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Abstract For each pixel, the values of the unwrapped
phase produced by interferometric pairs can be
parameterized and phase components, such as height,
atmospheric path delay difference for the dates of every
interferometric set image acquisition, and unwrapping error
can be estimated through the solution of a rank deficient
system of equations. There are several state of the art
methods for solving rank deficient systems of equations,
such as the Lower-Upper method, QR factorization and
Singular Value Decomposition (SVD). In a previous work,
the improved SVD method, which enables the accurate
estimation of phase components, has been proposed. In this
study, one alternative method for the estimation of the
differential interferometry parameters, the improved QR, is
proposed. The method relies on the reorganization of the
system of equations by using external meteorological data
which correspond to the acquisition dates that are less
present in the interferometric SAR data set. All the
aforementioned methods were tested and compared. The
improved SVD and improved QR methods yield the most
satisfactory results for all the phase components. The
former estimates the heights by achieving almost GPS
accuracy, whereas the latter is more robust, producing
results of almost the same accuracy for all the estimated
atmospheric path delays. However, the requirement of
known values for at least two phase components makes the
improved QR method less operational.

Keywords  Interferometry, Atmospheric Path Delay,
Dinsar, Rank Deficient Linear System

1. Introduction

Water vapor is a key element of the hydrological cycle and
the atmospheric greenhouse effect. The movement of water
vapor through the hydrological cycle is strongly coupled to
precipitation and soil moisture, which have important
practical implications. SAR Differential Interferometry
(DInSAR) observes microwave path delays due to

atmospheric effects and especially to those resulting from
water vapor atmospheric contents. This enables the
estimation of the total water vapor column with very high
spatial resolution (e.g. 25m) on the ground. Although SAR
satellites cannot provide sufficient temporal resolution,
DInSAR can significantly contribute to the development of
an integrated modeling for forecasting systems.

In DInSAR processing, the interferometric phase is
analyzed in many components such as the phase delay due to
the local topography, atmospheric phase delay difference for
the dates of every interferometric set image acquisition,
surface deformation component, and errors mainly due to
phase unwrapping process. The atmospheric path delay
component is caused by ionospheric and tropospheric effects.
Although the impact of the ionosphere is usually limited,
tropospheric  disturbance can significantly affect the
interferometric phase, producing a phase delay. Thus, the
total water vapor column is associated with the atmospheric
phase delay. Research in the field of DInSAR focuses on the
estimation of the surface deformation term, considering the
atmospheric phase delay estimated by meteorological or
GPS measurements, or using satellite data such as MODIS
and MERIS [1,2]. However, atmospheric phase delay
estimation through DInSAR means is often encountered in
the literature [3]. The interferometric phase delay
components can be estimated through the solution of a
rank-deficient system of linear equations [4]. In this case the
phase components are considered as the unknown
parameters of a system of equations. The SVD method is
usually selected for solving the DInSAR model because it is
a valuable tool yielding adaptive solution to each problem
since the effect of each singular value can be analyzed in the
solution. For example, SVD, as well as Least Mean Squares,
have been selected by several studies [5-7] to link
independent SAR acquisition datasets and estimating the
deformation term. These studies exploit the fact that
atmospheric phase signals are mainly space-correlated and
time-uncorrelated so that atmosphere contributions may be
extracted from “atmospheric-corrupted” deformation
time-series through the cascade of a HP time and LP spatial
filters. However in such algorithms, the goal is the
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estimation of the surface deformation time evolution, and
atmospheric signals are considered as artifact spurious terms.
In this study the mathematical methods for solving
rank-deficient linear systems that enable the estimation of
the phase components involved in DInSAR models are
evaluated. The study mainly focuses on the evaluation of the
atmospheric phase delay component. Since this component
when properly introduced in atmospheric models leads to
water vapor calculation of the atmosphere, results of the
research are very important for small-scale water vapor
mapping of the atmosphere. These maps significantly
contribute to the study of the microclimate of a region and
climate of an entire area, as well as the monitoring of the
climatic variability and changes.

Five mathematical methods for solving rank deficient
systems: a) the LU decomposition method, b) the QR
factorization method, c) the Improved QR factorization
method, d) the Singular Vector Decomposition method, and
e) the Improved SVD method [4], are applied and compared.
All the methods are well documented in the literature apart
from the Improved QR factorization method which is
developed within this study. For each method, the
appropriate algorithms in terms of applicability, reliability,
accuracy, and efficiency have been developed. Comparison
and validation of the results has been implemented through
GPS and meteorological measurements.

