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1. Introduction with Preliminaries 
In [1], the authors gave a notion ( )AE. which generalizes the concept of noncompatible mappings in metric spaces, and 

they proved some common fixed-point theorems for noncompatible mappings under strict contractive conditions. In [3], The 
Author promoted commutative maps as a tool for generalizing. Subsequently, a variety of variations and generalizations of 
Theorem 1 in [3] which utilized the commuting map concept appeared. In [4,6] the authors proved some common fixed-point 
theorems for strict contractive noncompatible mappings in metric spaces. Clearly, commuting mappings are weakly 
commuting and weakly commuting pairs are compatible; examples in [5] and [11] show that neither converse is true. Some 
common fixed point theorems due to Aamri and El Moutawakil [1],Pant and Pant [4]  proved for strict contractive mappings 
in metric spaces are extended to symmetric (semi-metric) spaces under tight conditions.  we present a few results that 
establish the existence of common periodic points for a pair of maps on a symmetric space when the maps have a unique 
common fixed point. These results are supported by suitable examples. In [9] B. E. Rhodes collected good number of 
contractive inequalities considered by various authors and established implications and non-implications among them. In this 
paper we obtain Some results on coincidence and fixed points without continuity requirements satisfying a slightly more 
general Seghal’s contractive conditions. 

Definition 1.1: A symmetric on a set X  is a function ),0[: ∞→× XXd  such that for all Xyx ∈,  
(i) yxyxd =⇔= 0),(  
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If d  is symmetric on a set X , then for Xx∈  and ,0>ε  we write  

{ }εε <∈= ),(:),( yxdXyxB . A topology )(dτ on X  is given by )(dU τ∈  if and only if for each 

Xx∈ , UxB ⊂),( ε  for some .0>ε A set XS ⊂  is a neighborhood of Xb∈  iff there exists 

)(dU τ∈  such that .SUb ⊂∈  A symmetric d  is a semi-metric if for each Xx∈ and for each 

),(,0 εε xB>  is a neighborhood of x  in the topology )(dτ . 

Definition 1.2: A semi-metric space X  is a topological space whose topology )(dτ  on X  is induced by 

semi-metric d  . In what follows symmetric space as well as semi-metric space will be denoted by ),( dX . 
The distinction between a symmetric and a semi-metric is evident as one can easily 
Construct a symmetric d such that ),( εxB  need not be a neighborhood of x  in )(dτ . 
 For a symmetric d  on X  the following two axioms were given by Wilson [8]: 

( ) { }
( ) ( ) yximplyyxdandxxd

XyxandXinxsequenceaForW
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Example: 
1. Let ℜ=X  ;   
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Note that the function d is not a metric as triangular inequality fails. 

)2,0()0,1()2,1( ddd +−≤/−  
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But 01≠  , thus ( )3W  does not satisfy. 
2. ]1,0[=X  
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Then ),( dX  is a symmetric space which is not a metric as triangular inequality fails. 
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( )4W∴   holds.                                        

Definition 1.3: [2] A pair of self-mappings ),( gf  on a symmetric (semi-metric) space ),( dX is said to be R-weakly 

commuting if there exists some real number 0>R  such that ),(),( xgxfdRxfgxgfd ≤  for all Xx∈ , 
where as the pair ),( gf  is said to be point wise R-weakly commuting if given Xx∈  there exists 0>R  such that 

),(),( xgxfdRxfgxgfd ≤ . 
Here it may be noted that on the points of coincidence R-weak commutativity is equivalent to commutativity and remains a 

necessary minimal condition for the existence of common fixed points of contractive type mappings. 
Definition 1.4: [5] A pair of self-mappings ),( gf on a symmetric (semi-metric) space ),( dX  is said to be compatible if 

0),(lim =
∞→

nnn
xfgxgfd  whenever }{ nx  is a sequence in X  such that .)(lim)(lim Xtxgxf nnnn

∈==
∞→∞→

 

Here it may be noted that R-weakly commuting mappings need not be compatible. 
Definition 1.5: [10] A pair of self-mappings ),( gf  on a symmetric (semi-metric) space ),( dX  is said to be weakly 

compatible (or coincidentally commuting) if xgxf =  implies  xfgxgf = . 
Definition 1.6: [1] A pair of self-mappings ),( gf  on a symmetric (semi-metric) space ),( dX  is said to enjoy 

property ( )AE.  if there exists a sequence }{ nx  such that .,)(lim)(lim Xtsomefortxgxf nnnn
∈==

∞→∞→
Clearly non compatible pairs satisfy property( )AE. . 

