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Abstract Within Bogolyubov approximating Hamil-
tonian approach the limit pressure is found in a system
of atoms with internal three-level structure (spin-1
system). Moreover, the emergence of a Bose–Einstein
condensation is proved for some special case of coupling
constants.
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1 Introduction

1.1 Second quantized Hamiltonian for spin-1
Bose systems

Atoms in a spin-1 state are characterized by a vec-
torial field operator with its components subject to a
hyperfine spin manifold [1]. The components of the field

Ψ(r) = (Ψ1(r),Ψ2(r),Ψ3(r))
T, r ∈ R3

where the superscript T denotes the transpose, sat-
isfy the usual Bose commutation rules [Ψi(r),Ψj(r

′)] =
Ψi(r)Ψj(r

′)−Ψj(r
′)Ψi(r) = δi,jδ(r− r′) where δi,j and

δ(r − r′) are the Kronecker delta and the Dirac distri-
bution, respectively.
The interaction Hamiltonian representing the atom

system in terms of three spin components can be ex-
pressed explicitly as [2, 3, 4]

Hint =
1
2

∫
d3r[(c0 + c2)Ψ

+
1 Ψ

+
1 Ψ1Ψ1 + c0Ψ

+
0 Ψ

+
0 Ψ0Ψ0

+(c0 + c2)Ψ
+
−1Ψ

+
−1Ψ−1Ψ−1 + 2(c0 + c2)Ψ

+
1 Ψ

+
0 Ψ0Ψ1

+2(c0 − c2)Ψ
+
1 Ψ

+
−1Ψ−1Ψ1+ 2(c0 + c2)Ψ

+
0 Ψ

+
−1Ψ−1Ψ0

+2c2Ψ
+
−1Ψ

+
1 Ψ0Ψ0 + 2c2Ψ

+
0 Ψ

+
0 Ψ−1Ψ1],

where c0, c1, c2 are real parameters associated to two-
body interaction strengths. In this interaction operator,
the first three terms represent the intrastate collisions,
or the self-scattering, the following three terms represent
the interstate collisions or the cross-scattering, and the
last two terms stand for the spin mixing.
In the next sections we shall study a system of bosonic

atoms with internal degrees of freedom whose energy op-
erator contains cross-scattering and self-scattering terms

and in absence of spin mixing. The case of atoms in two
different hyperfine states (spin-1/2), confined in a hyper-
cube was analyzed in three early works [5, 6, 7] in the
framework of the approximating Hamiltonian methods
and large deviations methods.

1.2 Spectrum gap for the free Laplacian

The behavior of Bose systems at the boundary of its
confinement region of volume V (for example, a cubic
box of side ℓ) is a fundamental problem in the study of
many particle systems. In the case of a cubic box the
particles can be repelled, attracted or reflected by the
boundaries.
The energy of a gas of non-interacting Bose particles

is described by the free Laplacian operator △ℓ under
suitable boundary conditions and its eigenvalues E, rep-
resenting the energy levels of the system, are obtained
from the equation −△ℓϕ/2 = Eϕ, where ϕ are the free
Laplacian eigenfunctions.
We have to point out that different kinds of bound-

ary conditions have been extensively studied for the free
Bose gas for example in refs. [8, 9, 10].
The attractive boundary conditions are given by the

relation
∂ϕ

∂n
+ χϕ = 0,

where ∂ϕ/∂n is the outward normal derivative on the
boundary, being χ < 0 the attraction strength parame-
ter. In this case, the spectrum of the Laplacian presents
a gap. In other words, the lowest energy (which is −νχ2

in the thermodynamic limit, where ν is the dimension of
the system) is a non-vanishing (negative) isolated point
of the spectrum. This fact yields to condensation in
any dimensions differently from the cases of Neumann,
Dirichlet and periodic boundary conditions for which
Bose–Einstein condensation (BEC) only holds for ν ≥ 3.
In fact, when χ < 0 we are in presence of a not homoge-
neous condensate mostly concentrated near the bound-
aries, i.e. many of its particles bind to the container
walls. Thus the attractive wall condensation is a surface
effect rather than the usual bulk phenomenon obtained
under other boundary conditions. In realistic scenar-
ios such as a not homogeneously distributed in space
trapped gas the excitation spectrum is separated from
the ground state [11]. Moreover, models with attractive
boundary conditions are extremely useful in the study of
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wetting phase transitions in a superconductor [12] and
for proving the existence of super-surface films in liquid
helium II [13]. On the other hand, in the homogeneous
cases any spectral gap vanishes in the thermodynamic
limit.

