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Abstract The notion of BCK-algebras was initiated by
Imai and Iseki in 1966 as a generalization of both classical
and non-classical positional calculus. In 1999, Huang and
Chen introduced the notion of n-fold positive implicative
ideals in BCK-algebras. In 2011, Satyanarayana and Durga
Prasad introduced foldness of intuitionistic fuzzy positive
implicative ideals in BCK-algebras. In this paper, we
introduce the notion of n-fold positive implicative ideals,

n-fold positive implicative Artinian (shortly, py™-Artinian)
and n-fold positive implicative Noe-therian (shortly, py™
-Noetherian) BCK-algebras and study some of its properties.

Keywords BCK-Algebras, N-Fold Positive Implicative
Ideal, Artinian and Noetherian BCK-Algebras

1. Introduction

It is known that mathematical logic is a discipline used in
sciences and humanities with different point of view.
Non-classical logic takes the advantage of the classical logic
(two-valued logic) to handle information with various facts
of uncertainty. The non-classical logic has become a formal
and useful tool for computer science to deal with fuzzy
information and uncertain information. The notion of logical
algebra: BCK-algebras [7] were initiated by Imai and Iseki in
1966 as a generalization of both classical and non-classical
positional calculus. In the same year, Iseki introduced
BCl-algebras [8] as a super class of the class of
BCK-algebras. In 1983, Hu and Li introduced BCH-algebras
[6]. They demonstrated that the class of BCl-algebras is a
proper subclass of the class of BCH-algebras. For the general
development of BCK-algebras, the ideal theory plays an
important role. In 1999, Huang and Chen [5] introduced the
notion of n-fold positive implicative ideals in BCK-algebras.
In [9], Jun and Kim consider the fuzzification of n-fold
positive implicative ideals in BCK-algebras and
Satyanarayana and Durga Prasad [12] studied foldness of
intuitionistic  fuzzy positive impli-cative ideals in
BCK-algebras. In this paper, we introduce the notion of

n-fold positive implycative Artinian (shortly, pJ™-Artinian)
and n-fold positive implicative Noetherian (shortly, pp™
-Noetherian) BCK-algebras and give its characterization.

2. Preliminaries

In this section we include some elementary aspects of
BCK-algebras that are necessary for this paper. By a
BCK-algebra (see [12, 13]) we mean algebra (X; *, 0) of
type (2,0) satisfying the following axioms:

(BCK-1) (x* y)* (x*z) <(z* ),
(BCK-2) (x*(x*y)) <y,
(BCK-3)x < x,
BCK-HXL Y, ySx=>Xx=Y,
(BCK-5)0< x,forall x,y,ze X .

We can define a binary relation < on X by letting
X < yif and only if x* )y =0. In any BCK-algebra X
the following hold: (P1) x*0=x, (P2)X*y <Xx, (P3)
(x*y)*z=(x*2)*y, (P4) (x*2)*(y*2)Sx*y
Ps)  xr(er(xry)=xEy (P6)
X<y=x*z<y*z and z*y<z*x for all
X,¥,z € X . Throughout this paper X will always mean a
BCK-algebra unless otherwise specified. A BCK-algebra X
is said to be positive implicative if
(x*y)kz=(x*z)*(y*z) for every X,y,z€ X . A
non-empty subset | of X is said to be an n-fold positive

implicative ideal if (I;) O €/ and there exists a fixed

neN such that () (xxy)xz"er and
yizl el =xx"er for x,y,z€X For any
elements x and y of X, yxx yn denotes

(ceere((x* y)* y)*.....)* y in which %’ occurs n-times.
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A fuzzy set in a set X is a function #: X —[0,1] and the

complement of 4, denoted by ;, is the fuzzy set in X

given by ;(x) = 1—,u(x), forall x € X .LetpandAbe
the fuzzy sets of X. For s, €[0,1] the set U (u; s) =
{x e X /x)>s} is called upper s- level cut of x4 and the
setL (A1) ={ x e X /A(x) <t} is called lower t-level cut
of A.

As an important generalization of the notion of fuzzy sets
in X, Atanassove [l, 2] introduced the concept of an

intuitionistic fuzzy set ( IFS, in short) defined by “An
intuitionistic fuzzy setA in a non-empty set X is an object

having the form A4 = {(x,u4(x),A4(x)) / x € X}, where
the My X —10,1] /IA:X—>[0,1]

denoted the degree of membership (namely u 4(x) ) and the

function and

degree of non member-ship (namely A,4(x) ) of each
xeX to the set A
0 < py(x) +A4(x) <1, forall x e X . For the sake of

element respectively and
simplicity, we use the symbol A4 = (X, ,14).