Definition 1.7:  Let T  be a self-mapping of X  . A point Xx∈  is called a periodic 

Point of T , if there exists a positive integer m  such that .xxT m =  

0),(lim),(lim0),(lim:)1.( =⇒== xydxxdyxdC nnnn  

 

2. Point of Coincidence, Fixed points 
Theorem 2.1: Let ),( dX  be a symmetric (semi-metric) space with the ( )3W  or a Hausdorff semi-metric space. Let 

0),(lim0),(lim,0),(lim:)2.( =⇒== nnnn yxdxydxxdC
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),( gf  be a pair of  self maps of X  that has the ( )AE. property. Then gandf have a point of coincidence if  

)},(,),(,),({max),( yfxfdygyfdxgxfdygxgd <          (2.1.1) 

)(Xf is a closed subset of X ,  
Then gandf have a point of coincidence. 

Proof:  In a semi metric space ),( dX the sequence }{ nx converges to x in )(dτ  iff 0),( →xxd n . To 

substantiate this, suppose xxn →  

And let .0>ε suppose ),( εxS  is a neighborhood of x  there exists )(dU τ∈ such that 

),( εxSUx ⊂∈ .Since xxn →  there is a Nm∈ (the natural number) 

Such that ),( εxSUxn ⊂∈ for mn ≥  so  ε<),( xxd n  for mn ≥ . 

i.e .0),( →xxd n The converse part is obvious in view of the definition of )(dτ . 

By ( )AE. property , there must exists a sequence }{ nx  in X  with Xt∈  such that 

Xtxgxf nnnn
∈==

∞→∞→
)(lim)(lim .As )(Xf  is d -closed, every convergent sequence of points of )(Xf  has its 

limit in )(Xf , therefore Xasomeforxgafbxf nnnn
∈===

∞→∞→
)(lim)()(lim  which in turn  yields that 

)()( Xfaft ∈= . Now we assert that )()( agaf = . If it is not so then in view of (2.1.1),  

one gets  )},(,),(,),({max),( afxfdagafdxgxfdagxgd nnnn <  
which on letting ,∞→n  reduces to 

),(),( agafdagafd <  which is a contradiction. 

Therefore )()( agaf = , which shows that ''a is a point of coincidence for gandf . 
The same proof works for the alternate statement. This completes the proof.  
The following variant of Theorem 2.1 also remains true. 
Theorem 2.2: Theorem 2.1 remains true if  d -closedness ( )(dτ -closedness) of )(Xf  is replaced by d -closedness 

( )(dτ -closedness) of  )(Xg  along with )()( XfXg ⊂  retaining the rest of the hypotheses. 

Proof. Since gandf  enjoy property ( ),.AE   we know that there exist a sequence  }{ nx in X such that

Xtagxgxf nnnn
∈===

∞→∞→
)()(lim)(lim  for some Xa∈  as )(Xg  is a d -closed subset of X . Now due to 

)()( XfXg ⊂   one can find some Xb∈  such that ).()( bfag =  We claim that ).()( bgag =  Suppose on 

contrary that )()( bgag ≠  then using (2.1.1) one obtains 

)},(,),(,),({max),( bfxfdbgbfdxgxfdbgxgd nnnn <
          

which on letting ,∞→n  reduces to 

),(),( bgagdbgagd <  which is a contradiction. 

Therefore bfbgag ==  
Theorems 2.1 and 2.2 ensure common fixed point instead of point of coincidence if contractive condition (2.1.1) is 

replaced by a slightly weaker condition. In this regard we have 
Theorem 2.3: In the setting of Theorems 2.1 and 2.2, gandf  have a unique common fixed point provided gandf  

are weakly compatible and satisfy the contraction condition (2.1.1)  for all  

,Xyx ∈≠ )},(,),(,),({max),( yfxfdygyfdxgxfdygxgd <          (2.3.1) 

Proof. In view of Theorems 2.1 and 2.2, gandf  have a point of coincidence ‘ a ’ 
 i.e., ).()( agaf = Now due to weak compatibility one can write ).()()()( afgaggaffagf ===  If 
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)()( agagg =  then (2.3.1) implies 

)},(,),(,),({max),( agfafdaggagfdagafdaggagd <  
                            ),( aggagd=  

which is a contradiction. Hence affagfafgaggag ==== , which shows that ag  is a common 

fixed point of gandf . Uniqueness of the common fixed point follows easily. 
Corollary 2.4: Let ),( dX  be a symmetric (semi-metric) space that enjoys ( )3W (the Hausdorff separation axiom).Let 

g  be a self map of X such that for  all Xyx ∈≠  

)},(,),(,),({max),( yxdygydxgxdygxgd <   then g  has a unique  fixed point. 