Many authors have considered the idea of introduc-
ing a spectral gap between the ground state and the
excited states in the case of some Bose gases, includ-
ing the ideal one, for studying condensation in different
scenarios. In this sense, in refs. [14, 15, 16] a homoge-
neous Bose gas with periodic boundary conditions and
a two-body interaction enclosed in a region of volume V
has been exhaustively studied. In this works the term
-△â†0â0, where △ > 0 and â†0, â0 are the creation and
annihilation operators of the zero mode, was added to
the corresponding energy operator, shifting in this way
the zero energy level of the kinetic energy operator to
a negative value and generating a gap in the spectrum.
Thus, it was proved the emergence of BEC at low tem-
peratures for a class of superstable interacting systems
at low enough temperatures, large enough particle den-
sities and spectral gap.

For example, for the superstable mean field type
model whose energy operator is given by

Ĥ△
b = Ĥ0,△ +

b

2V
N̂2,

where b > 0, V is the volume enclosing the particle sys-
tem, Ĥ0,△ and N̂ are the free energy operator including
a spectral gap and the total number operator, respec-
tively, in ref. [15] it is derived the following expression

for the limit pressure p△b (β, µ) of the model:

p△b (β, µ) =

{
p△=0
b (β, µ), µ ≤−△+bρp(β,−△),

(µ+△)2

2b + pp(β,−△), µ >−△+bρp(β,−△),

where pp(β, µ) and ρp(β, µ) (β–inverse temperature, µ–
chemical potential) are the pressure and the total den-
sity of the ideal Bose gas, respectively. In this case the
amount of condensate is

ρ△0,b(β, µ) =

{
0, µ ≤−△+ bρp(β,−△),
µ+△
b − ρp(β,−△), µ > −△+ bpp(β,−△).

The limit △ ↓ 0 leads to

ρ△=0
0,b (β, µ) =

{
0, µ ≤ bρpc (β),
µ
b − ppc (β), µ > bppc (β),

where ppc (β) is the critical density of BEC for the ideal
gas. Clearly, the independent on temperature terms in
the expressions for pressure and amount of condensate
are consequence of the presence of the gap in the energy
spectrum of the free energy operator. The amount of
condensate still depends on temperature. Noting that
N̂2 = N̂ ′2 + 2N̂ ′n̂0 + n̂2

0, where n̂0, N̂
′ are the oper-

ator number of particles associated to the low energy
level and the total number operator with exclusion of
n̂0, respectively, neglecting collisions between particles
in the condensate and the rest of the system particles
and assuming that the low energy level is equal to zero,
in the case of periodic boundary conditions we get a
superstable model with energy operator

Ĥ△
b = Ĥ0,△ +

b

2V
N̂ ′2.

In this case a macroscopic occupation of the ground state
does not occur. However, under attractive boundary
conditions or by introducing a spectrum gap in the ex-
citation spectrum of the free energy operator the above
situation changes dramatically since an independent on
temperature macroscopic occupation of the ground state
takes place. In this sense, we are in presence of a differ-
ent kind of condensation – non-conventional BEC (see,
for example, works [5, 6, 7, 17, 18, 19, 20] for further
details).

1.3 Paper organization

In earlier papers we take different approaches such
as large deviations [7] and approximating Hamilto-
nian [5, 6] strategies for obtaining the limit pressures in
the case of Bose-atom systems with internal two level
(spin-1/2) an one level (spin-0) structures. This en-
abled us to prove interesting results related to non-
conventional or independent on temperature BEC in the
case of Bose systems whose ground states are associated
to negative values of energies. In this paper we extend
these results to the systems with three internal levels and
negative minimal energies. In section 2 we introduce the
model of the interacting Bose gas that will be studied. It
corresponds to a homogeneous system with a gap at the
excitations spectrum of its free part, analogous to such
one discussed in refs. [14, 15, 16]. An approximating
Hamiltonian is constructed and the coincidence of the
limit pressures, in the sense of Wentzel, of the original
model and the approximate one is demonstrated. In this
case, the emergence of non-conventional BEC is proven
when the coupling constants associated to intrastate col-
lisions take the same positive value. Finally, section 3 is
devoted to some discussion of the results.