2. Model for Interferometric Phase
Analysis

According to [4], the functional model which relates
unwrapped interferometric phase P to the unknown
parameters of height ®©,, atmospheric path delay due to
changes in temperature, humidity and pressure (Dm for the
dates of the interferometric set image acquisition,
unwrapping errors ®,,,, temporal decorrelation due to small
changes either in the position or in the orientation of the
individual scatterers (e.g. movement of the leaves in the trees)
() deformation term @, [8, 9], and system noise @

is given by (1): "
P=0,+D_ +O, +D, +CDtemp +CDSyS
(1)

The parameters @ and @, depend on the coherence.

temp
Moreover @, and @, are a function of baseline and
incidence angle. In the linear model (1), for every
interferometric dataset the known parameter is the
unwrapped interferometric phase. Considering that ground
deformation does not exist in the area, and temporal

decorrelation q)temp for coherent pixels, as well as system

and @

noise are very low, the parameters ®p, @, os

can be omitted [4]. Consequently based on (1), for n
interferograms and for a single pixel, the following system of
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equations is considered:
Pl = q)Hl + q)az‘l + cDerrl
I)Z = q)H2 + ®at2 + ®err2

PB» = ®H3 + q)at3 + ®err3 (2)

Pn = q)Hn +(Dat,, +q)errn

In (2), the unwrapped interferometric phase P is slightly
affected by baseline inaccuracies in case that the SAR
interferometric processing includes a rigorous orbital
correction that corrects phase residual gradients in azimuth
and distance on the interferogram and reflattening [10].

Using sensor parameters, such as the wavelength A, the
slant range r, the incidence angle a, and the perpendicular

baseline B Ik the unwrapped interferometric phase P can be
converted into height [11]:

H=PArsinx)/4xzB, 3)

Based on (2) equation (3) can be written as:

“4)

H=(o,+D,+D, )C/B,

err

where C = (Arsina )/ 47 and can be estimated for each
pixel and interferogram. It is clear that errors in height due to
the atmosphere and phase unwrapping depend on the
baseline [12].

Based on (4), system of equations (2) can be written:
H=0, *C,/B, +0, *C,/B, +0,, *C,/B,
H,=®, *C,/B,+®, *C,/B,+®,, *C,/B,
H,=®, *C,/B,+®, *C,/B,+®,, *C,/B, (5)

H,=®, *C,/B,+®, *C,/B,+®,, *C,/B,

where, Hi is the inaccurate height provided by the
unwrapped interferometric phase; Bl.. Bn are the
perpendicular components of the baselines of the
interferometric sets; ®Hi*Ci/Bi is the precise height Hpr
without errors introduced by the baseline, incidence angle,
atmospheric and unwrapping factors, and thus it has equal

value for all the interferometric sets; and q)ern *C. /B, is

the unwrapping error multiplied by the baseline and
incident angle factors. For n interferograms and for the

same ground pixel, @ can be considered the same in

err;

case that the same phase unwrapping algorithm is used, a
baseline and an incident angle factor are introduced in the
model and the coherence value of the pixel is almost the
same for all the interferometric sets. Under the
aforementioned conditions, system of equations (5) can be
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written as following:

1 1 0 0 0 1]
Hl
m| |1 0 1 0 0 1
T N (©6)
Hn
1 0 0 O 1 1
'[Hpr’Hatl,Hatz,””Hatn’Herr}
In (6), ® at; *C;/B; is replaced by H,, (the index i

refers to the interferometric set), and @, *C /B; by

H System of equations (6) can also be ertten as:

err
H=K x (7)

where H is the inaccurate height vector, K is the
coefficient matrix, and x is the unknown parameter vector.
The rank of the matrix K is equal to n because there are n
interferograms which are independent, although they may
result from interferometric pairs which may contain a

common image. The unknown parameters
Hpr’HatlH 5 Hat ,Hg, are k =nt+2. Hence, the

matrix K is an n X k, (k >n) matrix with k linearly
independent columns, and has deficient rank.

3. The Improved QR Factorization
Method

For system (7), each row of the matrix K is a vector that
corresponds to an element of vector H. Elementary row
operations do not affect the dependent relations between the
column vectors. Moreover, in QR factorization, Q has the
property that each ith (where i<n) row of K can be
expressed as a linear combination of m (where m<k)
columns of Q [13]. In the system of equations (7)
combination can exist among any unknown parameter, such
as: Hpr’HatlH ox Hat ’HEW.

