a:M —> N is a steady (R,S) - homomorphism and monic. Then for any

m e ker(a),a(m)=0, =a(0,,)) . =>m=0,, and hence ker(a)={0} . Conversely suppose that

’

ker(ar) ={0} and let m,m' e M >a(m)=a(m') . Then m=,m' . =>m= ., m . =>m=,m" .
= m=m'.Hence & ismonic.
4.21. Theorem. If ¢ is a steady (R,S) - endomorphism of a complete (R,.S) -partial bi-semimodule M then X is
steady for each k >1.

Proof: Suppose that X is steady and we prove X

Let m=_,m . Then o' (m=a*'(m) . = al@ (m)=a@ (m)) . =a“@m=,a"@m)

+1 +1

is steady. Note that o **! isan (R,.S) -endomorphism on M.

= a'(m) Zker(a) a’(m) : = (m+x) = er(a) (m'+x") for some x,x" € ker(a)

=S m+(x+y)=m'+(x"+y") for some x+y,x'+y eker(a"). =M= i m'  Hence gX*' is steady.
Hence the statement is true by the induction.

4.22. Theorem. Let N' = N be subbi-semimodules of a complete (R, S) -partial bi-semimodule M . Then the function
a:M/N —> M/N definedby m/N'+ m/N is asteady surjective (R,S) - homomorphism.

Proof: The mapping o : M /N'— M /N definedby m/N'+> m/ N is clearly a surjective (R,S) - homomorphism.
To prove « is steady, let m/N'=, m'/N' . Then a(m/N')=a(m'/N") . =>m/N=m'/ N
= 3Ix,yeNom+x=m'+y. >(m+x)/N' =(m'+y)/N'.

= 3x/N',y/N'eker(@)>m/N'+x/N'=m'/N'+y/N'". =>m/N'=_., m'/N'" . Hece a is a
steady (R, S) - homomorphism.

4.23. Definition. A surjective (R, S) - homomorphism ¢ : M —> N is said to be an (R,S) -semiisomorphism if and
only if ker(ar)=1{0,,}.

4.24. Example. Consider the (R, R) - partial bi-semimodules M, = {0,a,b,1} and M, = R = {0,1} as in the example
4.18. Then the mapping @ : M, - M, defined by a:0 0,a>1Lb—>1, 151 is a surjective (R,S) -
homomorphism such that ker(a) = {0} and hence ¢ isan (R,S) -semiisomorphism.

4.25. Corollary. Let ¢ : M — N be asurjective (R, S) -homomorphism of a complete (R,.S') -partial bi-semimodule.
Then there exists an (R,.S) -semiisomorphism M /ker(ar) > N .

Proof: Note that N’ = {0} is a subtractive subbi-semimodule of Nand M'=a 'N'={me M /am e N'} = ker(a).
By the theorem 4.15 , 3 an (R,S) - homomorphism S:M /M'—> N/N' having ker(f)={0/M}. =3 an
(R,S) - homomorphism f:M /ker(ax) > N > ker(f) ={0/ker(a)} and [ is surjective. =3 an (R,S)
-semiisomorphism [ : M /ker(a) > N.

4.26. Corollary. If N' < N be subbi-semimodules of a complete (R, S) -partial bi-semimodule M then M /N is
(R, S) - semiisomorphic to (M /N")/(N/N").

Proof: The mapping o :M/N' — M /N defined by m/N'+—> m/N is clearly surjective (R,S) -
homomorphism with ker(ex) = N/ N'. Hence by above corollary, (M / N")/(N/N") is (R,S) - semiisomorphic to
M/N .
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4.27. Corollary. If N and N' are subbi-semimodules of a complete (R,.S) - partial bi-semimodule M then there exists a
canonical surjective (R,S) - homomorphism @ :N'/(NNN')—>(N+N')/N and a is an (R,S) -
semiisomorphism if  is subtractive.

Proof: The mapping & : N'/(NNN") — (N + N')/ N defined by n'/(NN')+> n'/ N is a surjective (R, S) -
homomorphism.  Suppose N is subtractive and let n'/NNN'eker(e) . =n'/N=0/N
= 3n,n,eNsn'+n =0+n,e N. = n' € N.Hence ker(a) ={0/N M N'} . Then by above corollary, &
isan (R,S) -semiisomorphism.

4.28. Definition. A non zero subbi-semimodule N of an (R, S) - partial bi-semimodule M is said to be absorbing ( denoted
as N<M )ifandonlyif (i)if O0,, #ne€ N and me M then 0,, #n+me N, and (ii)if 0,, #ne N
then (0,, :n), ={0,}.

4.29. Theorem. Let M be an (R,S) - partial bi-semimodule and let {N,;|j€J } be a family of absorbing

_ _ '
subbi-semimodules of M such that QN/ =N and UNJ' =N .Then N <M and N' <M.
je jeJ

Proof: Note that N = QNJ is a subbi-semimodule of M . Now let 0 #ne N and me M . ThenO # n e N].