2 Non-conventional BEC for
spin-1 Bose model

2.1 General setting

The one-particle free Hamiltonian corresponds to the
operator T ℓ = −△/2 defined on a dense subset of the

Hilbert space Hℓ = L2(Λℓ), where Λℓ = [−ℓ/2, ℓ/2]
d ⊂

Rd is a cubic box of boundary ∂Λℓ and volume Vℓ = ℓd.
We assume periodic boundary conditions under which
T ℓ is self-adjoint.
We consider a system of Bose atoms with an internal

three level structure. In this case any one-particle wave
function has the form ϕ⊗s where, ϕ ∈ L2(Λℓ) and s ∈ S,
where

S =


 1

0
0

 ,

 0
1
0

 ,

 0
0
1


represents the internal state. Therefore the vector space
associated to this system is in fact, Hℓ

s = L2(Λℓ)⊗ S.

Ĥℓ(µ) = Ĥ0
ℓ (µ) +

a

Vl

∑
σ,p

(â†p,σ)
2â2p,.σ

+
1

Vℓ

∑
σ1<σ2

γσ1,σ2 n̂0,σ1 n̂0,σ2 + Vℓg

(
N̂ ′

Vℓ

)
(1)
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where σ = 1, 2, 3, γσ1,σ3 > 0 (σ1 < σ2), a > 0.
g : R+ ∪ {0} → R+ ∪ {0} is a differentiable increas-
ing function such that g(0) = 0, g(x) ≥ x2. The Davies
type interaction operator Vℓg(N̂

′/Vℓ) [21] ensures the
superstability of this model.
The sum in eq. (1) runs over the set Λ∗

ℓ = {p =
(p1, . . . , pd) ∈ Rd : pα = 2πnα/ℓ, nα ∈ Z, α =
1, 2, . . . , d}. â†p,σ, âp,σ are the Bose operators of cre-
ation and annihilation of particles defined on the Bose
Fock space FB. The usual commutation rules are satis-
fied: [âq,σ1 , â

†
p,σ2

] = âq,σ1 â
†
p,σ2

− â†p,σ2
âq,σ1 = δp,qδσ1,σ2 .

n̂p,σ = â†p,σâp,σ is the number operator associated to

mode p and internal level σ. In this case Ĥ0
ℓ (µ) =∑

p∈Λ∗
ℓ ,σ

(λℓ(p, σ) − µ)n̂p,σ, a > 0. N̂ =
∑

p∈Λ∗
ℓ ,σ

â†p,σâp,σ

is the total number operator, N̂
′
=

∑
p∈Λ∗

ℓ\{0},σ

â†p,σâp,σ

is the total number operator with exclusion of n̂0,1, n̂0,2,
n̂0,3 and λℓ(0, 1) = −λ1, λℓ(0, 2) = 0, λℓ(0, 3) = −λ3

for p = 0, λℓ(p, 1) = p2/2 for p ̸= 0, where λ1, λ3 > 0.
Note that the boson Fock space FB is isomorphic to

the tensor product ⊗σ,p∈Λ∗
ℓ
FB

p,σ where FB
p,σ is the boson

Fock space constructed on the one-dimensional Hilbert
space Hp,σ = {ceip·x ⊗ eσ}c∈C, where e1 = (1, 0, 0),
e2 = (0, 1, 0), e3 = (0, 0, 1).
Let

pℓ(β, µ) =
1

βVℓ
lnTrFB exp

(
−β(Ĥℓ − µN̂)

)
be the grand-canonical pressure at finite volume, corre-
sponding to Ĥℓ. Following standard arguments [5], it is
not hard to prove that for all µ ∈ R

lim
Vℓ→∞

pℓ(β, µ) = p(β, µ) < ∞.

In other words the system is a superstable one. Thus
the domain of definition of the limit pressure p(β, µ) is

D(p) = {(β, µ) ∈ R2 : β > 0, µ ∈ R}.