However, because Hpr and Herr appear in all the
equations of the system, they are the parameters that are
estimated with the highest accuracy, and it is not suggested
to be included in the linear combination. Thus, the optimum
linear combination for the estimation of the unknown
parameters should have the form:

Hat,wmb = Hatl- - Hatj (8)

where Hati , Hatj are elements of vector x. In case

that H,; coms , is calculated by known atmospheric data then
insertion of (8) in (7) reduces the rank deficiency of the
matrix K by one, and yields more accurate solution. Besides,
inclusion of a priori information related to atmospheric
parameters significantly improves their estimation. The

parameter H,, .om» can be calculated using (9).

— ((D at—master._;
at -

_comb at-master.;

B at—master_;

_® % at—master,,-

at-slave_; B at—-master.;

_ ( q) % Cat—master_ j

at—master,j

C
%

at—master_ j

B at—master_ j

at-slave_ j B at-master_;

)

where @, . and @, . . are the absolute phase

delay for the dates that the master and slave image of the sets
iand j are acquired. The values of absolute phase delay in (9)
are obtained using known meteorological data, as well as the
Saastamoinen model [14].

Equation (8) when inserted in (7) improves the accuracy
of the solution. However, improvement is not similar for all
the estimated atmospheric path delays. Accuracy is very high
for the atmospheric path delays which appear in the sets i and
j- This affects the accuracy of the other unknown
atmospheric path delays since the total error of the QR
factorization method is distributed among the unknown
parameters [13].

In case that H, and H a, (indexes i and j refer to

interferometric sets) are not included in vector X, two more

and H at,.
x, the rank deficiency of the matrix K increases by one, and
equation (8) becomes:

H - - Hatn+2 (10)

at_ comb at n+l

unknown elements, £, at,., , are added in vector
iy

In fact, if the dates of the master and slave images of the
sets n+1 and n+2 appear in the n interferograms, equation (10)
is also a linear combination of the unknown atmospheric
parameters and contributes to the improvement of the
solution. But this time, high level of accuracy is not assigned
to any unknown parameter of (7), and the total error is
distributed among n+2 unknown parameters, instead of n.
Both of the previous reasons contribute to the uniform
distribution of the error. It is obvious that the increment of
the rank deficiency of matrix K affects the total accuracy,
which is expected to be slightly lesser than that produced by

and H at

In case that the selected dates for the master and slave
images of the sets n+1 and n+2 appear the fewest times in the
n interferograms, improvement of the accuracy is greater.
The inserted linear combination leads to the following

the inclusion of at. j in the combination.
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system:
11 1 0 0]
Hl
i 1 0 1 1 0

i, 1000110 0

Hat,( b
000O0O0OO0OT1 -1
‘H ,H H _ ..H_ ,H,. H JH
pr atl, atz, at,’-err atn+1 atn+2

(11

In (11) the value of H, at,,, 18 ostimated from
meteorological data and it is known, whereas H, and

H_ are considered unknown elements. The solution

atyia

provided by (11) is improved in case that the SVD method is
applied [15] on the QR factorization. In this case, the rank
deficient matrix K is replaced by the (R'Q"" and the
inserted linear combination contributes to the generation of
more accurate eigenvalues [13].

4. Implementation, Results and
Evaluation

Interferometric process has been applied on eighteen
ENVISAT images using the SARSCAPE tools. For these

images, incidence angle varies from 18 degrees to 23 degrees.

According to combination theory, 153 interferometric pairs
can be formed from these images. However, only twenty five
interferometric pairs were formed which have a
perpendicular baseline component less than the 75% of the
critical baseline and coherence value greater than 0.50. Their

baselines range from 46-751m. The mathematical
approaches have been applied on a system of 25 equations
provided by the unwrapped phase parameterization of the 25
interferometric pairs, respectively. This number was
considered adequate for providing accurate solutions [4].
Four pixels, depicting the location of four meteorological
stations respectively, were selected for the application of
the mathematical methods. For these pixels, coherence
value ranged from 0.53 to 0.71 and meteorological data
were available for the dates that the ENVISAT images were
acquired. Consequently, the methods were evaluated for
100 different atmospheric path delay values.

Five mathematical methods for solving rank deficient
systems: a) the LU decomposition method, b) the QR
factorization method, c) the Improved QR factorization
method, d) the Singular Vector Decomposition method, and
e) the Improved SVD method [4], were applied and
compared. For the application of the improved QR method,
meteorological data for three random dates were selected
(Table 1), and for random couple combinations, atmospheric
delays were estimated using the Saastamoinen model. The
output of the linear combination of these atmospheric delays
is calculated and inserted in the system of equations through
a new equation.

