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1. Introduction with Preliminaries

In [1], the authors gave a notion ( E. A)which generalizes the concept of noncompatible mappings in metric spaces, and
they proved some common fixed-point theorems for noncompatible mappings under strict contractive conditions. In [3], The
Author promoted commutative maps as a tool for generalizing. Subsequently, a variety of variations and generalizations of
Theorem 1 in [3] which utilized the commuting map concept appeared. In [4,6] the authors proved some common fixed-point
theorems for strict contractive noncompatible mappings in metric spaces. Clearly, commuting mappings are weakly
commuting and weakly commuting pairs are compatible; examples in [5] and [11] show that neither converse is true. Some
common fixed point theorems due to Aamri and El Moutawakil [1],Pant and Pant [4] proved for strict contractive mappings
in metric spaces are extended to symmetric (semi-metric) spaces under tight conditions. we present a few results that
establish the existence of common periodic points for a pair of maps on a symmetric space when the maps have a unique
common fixed point. These results are supported by suitable examples. In [9] B. E. Rhodes collected good number of
contractive inequalities considered by various authors and established implications and non-implications among them. In this
paper we obtain Some results on coincidence and fixed points without continuity requirements satisfying a slightly more
general Seghal’s contractive conditions.

Definition 1.1: A symmetric on a set X isafunction d: X x X > [0, oo) such that forall X, ) € X

i d(x,y)=0x=y
i d(x,y)=d(y,x)

Examples:

(1) Let X =[-1,1]
d(x,y)=|x—y| if x#y=#0

d(x,0)=d(0 x):M
’ ’ 2
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(2) Let X =[0,1]
a’()c,y):lJrl if 0#x#y#0
Xy

=0 ifx=y
d(x,0)=d(0,x)=x

If d is symmetric on a set X thenfor X€ X and & >0 , We write

B(x,g) = {y € X:d(x,y) <& }.Atopology Z'(d) on X is given by Ue Z'(d) if and only if for each
xe X, B(X,E) CU for some &€ >0.A set ST X is a neighborhood of b € X iff there exists
Uert (d ) such that belU < S. A symmetric d is a semi-metric if for each X € X and for each
>0 ) B(x ) 8) is a neighborhood of X in the topology Z'(d) .

Definition 1.2: A semi-metric space X isa topological space whose topology T (d ) on X is induced by

semi-metric d . In what follows symmetric space as well as semi-metric space will be denoted by (X ) d ) .

The distinction between a symmetric and a semi-metric is evident as one can easily
Construct a symmetric d such that B (x , & ) need not be a neighborhood of X in 7T (d ) .
For a symmetric on X the following two axioms were given by Wilson [8]:

(W 3): For a sequence{x, }in X and x,y € X,
lim, ,, d(x,,x)=0 and lim,_,. d(x,,y)=0implyx=y
(W 4): For a sequence{x, },{y,}in X and x € X,
lim, ., d(x,,x)=0 and lim,_, . d(y, ,x,)=0 imply lim, ., d(y,,x)=0

Example:

Lt X =R ;

x=y 3 If x#y

d(x,y)= | |
1 s If x=y

x-1

d(x,0)=d0,x)=—if x#1

Note that the function ¢/ is not a metric as triangular inequality fails.

d(~1,2) £ d(~1,0) +d(0,2)

Consider the sequences X, = 1- l ,n=123,..
Clearl ; 1 i 1
Y, limd/1-—,1|=1limdf1-—,0
n—o0 n n—>o0 n

But 1#0 ,thus (j3) does not satisfy.
2. X :[(),1]
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x+y s If x#y

d(x,y) =
(x,) N Il x=y

X
d(x,0) = d(0,x) ==
3
Then ( X.,d ) is a symmetric space which is not a metric as triangular inequality fails.
AGD£dC0)+dO)

Consider the sequences X, = l Yy = L then
n+l

lim d(l,lj - lim d(l ,oj =0
n—ow n n+l n—>o0 n

= lim d( ! ,Oj =0
n—o \n+1
~ (W 4) nolds.

Definition 1.3: [2] A pair of self-mappings ( f , &) onasymmetric (semi-metric) space (X, d )is said to be R-weakly

commuting if there exists some real number R > 0 such that d(f gx,g f X)<R d(f X,g x) forall X€ X,
where as the pair (f, g) is said to be point wise R-weakly commuting if given xe X there exists R > 0 such that

d(fgx,g fx)<Rd(fx,gx).