If Ĥℓ(µ) = Ĥℓ − µN̂ , the equilibrium Gibbs state (
grand canonical ensemble) ⟨−⟩Ĥℓ(µ)

is defined as

⟨Â⟩Ĥℓ(µ)
=

TrFB Â exp
(
−βĤℓ(µ)

)
TrFB exp

(
−βĤℓ(µ)

)
for any operator Â acting on the symmetric Fock space.
Finally, the total density of particles ρ(µ) for infinite
volume is defined as

lim
Vℓ→∞

⟨
N̂

Vℓ

⟩
Ĥℓ(µ)

= lim
Vℓ→∞

ρℓ(µ) = ρ(µ),

and the density of particles ρ0,σ(β, µ) associated to the
mode (0, σ) is defined as

lim
Vℓ→∞

⟨
n̂0,σ

Vℓ

⟩
Ĥℓ(µ)

= lim
Vℓ→∞

ρ0,σ,ℓ(β, µ) = ρ0,σ(β, µ).

We shall say that the system undergoes a macroscopic
occupation of the single particle mode (0, σ) (BEC) if
ρ0,σ(β, µ) > 0. Independent on temperature BEC is
named non-conventional BEC.

2.2 Case γ = γ1,2 = γ1,3 = γ2,3

Let s and t be defined as

s := −3γ2/4, t := γ3/4. (2)

Proposition 2.1. For a > −3t/(2s) > 0 the quadratic
form given as

q(x, y, z) = −(λ1 + µ)x1 + ax2
1 − (λ3 + µ)x3 + ax2

3

−µx2 + ax2
2 + γ(x1x2 + x2x3 + x1x3), (3)

x1, x2, x3 ∈ R

is a convex function.

Proof. Eq. (3) can be written in the following form
q(x) = 1

2xQxT + dxT , d, x ∈ R3 where Q is
the corresponding Hessian matrix. Therefore, q is a
convex function if Q is a positive definite matrix, i.e.
△(a) := det(Q) > 0. It yields to the inequality

1

8
△(a) = a3 − 3γ2a

4
+

γ3

4
= a3 + as+ t > 0. (4)

We are interested in finding the values of a for which
ineq. (4) holds. In this sense, since the cubic equation

a3 + as+ t = 0. (5)

has a double real root and a simple real root given by
a1,2 = −3t/(2s) > 0, a3 = −4s2/(9t) < 0, respectively,
we have that for a > −3t/(2s) = γ/2 inequality (4)
holds.

Therefore, under conditions of the last proposition,
the quadratic form q(x) is a convex function attaining
a global minimum at x∗ satisfying the equations system
∇q(x) = 0. In this case the Hessian matrix H(x) = Q/2.

Proposition 2.2. Under the conditions of Proposition
2.1 , the quadratic form q(x) attains its global minimum
at (x∗

1, x
∗
2, x

∗
3) given by

△(a)x∗
1 = (4a2 − 4γa+ γ2)µ− 4λ1a

2

− 2aλ3γ + γ2(λ3 − λ1) = P1(a) (6)

△(a)x∗
2 = (4a2 − 4γa+ γ2)µ− 2aγ(λ1 + λ3)

+ γ2(λ1 + λ3) = P2(a) (7)

△(a)x∗
3 = (4a2 − 4γa+ γ2)µ− 4λ3a

2

− 2aλ1γ + γ2(λ1 − λ3) = P3(a). (8)

In this sense, being Aσ = {a ∈ R+ : Pσ(a) > 0}, with
σ = 1, 2, 3, and B = {a ∈ R+ : △(a) > 0}, it is not hard
to see that

Proposition 2.3. For all x∗
σ, σ = 1, 2, 3 in Proposition

2.2 and a ∈ Aσ ∩ B, we have x∗
σ > 0.
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2.3 Approximating Hamiltonian

To prove the existence of a BEC in the case of the
many particle system whose energy operator is given by
eq. (1), the Fock space FB is decomposed as the tensorial
product F0 ⊗F ′

B, where F0 is the symmetric tensorial
algebra constructed in the space of constants (mode 0)
and F ′

B is its complementary orthogonal tensorial alge-
bra of functions in L2 (Λℓ) . For any complex number
η ∈ C let us consider a coherent vector in F0,

ϕη = e−Vℓ|η|2/2
∞∑

n=0

1

n!