Definition 2.2. [12] An IFS 4=(X,uy,44)in X is an
intuitionistic fuzzy ideal (IF-ideal) of X if it satisfies

(F-1) 214(0)> y(x)and 24(0) < A4(x),
(IF-2) 4 (x) 2 min{u 4 (x*y), 44 (x)} and
(IF-3) A4(x) <max{dy(x*y), A (y)forlix,yeX.

Definition 2.3. [12] An IFS A= (X,uy,4) in X is an

intuitionistic fuzzy subalgebra of X,
if it satisfies

Loy ) zmin{uy (0, pg ()}
ii. A4 (x*y) <max{dy(x),A4(y)} forall x,yeX .

3. Intuitionistic Fuzzy N-Fold Positive
Implicative Ideals and Chain
Conditions

Definition 3.1 [13] An IFS A= (X,uy,Ay) in X is an

intuitionistic implicative ideal

(IFPI™ -ideal ) of X if it satisfies

fuzzy n-fold positive

(IFPI™ 1) #4(0)2 114 (x), A4(0) < Ay(x),
there exists a fixed n € N such that
(IFPI" 2)
pgexzy 2 min{u g ((xxy)*z"), py(yxz")) and

(IFPI" 3)
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/IA(x*zn)Smax{ﬂA((x*y)*zn), AA(y*Z”)}forall
x,y,z€ X.

Definition 3.2 A BCK- algebra Xis said to satisfies the py11
-ascending (resp., pyll - descending) chain condition
(briefly, py1-ACC (resp., py1-DCC)) if every ascending
(resp., descending) sequence 4) < Ay < ..... (AlgAzg ..... )

of n-fold positive implicative ideals of X , there exists a
natural number k suchthat 4, = 4 forall r>k.

1. If X satisfies py1 -DCC, we say that Xisa ppl
-Artinian BCK-algebra.
ii. If X satisfies py1 -ACC, we say that Xisa ppl

-Noetherian BCK-algebra.
Theorem 3.3 Let X be a BCK- algebra. If every intuitionistic
fuzzy n-fold positive implicative ideal of X has finite number

of values, then X is a P -Artinian.
Proof. Suppose that every intuitionistic fuzzy n-fold
positive implicative ideal of X does not satisfy pyf-DCC

then there exists a strictly descending chain A4y > 4] ©

of n-fold positive implicative ideals of X which
does not terminates at finite steps. We consider IFS

A=(X,puy,Ay )in X by

r/ . if xed,.\A _
gy (x) = 44_1 if o};\ r+l, for r=1,2,..... ’
1, if xe N 4,
r=0
44 (x) = %H’ ZfXEAr\ArH, Sfor r=12......
A 0 >
0, if xe N 4,
r=0

where 4y stands for X. Let us prove that 4 = (X, u4,14)
is an intuitionistic fuzzy n-fold positive implicative ideal of
X Clearly g (0)=1=p (x) and 44(0)=0<14(x) for
all xeX. Let Assume  that

x,y,ze X.

and for

(x*y)*z" € 4\ Ay yrz' e A\ Apyy
r=0,1,2,...; k=0, 1, 2,.. Without loss of generality, we

may assume that r <k . Then obviously (X *y)* Z1 and

y*zn EAr and so y*z' EAV’ because 4, is an

n-fold positive implicative ideal of X. Thus

r .
g () 2 = min { g oy, g )
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Ay (x*zn) <L rnax{ Ag((xxy)ez), lA(y*zn)} .
n o0 n o0

If (x*y)*z e n4, and y*z € N4, ,
r=0 r=0

then

n 0
x*z € N 4, .Thus
r=0

g (=) = 1= min { gy (Coeyya"), pg (e}
Ay (x*z”) =0= max{ A4 ((xxp)xz™), ﬂA(y*zn)} .

o0 o0
If (x*y)*zne N 4, and y*zne N 4, , then there
r=0 r=0

exists i € N such that ((x* y)*z") e A\ Ay -

n I
It follows that x*Z"eAl.,sothat yA(x*z )Zm

—min{ pg((rey)*2"), pay(r=z")]

Ay (x*zn) < z% = max{ ﬂ,A((x*y)*zn), ﬁA(y*zn)} .

o0
that (xxy)=* e n A, and

r=0

Finally,  suppose

o0
y*z" ¢ A 4. . Then there exists j €N such that
r=0

y*zn eAj\Aj+1.Hence x#z" eAj,andso
J

x*zn)Z—
a -

min{ gy ((re0)* 2", 1y (%"
Ay (x*zn) < ﬁ = max{ /?,A((x*y)*zn), AA(y*Zn)}.