Here it may be noted that on the points of coincidence R-weak commutativity is equivalent to commutativity and remains a
necessary minimal condition for the existence of common fixed points of contractive type mappings.

Definition 1.4: [5] A pair of self-mappings (7, g)on a symmetric (semi-metric) space (X, ) is said to be compatible if
limd(fgx,,gfx,)=0 whenever {yx } isasequencein X suchthat [jm f(xn) = lim g( xn) =te X.
n—>o n—>0 n—®0

Here it may be noted that R-weakly commuting mappings need not be compatible.

Definition 1.5: [10] A pair of self-mappings (s, g) on a symmetric (semi-metric) space (JX,d) is said to be weakly

compatible (or coincidentally commuting) if f xX=gx implies fogx=g fx.
Definition 1.6: [1] A pair of self-mappings (f',g) on a symmetric (semi-metric) space (X,d ) is said to enjoy

property (E.A4) if there exists a sequence {Xn} such that lim f (x,) = lim g(x,)=¢, for some t € X .
n—® n—>
Clearly non compatible pairs satisfy property ( E. A).
Definition 1.7: Let / bea self-mapping of X .Apoint X € X s called a periodic

Point of 1 , if there exists a positive integer /71 such that T mX =X.
(C.1): limd(x,, y,) =0 =limd(x,,x) = limd(y,,x) =0
(C.2):limd(x,,x)=0,limd(y,,x)=0= limd(x,,y,)=0

2. Point of Coincidence, Fixed points

Theorem 2.1: Let ( X, d ) be a symmetric (semi-metric) space with the (W 3) or a Hausdorff semi-metric space. Let
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(f, g) be a pair of self maps of X that has the (E.A)property. Then f and & have a point of coincidence if

d(gx,gy)<max{d(fx,gx),d(fy,gy).d(fx,[y)} (2.1.1)

f(X) is a closed subset of X,
Then f and g have a point of coincidence.

Proof: In a semi metric space (X,d )the sequence {xn}converges to X in Z'(d) iff d(xn ,X) — 0. To
substantiate this, suppose X, — X

And et &> (). suppose S(x,&) is a neighborhood of X  there exists U € 7(d) such that
xeU c S(x, 8) .Since X, —> X thereisa me N(the natural number)

Such that x, €U < S(x,&)for 5 >4y so d(x,,x)<é& for > -

i.e d(x,,x)—> 0.The converse part is obvious in view of the definition of 7(d).

By (E A) property , there must exists a sequence X5 in X with t€X such that
lim f(xn) = lim g( xn) =te X As J(X) is d -closed, every convergent sequence of points of J(X) has its
n— n—>0

limit in f(X) , therefore [im f(xn) =b :f(a) = lim g(xn) forsome a e X Wwhich in turn yields that
n—o0 n—©

t=71(@) e /(X) Now we assert that/ () = &(9) Ifit is not so then in view of (2.1.1),
one gets d(gx,,ga)<max{d(fx,,gx,),d(fa,ga),d(fx,,fa)}

which on letting " ™ ®°> reduces to
d(fa,ga)<d(fa,ga) which is a contradiction.

Therefore/ (4) = & (a)’ which shows that '@'is a point of coincidence for / @1d &
The same proof works for the alternate statement. This completes the proof.
The following variant of Theorem 2.1 also remains true.

Theorem 2.2: Theorem 2.1 remains true if d -closedness (7(d) -closedness) of f ( X ) is replaced by d -closedness
(7(d)-closedness) of g(X) alongwith g(X)  f(X) retaining the rest of the hypotheses.