(
V

1
2

ℓ η
)n (

a†0

)n
ϕ0, (9)

where ϕ0 ∈ F0. Thus, for any operator Â in FB, it is
possible to construct an operator Â (γ) such that⟨

Ψ′
1, Â (η)Ψ′

2

⟩
F ′

B

=
⟨
Ψ′

1 ⊗ ϕη, ÂΨ′
2 ⊗ ϕη

⟩
FB

, (10)

where Ψ′
1,Ψ

′
2 ∈ F ′

Λ. The transition from the operator

Â to the operator Â (γ) is called approximation of Bo-
golyubov and it consists in replacing the operators â0
and â†0 by complex numbers η

√
Vℓ and η̄

√
Vℓ, respec-

tively, in the operator Â written in the normal form.

Ĥapp
ℓ (η1, η2, η3, µ) = Ĥ0′

ℓ (µ) +
a

Vl

∑
σ,p̸=0

(â†σ,p)
2â2σ,p

+ Vℓg

(
N̂ ′

Vℓ

)
+ Vℓ

∑
σ

(λℓ(0, σ)− µ)|ησ|2

+ Vℓa
∑
σ

|ησ1 |4 + Vℓ

∑
σ1<σ2

γσ1,σ2 |ησ1 |2|ησ2 |2. (11)

Here Ĥ0′
ℓ (µ) =

∑
σ,p∈Λ∗

ℓ\{0}

(λℓ(p, σ)− µ)n̂p,σ.

Theorem 2.4.

TrF ′
0
e−βĤappr

ℓ (η1,η2,η3,µ) ≤ TrFB e−βĤℓ(µ).

Proof. The proof follows from the definition of trace and
the definition of Bogolyubov approximation.

Theorem 2.5. The systems with Hamiltonians Ĥℓ(µ)
and Ĥappr

ℓ (η1, η2, η3, µ) are thermodynamically equiva-
lent in the Wentzel sense, i.e.

lim
Vℓ→∞

sup
|ησ|:ησ∈C,σ=1,2,3

papprl (β, η1, η2, η3, µ) = p(β, µ),

where

papprℓ (β, η1, η2, η3, , µ)

≡ 1

βVℓ
lnTr⊗p∈Λ∗\{0}FB

p
exp[−β(Ĥappr

ℓ (η1, η2, η3, µ))].

Proof. Applying a well-known Bogolyubov inequality for
pressures and the last theorem, obtain

0 ≤ pℓ(β, µ)− papprℓ (η1, η2, η3, µ)

≤ 1

Vl

⟨
Ĥappr

ℓ (η1, η2, η3, µ))− Ĥℓ(µ)
⟩
Ĥl(µ)

= δℓ(η1, η2, η3, µ)). (12)

The difference δ ≡ Ĥappr
ℓ (η1, η2, η3, µ) − Ĥℓ(µ) can be

written in the following form:

δ = −Vℓ(λ1 + µ)|η1|2 + aVℓ|η1|4

− Vℓ(λ3 + µ)|η3|2 + aVℓ|η3|4 − Vℓµ|η2|2

+ Vℓa|η2|4 + Vℓhℓ(ρ̂0,1, ρ̂0,2, ρ̂0,3),

where

hℓ(x1, x2, x3) =
3∑

i=1

(λℓ(0, σ) + µ)xσ

− a
3∑

i=1

xσ

(
xσ − 1

Vℓ

)
−
∑

σ1<σ2

γσ1,σ2xσ1xσ2

is a concave function under assumptions of the Proposi-
tion 2.1, and ρ̂0,σ = n̂0,σ/Vℓ, σ = 1, 2, 3. Therefore,

0 ≤ δℓ(η1, η2, η3, µ)

= −(λ1 + µ)|η1|2 + a|η1|4 − (λ3 + µ)|η3|2 + a|η3|4

− µ|η2|2 + a|η2|4 + ⟨hℓ(ρ̂0,1, ρ̂0,2, ρ̂0,3)⟩Ĥℓ(µ)

= q(|η1|, |η2|, |η3|) + ⟨hℓ(ρ̂0,1, ρ̂0,2, ρ̂0,3)⟩Ĥℓ(µ)

for q(x, y, z) defined in eq. (2). Using standard argu-
ments of spectral theory of unbounded operators [6], it
is not hard to see that

⟨hℓ(ρ̂0,1, ρ̂0,2, ρ̂0,3)⟩Ĥℓ(µ)
≤ sup

{xσ∈[0,∞)}
hℓ(x1, x2, x3).