Proof: If we take If =  the identity mapping in above theorem 2.3, and follow a similar proof as that in theorem 2.3 , 
we can establish this corollary 2.4. 

In [12], P Sumati kumari presented a few results that establish the existence of common periodic points for a pair of maps 
on a symmetric (metric) space when the maps have a unique common fixed point. These results are supported by suitable 
examples.  

Theorem 2.5[12]: Let f  be a self map of a symmetric space ),( dX  satisfying 

{ }))(,()),(,()),(,()),(,(),,(max),( xfydyfxdyfydxfxdyxdfyfxd <  

For each )(, yxXyx ≠∈  for which the right hand side of above inequality is not zero. Then Xu∈ is a 

periodic point of f  if and only if u  is the unique fixed point of f . 
By using Corollary 2.4 and Theorem 2.5 we have the following theorem  
Theorem 2.6: Let g  be a self map on a symmetric space ),( dX  satisfying 

{ }))(,()),(,(),,(max),( ygydxgxdyxdgygxd < For each )(, yxXyx ≠∈  for which the 

right hand side of above inequality is not zero. Then Xu∈ is a periodic point of g  if and only if u  is the unique fixed 
point of g . 

To illustrate the above theorem we have the following Example 

Example: Let .||),(and)1,0[ 2yxyxdX −==  
The inequality can be easily checked. 
Then next theorem involves a function ++ ℜ→ℜ:φ which satisfies the following conditions: 

(i) φ  is non decreasing on +ℜ  , 

(ii) ),0()(0 ∞∈<< teachforttφ . 
Theorem 2.7: Let TandSBA ,, be self-mappings of a symmetric (semi-metric) space ),( dX  that enjoy ( )3W  

(the Hausdorff ’s  2T  separation axiom) and 0)0( =φ . Suppose that 
(i) )()(,)()( XSXBXTXA ⊂⊂  

The pair ),( TB enjoys the property ( )AE. (or alternatively the pair ),( SA enjoys the property ( )).AE  
The following inequality holds 

)),((),( yxmByAxd φ≤ ,                                          (2.7.1) 

)},(,),(,),({max),( TySxdByTydAxSxdyxm =  

)(XS is d -closed ( )(dτ -closed) subset of X (or alternatively )(XT  is a  

d -closed ( )(dτ -closed) subset of X . 
Then pairs ),( SA has a point of coincidence u  and the pair ),( TB has a point of coincidence w . 
Proof: Since the pair ),( TB  enjoys the property ( )AE. , there exists a sequence Xxn ⊂}{ such that

XtTxBx nnnn
∈==

∞→∞→
limlim . Since )()( XSXB ⊂  
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 For each nx  there exists ny  such that nn SyBx = . Thus in all ,tBxn → .tTxandtSy nn →→  Now we 

assert that tAyn → . Suppose , to obtain a contradiction in each case. 

Case (i) mm BxAy =  for only finitely many m . 

Let mm BxAy ≠  for all 0nm ≥ where 0n is a positive integer. Then for 0nm ≥ , 

( ))},(,),(,),({max),( mmmmmmmm TxSydBxTxdAySydBxAyd φ≤
        

( ))},(,),(,),({max mmmmmm TxBxdBxTxdAyBxdφ=                

( )}),(,),({max mmmm BxTxdAyBxdφ=
                  

But ),()),(( mmmm BxAydBxAyd <φ    

Hence ),(),(,),({max mmmmmm AyBxdTxBxdAyBxd ≠  

Hence ),(),(,),({max mmmmmm TxBxdTxBxdAyBxd ≠  

Hence )),((),( mmmm TxBxdBxAyd φ≤  

But ),0[)( ∞∈∀≤ tttφ  

Hence ),(),( mmmm TxBxdBxAyd ≤  

Letting ∞→m and using )2.(C we get, 

),(lim),(suplim mm
m

mm
n

TxBxdBxAyd
∞→∞→

≤
                     

= 0 by )2.(C
                                        

And the fact that tTxBx mm == limlim  

Hence 0),(lim =mm BxAydSup  which implies 0),(lim =mm BxAyd  

mm BxAyd lim)(lim =⇒  by )1.(C
                                 

tAym =∴ lim
                                             

Suppose mm BxAy =  for infinitely many values of m  

Let the sequence ....}{ 321 <<<= kkkK have the property that 
iki

BxAyk = for ,....2,1=i and 

....}{ 321 <<<= jjjJ have the property that 
iji

BxAy j ≠ for ,....2,1=i and let NJK =∪ . 
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Then the sequence tAy
ik →  since the sequence tBx

ik → . If J  is a finite set then we may suppose 

φ=J  and conclude tAym → . Otherwise we can conclude that tAy
ij →  as in case (i). 