Proof. Since f and & enjoy property (E A), we know that there exist a sequence {x }in X such that
lim f(x,)=1lim g(x,)=g(a)=te X for some g€ X as g(X) isa d -closed subset of X . Now due to
n—» n—»o0

g(X)c f(X) one can find some b e X such that g(a) = f(b). We claim that g(q) = g(b). Suppose on
contrary that & (a ) g (b) then using (2.1.1) one obtains

d(gx,,gb)<maxid(fx,,gx,),d(fb,gbh),d(fx,,[ D)}

which on letting 77 —> 00, reduces to
d(ga,gb)<d(ga,gb) whichis a contradiction.
Therefore ga=gb= fb

Theorems 2.1 and 2.2 ensure common fixed point instead of point of coincidence if contractive condition (2.1.1) is
replaced by a slightly weaker condition. In this regard we have

Theorem 2.3: In the setting of Theorems 2.1 and 2.2, f and g have a unique common fixed point provided fand g

are weakly compatible and satisfy the contraction condition (2.1.1) for all
xzyeX,d(gx,gy)<max{d(fx,gx),d(fy,g¥),d(fx,f )} 2.3.1)

Proof. In view of Theorems 2.1 and 2.2, f and & have a point of coincidence ‘ & °
ie, f(a)= g(a).Now due to weak compatibility one can write f g (a)= f f(a)=gg(a)=g f(a). If
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g g(a)=g(a) then(2.3.1) implies
d(ga,gga)<max{d(fa,ga),d(fga,gga),d(fa,fga);
=d(ga,gga)
which is a contradiction. Hencega=g ga =g f a= f ga= f f a , which shows that & @ is a common
fixed point of f and & . Uniqueness of the common fixed point follows easily.
Corollary 2.4: Let (X,d ) be a symmetric (semi-metric) space that enjoys (W 3) (the Hausdorff separation axiom).Let

g be aself map of X such that for all X # DS X
d(gx,gy)<max{d(x,gx),d(y,gy),d(x,y)} then g hasaunique fixed point.

Proof: If we take f =1 the identity mapping in above theorem 2.3, and follow a similar proof as that in theorem 2.3 ,

we can establish this corollary 2.4.

In [12], P Sumati kumari presented a few results that establish the existence of common periodic points for a pair of maps
on a symmetric (metric) space when the maps have a unique common fixed point. These results are supported by suitable
examples.

Theorem 2.5[12]: Let f be a self map of a symmetric space (X, d ) satisfying

d(fx, fy) <max{d(x,y),d(x, f(x),d(y, f(W))d(x, f())d(y, [ ()}

For each X,y € X (X * y) for which the right hand side of above inequality is not zero. Then U &€ Xisa
periodic point of f if and only if U is the unique fixed point of f .

By using Corollary 2.4 and Theorem 2.5 we have the following theorem
Theorem 2.6: Let g be a self map on a symmetric space (X ) d ) satisfying

d(gx,gy) < max{d(x,y),d(x,g(x)),d(y,g()} " =" x,y e X (x = y) orvhehte

right hand side of above inequality is not zero. Then 34 & X is a periodic point of & ifand only if U is the unique fixed
point of § .

To illustrate the above theorem we have the following Example

Example: Let X =[0.1) and d(x,p) =[x -y |2 :

The inequality can be easily checked.

Then next theorem involves a function ¢:R* — R* which satisfies the following conditions:

i) ¢ is non decreasing on er ,
(ii) 0<¢(t) <t foreach t e (0,%0)
Theorem 2.7: Let A, B, Sand T be self-mappings of a symmetric (semi-metric) space (X,d ) that enjoy (W 3)
(the Hausdorff s T, separation axiom) and #(0) = 0. Suppose that
(1) AX)cT(X),B(X)c S(X)
The pair (B, T)enjoys the property (E A)(or alternatively the pair (4, §)enjoys the property (E.4))
The following inequality holds
d(Ax,By) < ¢ (m(x, y))’ (2.7.1)

m(x,y) =max {d(Sx, Ax),d(Ty, By),d(Sx,Ty)}

S(X)is d -closed (7(d)-closed) subset of X (or alternatively T(X) isa

d -closed (7(d)-closed) subset of X .

Then pairs (4, §)has a point of coincidence U and the pair (B, 7)has a point of coincidence W.

Proof: Since the pair (B,T) enjoys the property (E A) , there exists a sequence {x,} — X such that

lim Bx, = lim Tx, =te X - Since B(X) < S(X)

n—> n—®
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For each X, there exists ), such that Bx, =Sy, . Thus in all Bx, — ¢, Syn >t and Txn —> t. Now we
assert that Ayn —> 1 . Suppose , to obtain a contradiction in each case.

Case (i) Aym = me for only finitely many 771 .