Jje ‘

VieJ and meM . :>0¢n+meNj VjeJ and hence O0zn+meN . Let O0£ne N . Then
O#neN; Vj . N'=Jn; ,

#neN, VjeJ and hence (0, :n), ={0,} . Hence N <M Now we prove that o s a

subbi-semimodule of M. Let (x;:i€/) be a summable family in M and X, € N " Viel . Then for each

iEI,X,»ENj_ for some j,€J and 2X, exists in M. Now OixiGNj_ and XX, €M
i ; i

k=i
:>0¢xi+kz¢:'xk €N, for some j,€J (N, <M). :>§x,- EUN_,- and hence 2X; € N' . Now let
i ! Ji jeJ i
reRseS and ne N .Then r€ R,s €S and l’lENj forsome jeJ. DV*H*SGNj forsome je€.J.
=rxp%*se N'. Hence N' is a subbi-semimodule of M. Now we prove that N' <M . Let 0 zne N' and
meM . Then 0#neN, for some j€J and meM . >0#n+meN, for some j€.J and hence

O#n+meN'. Let 0£neN' .Then O0#ne N, for some je€J and hence (0, :n), ={0,} . Hence
N' <M.
4.30. Remark. If N and N' are subbi-semimodules of an (R,S) - partial bi-semimodule M. Then we have the
following:

(i)if N<Mand Nc N' then N <N',

(ii)if N,N'<M then NAN'#0,, ,N+N' <M and N+ N'=NUN',and (iii ) if N <M then
NNN'<N'".

Proof: (i) Suppose N <M and N < N'.Since N and N’ are subbi-semimodules of Mand N < N', we have N
is a subbi-semimodule of N' . Let O#2ne N and me N' . Then O£2ne N and me M and hence
O#n+meN.Let 0#neN.Then (0, :n), ={0,}.Hence N < N'".

(i ) Suppose N <M and N'<M . Then F0#neN and O0#n'eN'30#n+n"'e N and
O#n'+neN'. Hence NNAN'#0,, . Now we prove that N+ N'<M . Note that N+ N' is a
subbi-semimodule of M. Let 0 #xec N+ N' and meM . =>0#x=n+n' for some n€ N,n' € N' and
meM .Since N<M,wehave 0#n+me N.Since N'<M, 0#n'e N and 0 #n+me M, we have
O#n'+n+meN . =0#m+n)+meN cN+N'" and hence Ozx+meN+N' . Let
0O#xeN+N' . Then O#x=n+n" for some neN,n'eN' . =(0,:n),={0,} and
(0,,:n"), ={0,} and hence (0, :x), ={0,}. Hence N+ N'<M . Clearty NUN'c N+ N'. Let
0O#xeN+N'. Then O#xx=n+n" for some neN,n e N' . =0#£neN and 0zn'eN' .



Mathematics and Statistics 2(3): 110-119, 2014 119

=0#n+n'eNand 0#n"+ne N'andhence xe N\UN'.Hence N+ N'=NUN'.

( iii ) Suppose N <M and let 0zxe NAN' and n'eN' . Then O0#xeN,x,n €N’
=0#x+n'eN and x+n'e€ N'.Hence 0#x+n'e NNN' .Nowlet 0ne NNN'.Then 0£ne N
and hence (0,, :7n), ={0,}.Hence NN N'<N'.

4.31. Theorem. Let @ : M — M' be an (R,S) - homomorphism of (R, S )- partial bi-semimodules satisfying the
condition ker(a) <M .1f N'<M' then N=g 'N' <M .

Proof: Suppose N' < M'.Notethat N = 'N'={xe M |a(x) e N'} isasubbi-semimodule of M. Now we prove
that N <M . Let neN>3n#0 and me M . Suppose neker(er) . Since neker(a),me M and
ker(ar) < M ,wehave 0 #n+meker(a). > a(n+m)=0eN'. = 0#%n+me N .Suppose n ¢ ker(a).
Then a(n)#0 . Since N'<M', 0za(n)e N and a(m)e M’ , we have 0= a(n)+a(m)e N' .
=0#a(n+m)eN'.Hence 0£n+meN.Letne N>n#0. Suppose n € ker(a). Since ker(a) <M ,
we have (0, :n), ={0,}. Suppose n g ker(ax) . = 0#ane N'. Let r€(0,,:n),. Then r*n*S=0.
S>rxpxs=0VseS . Da(r*nxs)=0 . =r*an)*s=0vVseS . =rxamn)*S=0
=re(0, :a(n)). Since N'<M', we have (0,, :a(n)), ={0,}. = r=0. Hence (0,, :n), ={0,}.
Hence N =g 'N'< M .

5. Conclusion

In view of partial addition in the partial semirings, the bi-semimodule theory of semirings( Jonathan S. Golan[4]) are not
applicable to partial semirings and hence we introduced the notions of (R, S )- partial bi-semimodule, (R,S)-homomorphism
of (R, §)- partial bi-semimodules, (R, S )-semiisomorphism and absorbing subbi-semimodule and generalised the results of
semirings( Jonathan S. Golan[4]) and results of partial semirings( Srinivasa Rao. P. V [9]) to the class of (R, S) — partial
bi-semimodules of partial semirings. In this investigation we studied the characteristics of the set (N : M), proved that (0 :
M )z = (0 : m), for every nonzero m in M where M is a bi-austere ( R, S') — partial bi-semimodule and obtained the
characterization of subtractive subbi-semimodules by an (R,S) - homomorphism. Also we obtained the semiisomorphism
theorems for (R, S )- partial bi-semimodules and studied the absorbing subbi-semimodules.
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