Since NJK =∪ and since tAy
ik →  and also tAy

ij → , 

It is clear that tAym → . 

Suppose that )(XS is a d -closed ( )(dτ -closed) subset of X  then tSyn → and one can find a point 

Xu∈ such that tSu =  now we suppose that SuAu ≠  

( ))},(,),(,),({max),( nnnn TxSudBxTxdAuSudBxAud φ≤
      

Which on letting ,∞→n yields 

( ) ),(),(),( AuSudAuSudSuAud <≤ φ
                  

Which is a contradiction 

Hence SuAu =  

Also )()( XTXA ⊂ , there exists  Xw∈  such that .TwAu =  we assert that .BwTw =  

If not, then using inequality (2.7.1), one gets 

( ))},(,),(,),({max),( TwSudBwTwdAuSudBwAud φ≤
             

),( BwTwd<
                                            

),( BwAud=
                                            

Which is a contradiction. 

Hence .TwBwSuAu ===  

Which shows that the pairs ),( SA  and ),( TB have a point of coincidence wu & respectively. 

The proof is similar if we consider the case when pair ),( SA enjoys property ( )AE. , 

And )(XT  is d -closed ( )(dτ -closed) subset of X .  

Hence it is omitted. This completes the proof. 

Theorem 2.8: In the setting of Theorem 2.7 , TandSBA ,,  have a unique common fixed point provided one adds 

the weak compatibility of the pair ),( SA  (or weak compatibility of the pair ),( TB  and satisfying the  contractive 
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condition (2.7.1)  for ,Xyx ∈≠  

)),((),( yxmByAxd φ≤                                        (2.8.1) 

)},(,),(,),({max),( TySxdByTydAxSxdyxm =  

Proof: In view of Theorem 2.7, one concludes that .TwBwSuAu ===   
Now the weak compatibility of ),( SA  implies that SSuSAuASuAAuandSAuASu ==== . 

Suppose that AAuAu ≠  then using (2.7.1), one gets 

),(),( BwAAudAAuAud =  

( ))},(,),(,),({max TwSAudBwTwdAAuSAudφ≤  

),( AAuAud<  

Which is a contradiction. Thus ,SAuAAuAu ==  then Au  is the common fixed point of A  and .S Also 

Au  is a common fixed point of the pair ),( TB . Uniqueness of the common fixed point follows easily. The proof is 
similar in the other case. This completes the proof. 

We now give an example to illustrate the above theorem. 

Example: Consider ]1,0[=X equipped with the symmetric .)(),( 2yxyxd −=  Define 

asandxifxTxSxxif
x

xBxAx ++ ℜ→ℜ≤≤==≤≤
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== :,10,,10,
1
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then 

[ ] ),()(1,0
2
1,0)()( XTXSXBXA ==⊂



==  

φ  is non decreasing and tt << )(0 φ  for all ),0( ∞∈t . Since d induces the usual topology therefore 

( )3W  is satisfied. The pair ),( SA  satisfies the ( )AE.  property as there is a sequence [ ]1,01
⊂









n
 such that 

X
nn

S
nn

A
nnnn

∈==





=

+
=








∞→∞→∞→∞→
01lim1lim

1
1lim1lim  

Also ),( SA is weakly compatible as ]1,0[)(.0000 ==⇒= XSSAASAS  is a  

d - closed subset of X . 
In order to verify contractive condition (2.6.1), ,100 ≤<= yandxIf then 
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In case thenyxandyx ,10 ≤<<≠  
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2
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yx φφφ ≤=−=
−+

−
<  

Thus all the conditions of Theorems 2.7 and 2.8 are satisfied and 0 is the coincidence as 
well as common fixed point of the pair (A, S). 

Corollary 2.9: Let f be self map of a symmetric (semi-metric) space ),( dX  that enjoys ( )3W  (the 

Hausdorffness of ))(dτ  and satisfying 

)),((),( yxmyfxfd φ≤ , 

Where )},(,),(,),({max),( yxdyfydxfxdyxm = . Then f  has a unique fixed point. 

Proof: If we take fBA ==  and  ITS ==  an identity mapping in above theorem 2.8, and follow the similar 
proof as that in theorem 2.8, we can establish this corollary 2.9. 
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