Let Aym z me forall m > n (o Where 71 ()is a positive integer. Then for 771 >n 0-

d(Ay,, , Bx,,) < gmax {d(Sy,, , Ayy), d(Tx,, , Bx,) , d(Syy . Tx)})
= ¢(max {d(Bx,, , Ay,,),d(Tx,, , Bx,,),d(Bx,, ,Tx,)})
= ¢(max {d(Bx,, , Av,,),d(Tx,, ,Bx,,)})
But #(d(Ay,,,Bx,,)) <d(A4y,,,Bx,,)
Hence max{d(Bx,, ,Ay,,),d(Bx,, ,Ix,,) # d(Bx,, ,Ay,,)
Hence max{d(Bx,, ,Ay,,),d(Bx,, ,1x,,) # d(Bx,, ,Tx,,)
Hence d(Ay,, ,Bx,,) < ¢(d(Bx,, ,Tx,,))
But @(¢) <t Vte[0,00)
Hence d(Ay,, ,Bx,,)<d(Bx,, ,Tx,,)
Letting 72 —> o and using (C.2) we get,

lim sup d(4y,,,Bx,,)< lim d(Bx,,,Tx,,)

e300 m—»o0
Cony (€D)
And the fact that 11m Bx,,, = limTXx,, =¢
Hence lim Sup d(Ay,, ,Bx,,) =0 whichimplies lim d(A4y,,,Bx,,) =0
= lim d(Ay,,)=1im Bx,, by (C.1)
s lim 4y, =t¢
Suppose Ay, = BX,, for infinitely many values of 7

Let the sequence K = {kl < kz < k3 < ....}have the property that Ayki = Bxk_ for I = 1,2,....and
i

J= {]1 < j2 < j3 < ....}have the property that Ay]l E= ij. for i =1,2,....and let K\ UJ =N
i
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Then the sequence Ayki —> 1 since the sequence Bxki —>t.1f J is a finite set then we may suppose
J = ¢ and conclude Aym —> 1. Otherwise we can conclude that Ay i —> 1 asin case (i).

Since K \U J = N and since Ayki —> [ and also Ay]z — 1,

It is clear that Aym —> 1.

Suppose that S (X ) is a d -closed (T (d ) -closed) subset of X then Syn —> [ and one can find a point

U € X suchthat S# =1 now we suppose that Au # Su
d(Au,Bx,) < ¢g(max {d(Su, Au),d(Tx, ,Bx,),d(Su,Tx,)})
Which on letting 77 —» 00, yields
d(Au,Su) < ¢(d(Su, Au)) < d(Su, Au)

Which is a contradiction

Hence Au = Su

Also A(X)CT(X), thereexists W € X suchthat Au = Tw. we assert that TW = Bw.
If not, then using inequality (2.7.1), one gets
d(Au, Bw) < ¢(max {d(Su, Au),d(Tw, Bw),d(Su,Tw)})
<d(Tw,Bw)
=d(Au,Bw)
Which is a contradiction.

Hence Au = Su = Bw="Tw.
Which shows that the pairs (A, S ) and (B ) T ) have a point of coincidence U &w respectively.

The proof is similar if we consider the case when pair (A, S ) enjoys property (E A),

And T(X) is d -closed (T(d) -closed) subset of X.

Hence it is omitted. This completes the proof.

Theorem 2.8: In the setting of Theorem 2.7, A, B, Sand T havea unique common fixed point provided one adds

the weak compatibility of the pair (A, S) (or weak compatibility of the pair (B, T) and satisfying the contractive
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condition 2.7.1) for X # Y € X,

d(Ax,By) < ¢(m(x,y)) (2.8.1)
m(x,y) =max {d(Sx, Ax),d(Ty,By),d(Sx,Ty)}

Proof: In view of Theorem 2.7, one concludes that Au = Su=Bw=Tw.
Now the weak compatibility of (A, S) implies that ASu = SAu and AAu = ASu = SAu = SSu.

Suppose that Au # AAuU then using (2.7.1), one gets
d(Au, AAu) = d(AAu, Bw)
< ¢(max {d(SAu , AAu),d(Tw, Bw),d(SAu, Tw)})
<d(Au, AAu)

Which is a contradiction. Thus AU = AAu = SAu , then Au is the common fixed point of A4 and S Also

Au is a common fixed point of the pair (B , T ) Uniqueness of the common fixed point follows easily. The proof is

similar in the other case. This completes the proof.
We now give an example to illustrate the above theorem.