The solutions of the mathematical methods have been
evaluated using a) height estimations based on GPS
measurements, and b) estimated atmospheric path delays
using known meteorological data as entries in the
Saastamoinen model.

Figure 1 shows the percent atmospheric path delay errors
produced by the five mathematical methods. In Table 2, the
height error and the mean atmospheric path delay error
(APDE), which was produced by each method, are shown for
each meteorological station for each meteorological station.
Moreover, Table 3 shows the minimum and maximum
APDE for each station, produced by the Improved QR and
Improved SVD methods.

Table 1. Atmospheric Data Used by the Improved QR Method.

Station 1 T(eCn:)p : P;;Sl::; ¢ H?‘;: ;d' Station 2 Temp. (C°) leels;:; ¢ H?:/l: ;d'
27/12/2003 8,2 1019,5 0,62 27/12/2003 7,6 1003,9 0,86
31/1/2004 7,2 1016,3 0,66 31/1/2004 5,8 1001,3 0,73
12/2/2005 3,5 1008,80 0,83 12/2/2005 5,4 1001,2 0,74
Station 3 Station 4
27/12/2003 7,8 1016,6 0,72 27/12/2003 7,6 1011,80 0,77
31/1/2004 5,6 1012,6 0,73 31/1/2004 6,0 1008,80 0,72
12/2/2005 4.4 1008,2 0,72 12/2/2005 5,8 1001,3 0,73
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Figure 1. Atmospheric path delay errors (%) produced by the five methods (a) station 1.(b) station 2. (c) station 3. (d) station 4.
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Table 2. Height and mean Atmospheric Path Delay Errors (APDE).

LU QR Impr. QR SVD Impr. SVD
ST1: Height (%) 14,450 1,300 0,010 2,480 0,0004
(in m.) 2,168 19,500 0,144 37,200 0,006
ST1: Mean APDE(%) 26,795 10,581 5,015 11,938 4,433
(in m.) 4,019 1,587 0,752 1,791 0,665
ST2: Height(%) 15,400 4,320 0,00028 2,200 0,0001
(in m.) 10,472 2,938 0,00019 1,496 0,0001
ST2: Mean APDE(%) 24,926 5,241 0,306 4,022 1,517
(in m.) 16,950 3,564 0,208 2,735 1,032
ST3: Height(%) 21,450 6,300 0,0076 4,000 0,00039
(in m.) 29,601 8,694 0,00105 5,520 0,00054
ST3: Mean APDE(%) 21,950 13,511 0,880 6,716 1,598
(in m.) 30,292 18,645 1,215 9,268 2,205
ST4: Height (%) 17,130 6,300 0,00002 5,170 0,00001
(inm.) 40,667 14,956 0,00004 12,274 0,00002
ST4: Mean APDE (%) 20,551 10,078 1,915 8,520 1,177
(in m.) 48,789 23,926 4,546 20,227 2,794
Table 3. Minimum and Maximum APDEs Produced by the Improved QR and SVD Methods
Impr. QR Station 1 Station 2 Station 3 Station 4
Min. A.P.D.E.(%) 4,7 0,17 0,72 0,98
Min. A.P.D.E.(m) 0,71 0,12 0,99 2,30
Max. A.P.D.E.(%) 5,65 0,44 1,01 24
Max. A.P.D.E.(m) 0,85 0,30 1,39 5,63
Impr. SVD
Min. A.P.D.E.(%) 0,3 0,1 0,07 0,15
Min. A.P.D.E.(m) 0,70 0,07 0,10 0,02
Max. A.P.D.E.(%) 10,01 3,94 44 32
Max. A.P.D.E.(m) 23,49 2,68 6,07 0,48
Table 4. Classification of APD Errors for Each Method
(%) A.P.D. Error LU method QR method Impr. QR SVD method Impr. SVD
[0 5](%) 0 10 98 18 90
[5 10](%) 1 45 2 60 10
[10 20 ](%) 25 32 0 22 0
[20  30](%) 45 3 0 0 0
> 30 (%) 29 0 0 0 0
Table 5. The Condition Number (CN) of the Matrices Used by Each Method
CN LU method QR method Impr. QR SVD method Impr. SVD
Station 1 0.30 0.36 0.61 0.41 0.62
Station 2 0.40 0.48 0.70 0.50 0.80
Station 3 0.28 0.39 0.63 0.48 0.65
Station 4 0.32 0.46 0.65 0.52 0.70
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It is observed that LU presents the lowest accuracy. QR
factorization and SVD present higher accuracy, however up
to 13% errors were produced, especially by the QR method
and for estimations of the atmospheric path delays.
Generally, height is more accurately estimated since it is the
most encountered parameter in the rank deficient system of
linear equations.