Then

0 ≤ lim
Vℓ→∞

inf
{ησ∈C}

δℓ(η1, η2, η3, µ)

≤ lim
Vℓ→∞

inf
{ησ∈C}

q(|η1|, |η2|, |η3|

+ sup
{xσ∈[0,∞)}

hℓ(x1, x2, x3)),

where the infimum is taken over (|η1|, |η2|, |η3|) at all
sides of these inequalities. Straightforward calculations
yield to

lim
Vℓ→∞

inf
{ησ∈C}

q(|η1|, |η2|, |η3|)

= − lim
Vℓ→∞

sup
{xσ∈[0,∞)}

hℓ(x1, x2, x3).

Thus

0 ≤ lim
Vℓ→∞

inf
{ησ∈C}

δℓ(η1, η2, η3, µ)

≤ lim
Vℓ→∞

inf
{ησ∈C}

{−(λ1 + µ)|η1|2 + a|η1|4

− (λ3 + µ)|η3|2 + a|η3|4 − µ|η2|2 + a|η2|4}
+ lim

Vℓ→∞
sup

{xσ∈[0,∞)}
hℓ(x1, x2, x3) = 0.

Then the proof of the theorem follows.

Theorem 2.6. Let ĤMF′

ℓ be the operator defined as

ĤMF′

ℓ =
∑

p∈Λ∗
ℓ\{0},σ

λℓ(0, σ)n̂0,σ + Vℓg

(
N̂ ′

Vℓ

)
.

Then, for (µ, β) ∈ D(p) we have

p(β, µ) = inf
x1,x2,x3∈[0,∞]

q(x1, x2, x3) + pMF′
(β, µ), (13)
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where the limit grand canonical pressure

pMF′
(β, µ) = sup

r≥0
inf
α≤0

{(µ− α)r − g(r) + pp
′
(β, α)}

and pp
′
(β, α) is the limit grand canonical pressure for

the ideal Bose gas with exclusion of the zero mode at
chemical potential α ≤ 0.

Proof. This follows from the standard arguments al-
ready used in the works [5, 6, 7].

We want to find a set {x∗
σ > 0, σ = 1, 2, 3} such that

q(x∗
1, x

∗
2, x

∗
3) = inf

x1,x2,x3∈[0,∞]
q(x1, x2, x3).

2.4 Limit pressure and non-conventional BEC

Considering that for the Hamiltonian given by eq. (1)
a is positive and −3t/(2s) = γ/2 > 0 we get

Theorem 2.7. Assume that λ3 ∈ (0, λ1), µ > (λ1 +
λ3)/(2a− γ) and a > max {γ/2, c+} , where

c+ =
γ

2(µ+ λ3)

(
µ+

λ1

2
+

∣∣∣∣λ1

2
− λ3

∣∣∣∣) . (14)

Then all x∗
σ defined in Proposition 2.2 are strictly posi-

tive.

Proof. We have that △(a) = 8(a− γ
2 )

2(a+ γ) > 0 with
a > 0, a ̸= γ/2. On the other hand, note that

χ(u, v) =
u2

4
− uv + v2 =

(u
2
− v
)2

≥ 0.

Our purpose is to determine the range of values of a for
which P1(a) > 0, P2(a) > 0, P3(a) > 0 in Proposition
2.2. The numerator P1(a) in eq. (6) can be rewritten as

P1(a)= 4(µ+λ1)a
2− 2γ(2µ+λ3)a+ γ2µ+ γ2(λ3−λ1).

Function P1(a) in eq. (6) satisfies the inequality

P1(a)

4
= (µ+ λ1)a

2 − γ

2
(2µ+ λ3)a+

γ2

4
(µ+ λ3 − λ1) > 0

for a > a+, where

a± =
γ

2(µ+ λ1)

(
µ+

λ3

2
±
√
χ(λ3, λ1)

)
=

γ

2(µ+ λ1)

(
µ+

λ3

2
±
∣∣∣∣λ3

2
− λ1

∣∣∣∣) ,

i.e.
a+ =

γ

2(µ+ λ1)
(µ+ λ1) =

γ

2
> 0,

a− =
γ

2(µ+ λ1)
(µ+ λ3 − λ1)

are the real roots of P1(a) = 0. In this case

x∗
1 = [△(a)]−1P1(a) > 0

when a > γ/2. On the other hand, for P2(a) in eq. (7)
and µ > (λ1 + λ3)/(2a− γ), we get that