2
Example: Consider X = [0 ) 1] equipped with the symmetric d (X , y) = (X - y) . Define

Ax:szlx Lif 0<x<1, Sx=Tx=x,if 0<x<1,and ¢:R" >R" as
+ X

t .

ﬁ, ljf nggl,

+

P(t) = )

—, if t>1.

5 if
then

A(X)=B(X) = {o,ﬂ cl0,1]=S(x)=T(x),

¢ is non decreasing and 0< ¢(t ) <t forall € (0,00) Since d induces the usual topology therefore

1
(W 3) is satisfied. The pair (A, S ) satisfies the (E A) property as there is a sequence {— (- [0 . 1] such that
n

n—so \n nsop+1 noo \n n—>w g
Also (A, S) is weakly compatible as SO0 = 40 = 4S50 = SA0. S(X) = [0 , 1] isa
d - closed subset of X .
In order to verify contractive condition (2.6.1), H x=0and 0< y < l,then

lim A(lj: limL: lim S(lj: liml:OeX



Mathematics and Statistics 2(1): 39-47, 2014 47

2

2
d (Ax,By) = % <# — $(»*) = $(d(Sx,Ty)) < $(m(x, y))

Incasex # Yy and 0 <x <y <1,then

x P (k=) x-y Y
d(Ax,By) = Y| = Y < z

l+x 1+y) (Q+x0d+») U+(x-y)

2
< (x—y)2 — ¢((x _ y)2): ¢(d(Sx,Ty))£ ¢(m(x,y)) .
1+(x—y)

Thus all the conditions of Theorems 2.7 and 2.8 are satisfied and 0 is the coincidence as
well as common fixed point of the pair (4, S).

Corollary 2.9: Let f be self map of a symmetric (semi-metric) space (X ,d ) that enjoys (W3) (the

Hausdorffness of T (d )) and satisfying

d(f x,fy)<¢(m(x,y)),
Where m(x, y) = max {d(x, f .X) . d(y, f y) ) d(x, y)} . Then f has a unique fixed point.
Proof: Ifwetake A = B = f and S=7T =1 an identity mapping in above theorem 2.8, and follow the similar

proof as that in theorem 2.8, we can establish this corollary 2.9.

REFERENCES

(1]

(2]
(3]
(4]
(3]
(6]

M. Aamri, D. El Moutawakil, Some new common fixed point theorems under strict contractive conditions, J. Math. Anal. Appl. 270
(2002) 181-188.

R.P. Pant, Common fixed points of noncommuting mappings, J. Math. Anal. Appl. 188 (1994) 436-440.

G.Jungck, commuting mappings and fixed points, Amer. Math. Monthly.83(1976) ,261-263.

R.P. Pant, V. Pant, Common fixed points under strict contractive conditions,J. Math. Anal. Appl. 248 (2000), 327-332.
G. Jungck, Compatible mappings and common fixed points, Internat. J. Math. Math. Sci. 9 (1986) 771-779.

R.P. Pant, V. Pant, K. Jha, Note on common fixed points under strict contractive conditions, J.Math.Anal.Appl. 274 (2002)
879-880.

G. Junck, Common fixed points for commuting and compatible maps on compacta, Proc. Amer. Math. Soc. 103 (1988) 977-983.
W.A. Wilson, On semi-metric spaces, Amer. J. Math. 53 (1931) 361-373.

B.E.Rhoades. “A comparison of various definitions of contractive mappings” Trans.of the Amer. Math. Soc., vol.226, pp.257-290,
1977.

[10] Kumari et al.: Common fixed point theorems on weakly compatible maps on dislocated metric spaces. Mathematical Sciences 2012

6:71.

[11] S. SESSA, On a weak commutativity condition of mappings in fixed point considerations. Publ. Inst. Math. 32 (1982), 149-153.

[12] P Sumati Kumari, Fixed and Periodic Point Theory in Certain Spaces, Journal of the Egyptian Mathematical Society (2013) 21,

276-280



	1. Introduction with Preliminaries
	2. Point of Coincidence, Fixed points
	REFERENCES