Consequently we conclude that 4=(X,uy,414) is an
intuitionistic fuzzy n-fold positive implicative ideal of X
and 4=(X,puy,4,) hasaninfinite number of different
values. This is a contradiction and hence X is a pyi
-Artinian.

Theorem 3.4 Let X be a py1 -Artinian BCK-algebra and
A=(X,puy,A4) is an intuitionistic fuzzy n-fold positive

implicative ideal of X. If a sequence of elements of Im(A4)
is strictly intuitionistic increasing, that is, a sequence of

elements of Im(u 4) is strictly increasing and a sequence of
Im(44) is

A=(X,puy,24) has finite number of intuitionistic values,

elements of strictly ~ decreasing, then
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that is, A 4and A 4 has finite number of values.
Proof: Suppose that Im(u A) is not finite.

Let {sn} be a strictly increasing sequence of elements of
Im(uy) . Define U(uy;s,)={xeX / puy(x)=s,}, for
r=2,3,4,...
implicative ideal of X. Let X € U(# 435,.) then p1,(x) >,

Then U(gty;s,) is an n-fold positive

s, >s,_1 which implies that xeU(uy;s,_1) . Hence

U(uyssy)c. U(pyss,_1)- Since s, € Im(z4) , there
exists x,._j € X such that u4(x,_1)=s,_1. It follows
that x,._y eU(uy;5,_1) » but x,._1 ¢U(uyss,) . Thus
U(ty;s, ) isaproper subset of U(tLy;58,_1) andsowe
obtain a

can strictly chain

U(pyg;81) DU (py585) DU (13583) D ... of n-fold

positive implicative ideals of X which is not terminating,

descending

which is a contradiction. Let {tn} be a strictly decreasing
elements of  Im(1y) Then
0<...<Hh<f <l Define
L(pgstp)={xeX / 14(x)< tk}fork =2,34,.....

sequence  of

Then L(u4;t) is ann-fold positive implicative ideal of
X If yeL(Ayg:ty) , then A (y)<tp <tp_1 and so
y e L(A4:tf_1). This shows that L(A4;t;) < L(A4;5t5—1) -
Since t_1 € Im(4,4) , there exists yj_1 € X such that
Ag(Vp—1) =t —1 - 1t follows that y,_j € L(A4;t;_1) but
Vi—1 € L(A4:1;). Therefore L(A4;t)is a proper sub set
of L(A4;t;_1) and thus we can obtain a strictly descending
chain L(A4;t1) D L(A45t) o. L(A4:t3) D ... of n-fold
positive implicative ideals of X, which is not terminating,
which is again contradiction. Thus A = (X, £ 4, A 1) has
finite number of intuitionistic values.
Theorem 3.5 Let Xbe a py1l -Noetherian BCK-algebra and
A=(X,puy,A4)be an intuitionistic fuzzy n-fold positive

implicative ideal of X. If a sequence of elements of Im(4) is
strictly intuit-tionistic decreasing, that is, a sequence of

elements of Im(u 4) is strictly decreasing and a sequence
of elements of Im(1,) is strictly increasing. Then
A=(X,py,A4)has finite number of intuitionistic values,
thatis, x4 and A, has finite number of values.

Corollary 3.6 Let X be a ppl -Artinian and pyI1
-Noetherian BCK-algebra and A= (X, ,A4) is an
intuitionistic fuzzy n-fold positive implicative ideal of X. If a
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sequence of elements of Im(u,) and Im(4y) is strictly
decreasing. Then 4 has finite number of intuitionistic values,
thatis f£yand A, has finite number of values.

Proof: The proof is straight forward.

Theorem 3.7 The following conditions are equivalent.
Xisa ppl -Noetherian BCK- algebras.

The set of values of any intuitionistic fuzzy n-fold positive
implicative ideal of X is a well-ordered sub-set of [0, 1].