P2(a) = 4µa2 − 2γ(2µ+λ1 +λ3)a+ γ2(µ+λ1 +λ3) > 0

for a > max{b+, b−}, where

b+ =
γ(µ+ λ1 + λ3)

2µ
> 0, b− =

γ

2
> 0

are the real roots of P2(a) = 0. Thus,

x∗
2 = [△(a)]−1P2(a) > 0

for a > γ/2. Finally, for P3(a) in eq. (8) we obtain that

P3(a)

4
= (µ+λ3)a

2− γ

2
(2µ+λ1)a+

γ2

4
(µ+λ1−λ3) > 0

for a > c+, where

c± =
γ

2(µ+ λ3)

(
µ+

λ1

2
±
√
χ(λ1, λ3)

)
=

γ

2(µ+ λ3)

(
µ+

λ1

2
±
∣∣∣∣λ1

2
− λ3

∣∣∣∣)
are the real roots of P3(a) = 0. In this case we obtain
that,

x∗
3 = [△(a)]−1P3(a) > 0

for a > max{γ/2, c+}. Therefore x∗
σ > 0, σ = 1, 2, 3

for a > max{γ/2, c+}, µ > (λ1 + λ3)/(2a − γ) and
c+ ∈ (0,∞).

Corollary 2.8. Under conditions of the Theorem (2.7)
it follows that:

p(β, µ) = q(x∗
1, x

∗
2, x

∗
3) + pMF′

(β, µ),

where 

x∗
1 =

(µ+ λ1)(a− a−)

2(2a− γ)(a+ γ)

x∗
2 =

µ(a− b+)

(2a− γ)(a+ γ)

x∗
3 =

(µ+ λ3)(a− c+)(a− c−)

(2a− γ)(a+ γ)
.

Corollary 2.9. Under conditions of the Theorem (2.7)
the system given by Hamiltonian (1) displays simultane-
ous BEC and the amount of condensate corresponding
to each internal level of the ground state is given by

ρ0,1 = x∗
1, ρ0,2 = 0, ρ0,3 = x∗

3.

2.5 Vanishing spectrum gaps

Taking the limits λ1 ↓ 0, λ3 ↓ 0 we get a+ = a− =
b+ = b− = c+ = c− = γ/2, then

ρ0,1 =
µ

4(a+ γ)
, ρ0,2 = 0, ρ0,3 =

µ(a− γ
2 )

2(a+ γ)
.

In this case the limit grand canonical pressure is given
by the expression

p(β, µ) =

(
µ

2(a+ γ)

)2

f(a, γ) + pMF′
(β, µ),
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where

f(a, γ) = γ

(
1

2
+

3

2
(a− γ)

)
−
(
7

4
a+ 3γ

)
−

(
a− γ

2

)(
a2 − a

(γ
2
+ 2
)
− 2γ

)
.

It is not hard to see, that for µ = 0 we have p(β, 0) =
pMF′

(β, 0) and a macroscopic occupation of the ground
state does not occur. As an example, taking g(x) = x2

we obtain

p(β, µ) =

(
µ

2(a+ γ)

)2

f(a, γ)

+ sup
α≤0

{
pp

′
(β, α) +

(µ− α)2

2a

}
,

where pp
′
(β, α) is the pressure of the ideal Bose gas with

exclusion of a zero mode.

3 Conclusions

In section 2 we studied the system of atoms whose
quantum states have three internal degrees of freedom.
In this case a couple of energies {−λ1,−λ3}, with λ1 >
λ3 > 0, associated with two of the ground states internal
levels, generalize our previous results on the spin-0 and
spin-1/2 Bose systems. We derive an exact expression
for the pressure by applying approximating Hamiltoni-
ans and large deviations approaches. Also we prove the
emergence of non-conventional BEC ( independent on
temperature) for a range of values of the intrastate col-
lisions parameter a with a > max{γ/2, c+}, where γ
is the coupling constant for interstate collisions, c+ is
given by eq. (14) and the chemical potential µ satisfies
the inequality µ > (λ1 + λ3)/(2a− γ).
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