The improved QR and SVD methods yielded satisfactory
results for both height and atmospheric path delays. The
improved SVD method achieved almost GPS accuracy for
height estimations. When using this method, the bounds of
the eigenvalues of the pseudoinverse matrix are considered
constant and new eigenvalues are added inside the bounds,
but close to the bounds. The height parameter is defined by
the higher eigenvalue which is one of the bounds, hence
accuracy for height parameter is very high and improved
SVD achieved the best performance regarding height
estimation (Table 2). Moreover, it is observed that height
accuracy is independent of the altitude of the point. However,
the accuracy of the atmospheric path delay is not stable. For
each station, atmospheric path delay estimations oscillate
around a low mean value. For station 1 for example, whose
solution is the most unstable in terms of accuracy, errors
range from 0.3 to 10% (Table 3). Using the improved SVD
method, 18 observations yielded an APD error 0-5%, 60
observations yielded an APD error that ranges from 5 to 10%,
and for 22 observations the error ranges from 10 to 20%
(Table 4).

The improved QR method yielded high accuracy and
robust results regarding atmospheric path delay estimations
(Fig. 1). For all the dates, the error was very low and almost
similar. As it is observed in Table 4, the method yielded
errors less than 5% for the 90 observations out of 100, i.e. the
98% of the observations. The combination of the two phase
components that is inserted in the system through the new
equation contribute in the production of two new eigenvalues
within the eigenvalue vector and a) help the system to
provide accurate solutions for the respective parameters, and
b) define bounds of subintervals in the eigenvalue vector,
producing this way more accurate estimations for all the
atmospheric path delay parameters.

The methods were also evaluated by the condition number
of the matrices used for the solution of the problem.
Condition number is an important index that shows the
accuracy of the solution provided by each method. The
calculation of this index is based on [16]. It is observed that
LU, QR and SVD produce ill-conditioned matrices (Table 5).
So, the solutions that they provide have considerable errors.
In contrast, Improved QR and Improved SVD produce well
conditioned matrices which may lead to more accurate
solutions. Condition numbers with values greater than 0.61
can be considered adequate in case that rank deficient
matrices are evaluated. Improved SVD is the method that
presents the closer to 1 condition number values thus
confirming the stability of the solution.

5. Conclusions

In this study the unwrapped phase produced by
interferometric pairs has been modeled for estimating height
and atmospheric phase delay difference for the dates of every
interferometric set image acquisition. Although the
assumption that phase unwrapping errors under specific
conditions can be considered the same for all the
observations has been made, which is not fully true, the
results in terms of height and atmospheric delay accuracies
are promising. For solving the unwrapping phase model,
different mathematical methods have been evaluated. Three
basic linear algebraic methods that solve rank deficient
systems have been considered: the Lower-Upper (LU)
factorization, the QR factorization and the Singular Value
Decomposition (SVD) method. Among these methods, the
SVD method yielded the best performance, although it did
not achieve the highest accuracies. The study has shown that
performances do not depend on the characteristics of the
considered targets (pixels) but mainly on the mathematical
method used.

Furthermore, an improved QR method for solving rank
deficient system was proposed, which exploits linear
combinations among the atmospheric parameters of the
unwrapped  interferometric =~ phase = model.  Thus,
meteorological data for at least three dates, ideally the most
rarely encountered among the dates of the SAR image
acquisitions, are required. The high accuracy of the inserted
meteorological data forces the method to produce high
accuracy.

The method has been compared with the improved SVD
method. The accuracy provided by both methods is quite
satisfactory for height and atmospheric path delay
estimations. However, their use is addressed to different
applications. For the production of an accurate DEM, the
improved SVD method is the recommended method because
it yields very accurate heights. Atmospheric path delay
values, which lead to the water vapor estimation, are
satisfactory estimated by the improved SVD method, but
their error is not uniform ranging from 0.3% to 10% in the
experiments undertaken in this study. On the other hand, the
improved QR method yields quite accurate path delay values
with a uniform distribution of the error. Its use fits well the
requirements of meteorology and climatic change studies.
However, the need of prior knowledge of meteorological
data for at least three dates may be considered as a significant
constraint in its operational application.
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