(1) = (1) Let A=(X,uy,1y) be an
intuit-tionistic fuzzy n-fold positive implicative ideal of X.
Suppose that the set of values of A is not a well- order sub set
of [0, 1]. Then there exist a strictly decreasing sequence

Proof:

{Sn} such that u,(x)=s, (elements of Im(uy) ).
Define Ulpygss,)=txeX | py(x)zs,t
r=234,. .
implicative ideal of X and thus we can obtain a strictly
Ul sy )jU(pA 389 )jU(u3 383 )I of

n-fold positive implicative ideals of X which is not
terminates. Thus we arrive a contradiction.  If there exist

for

Then U(uy;s,) is a n-fold positive

ascending chain

a strictly increasing sequence {tn} such that A4(x) =1,
(elements of Im(A,4). Thatis, 0<# <ty <....<1. Define

L(pgstp)={xeX | Ay(x)<t;} for k=2,3,4,...

Then L(u4;ty)is an n-fold positive implicative ideal of X
and thus we get a strictly chain
L(Ag:f1) c L(Ag5ty) € L(A45t3) C e
implicative ideals of X which is not terminating. Thus we
arrive a contradiction the assumption that X satisfies the

PIn -ACC.

ascending

of n-fold positive

(i1)) = (i), Suppose that there exists a strictly ascending
Gl [ G2 C G3 C .l (*) of n-fold

implicative ideals of X, Which does not terminates at finite
step.

Define IFS 4 = (X, uy ,14)in Xby

chain positive

1, where k=min{reN [/ xeG,}
uyg(x) =9k
0, if x¢G,
1
—, where k=max{neN / xeG,}
Ay y(x) =1k
1 ifxe G,

o0
Where X = U G,.. Now, we prove that 4= (X,uy,1y)is

r=0
an intuitionistic fuzzy n-fold positive implicative ideal of X.
Since 0eG,, for all r=123,.. We have

14(0) =12 114(x) and 2,(0)=0< 4 (x) for all x € X.
Let x,y,z€X. Assume that (xxy)*z" € G, \G,_
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n
> then X*z EGra

because G, is an n-fold positive implicative ideal of X. It
follows that

Y (x*zn) 2 % = min{ 14 ((rey)xz), /JA(y*Z”)} ;

Ay (x*zn) <l_ max{ ﬂA((x*y)*zn), ﬁA(y*zn)} .

7

Assume that (x* y)*z" e G, and yxz e G, \ G, for all
§ <7r.SinceG, isann-fold positive implicative ideal

of X, therefore y x ;" G, - Thus

Hence uy (x*zn) > min{ ,uA((x*y)*zn), Y (y*zn)} ,
Ay (x*zn) < max{ Ayq ((xxy)*z™), AA(y*zn)} .

Similarly, for the case (x*y)*z" eG.\G; and

yz" € G, - We have
g (o2 2 min{ g (Corpem), g (e
Ay (x*z") < max{ AA((x*y)*zn), AA(y*z")} .

Hence A=(X,uy ,A4) is an intuitionistic fuzzy n-fold

positive implicative ideal of X. Since the chain (*) is not

terminating, A4 has strictly decreasing sequence of values.
This contradicts that the value set of an intuitionistic fuzzy
n-fold positive implicative ideals of X is well-ordered.

Notation: Let 4=(X,u, ,44) be an intuitionistic fuzzy
n-fold positive implicative ideal of X, “u y ” denotes the
family of all upper level n-fold positive implicative ideals of
X with respect to u 4and “vy y ” denotes the family of all
lower level n-fold positive implicative ideals of X with
respectto A,.

Theorem 3.8 Let X be a pyn -Artinian BCK-algebra and
A=(X,puy,4,)be an intuitionistic fuzzy n-fold positive
implicative ideal of X. If a sequence of elements of Im(4) is

strictly intuitionistic increasing, then

uﬂA‘ = |Im(yA)| and

2= [m(2)| -

Theorem 3.9 Let 4=(X,uy ,44) and B=(X,up,Ap)
be intuitionistic fuzzy n-fold positive implicative ideals of
pi™ -Artinian BCK-algebra X. If sequence of elements of
Im(4) and Im(B)are strictly intuitionistic increasing, then

(i) #y =uypand Im(4)=Im(B) < puy = ug,
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(i) vi, =vigand Im(1y)=Im(ig) < Ay =Ap.
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