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1. Introduction

Let f:I S R - R be a convex function defined on the
interval I of real numbers and a <b. The following
double inequality:

b
b1 b
F(55) g reoas < FES 12

is well known in the literature as Hermite-Hadamard
inequalities.

Similar inequalities were obtained for s-convex function
by Dragomir and Fitzpatrick in [1]; for A-convex function by
Sarikaya, Saglam and Yildirim in [2]; for preinvex function
by Noor in[3]; for A-preinvex function by Mattoka in [4], for
preinvex function integrals by Iscan in [5].

A modification for convex functions, which is also known
as co-ordinated convex functions, was introduced by
Dragomir [6]. In the same article, Dragomir established the
following Hermite-Hadamard type inequalities for convex
functions on the co-ordinates:

<a+b c+d

b d
2 2 )S(b_a)l(d_c)!!f(x,y)dxdy

_f@O+ .0 +f@d) +f(b,d)
< . .

In [7] Alomari and Darus proved the following inequality for
an s-convex function on the co-ordinates:

b d
) = (b - a)l(d - c)af Cf f(x,y)dxdy

_f@O)+f(b,0) + f(@d) + f(b,d)
- (s +1)? '
In the paper [4] Matloka proved that for (h, h;) - preinvex
function on the co-ordinates the following inequality holds:

1 1 1
mf (a + 5711(& a),c+ Enz(d, C))

a+b c+d
2 2

o

a+n1(b,a) c+ny(d,c)

1
= m f f f(x,y)dxdy

<[f(a,c) + f(b, C)1+ fla,d) +1f(b, d)]
: J. hy (t1)dt, f h, (ty)dt,.
0 0

For the formal definition of(h{, h;) - preinvex function on
the co-ordinates see in the next part of this paper.

Some interesting inequalities for co-ordinated convex
functions were proved by Sarikaya, Set, Ozdemir and
Dragomir in [8].

The main purpose of this paper is to establish new
inequalities for differentiable (hq, h;) - preinvex functions
on the co-ordinates. Some theorems are new and other
generalize Theorems 2, 3, 4 obtained by Latif and Dragomir
in [9] Throughout this paper, we assume that considered
integrals exist.

2. Main Results

Let f:X—>R and mXXX—->R", where X is a
nonempty setin R™, be continuous functions. First, we recall
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the following well-known results and concepts; see [4, 10, 11,

12] and the references therein.
Definition 2.1 Let u € X. Then the set X is said to be
invex at u with respect to 7, if

u+tn(,u) €X,

forallv e X and t € [0,1].
X is said to be an invex set with respect to 7, if X is
invex at each u € X.

Definition 2.2 The function f on the invex set X is said
to be preinvex with respect to 7, if

f(u + tn(v, u)) <A-0f@w) +tf(v)

forall u,v € X and t € [0, 1].

Definition 2.3 Let h:[0,1] > R be a non-negative
function, h # 0. The non-negative function f on the invex
set X is said to be #-preinvex with respect to 7, if

f(u + tn(v,u)) <h(1-0t)f@w) +h@®f(v),

for each u,v € X and t € [0, 1].
Let us note that:
— if n(v,u) =v —u then we get the definition of
h-convex function introduced by Varosanec in [13];
— if h(t) =t then our definition reduces to the
definition of preinvex function;
— if n(v,u) =v—u and h(t) =t, then we obtain
the definition of convex function.
Now letX; and X, be a nonempty subsets of R", let
N1 X1 X X1 = R™and 1y X, X X, - R™.
Definition 2.4[4]Let (u,v) € X; X X,. We say X; X X,
is invex at (u,v) with respect to 1; andn, if for each
(x,y) € X; X X, and t;,¢t, € [0,1],

(u+tm(xu), v+tm(y,v)) € Xy X Xs.

X, X X, is said to be an invex set with respect to 1; and
n, if X; X X, isinvex at each (u,v) € X; X X,.

Definition 2.5 [4] Let h; and h, be the non - negative
functions on [0,1], hy #0, h, # 0. The non-negative
function f on the invex set X; X X, is said to be
co-ordinated (hq, hy) - preinvex with respect to 17; and 7,
if the partial mappingsf,: X; - R , f,(x) = f(x,y) and
fxi X, =R, f,(y) = f(x,y) are h;-preinvex with respect
to n; andh,-preinvex with respect to 1, respectively, for
all ye X, and x € Xj.

Remark 1. From the above definition it follows that if f
is co-ordinated (hq, hy) - preinvex function then

fx+timi(b,x),y + tam2(d, y))
<h(1-t)f(x,y+tm2(d,y))
+hi(t)f (b, y + tam2(d, ¥))
Sh(1—t)h (1 - 6)f (x,¥) + hi (1 = t1)ha(t2)f (x, d)

+hi(t1) ho (1 = t2)f (b, y)+hi(t1) ha(t2)f (b, d).
Remark 2. Let us note that if n(x,u)=x—u,

nv)=y—-v,t;=t; and hy(t) =hy(¢t) =t, then
our definition of co-ordinated (hq, h,)- preinvex function

reduces to the definition of convex function on the
co-ordinates proposed by Dragomir [l]. Moreover, if
hi(t) = hy(t) =t°, then our definition reduces to the
definition of s-convex function on the co-ordinates
proposed by Alomari and Darus [7].

Let us consider a bidimensional interval A = [a,a +
71(45 a)X¢ c+72(dc) in A2 with a< a+71(4, @) ande<
c+n,(d,c).

Lemma 1. Let f A—> R be a partial differentiable

mappingon A. If
holds:

fla,c) +

7%, at € L(A), then the following equality

+n1(b,a) rctnz(d.c)
mfa T f (x, y)dady (1)

a+n1(b,a)

f f(x,c)dx

771 (b a)

c+no(d,c)

f f(a,y)dy

nz(d c)

= 11 (b, 15(d, ©) f f 1-t)(1-t)

2

at 6 ——(a+ t1m1(b,a), ¢ + tym,(d, ©))dt, dt,.

Proof. By integration by parts, we get

101 a2
o A=) A=) 5= (a+tmb,a),c +
224, cdeLde )

( +t;m1(b,a),c

1
=0f(1—t2){(1 0o

1

+ tn,(d, ©))

of
+ —l(a+t b,a),c+t d,c))dt,}dt
Ul(b'a)o atz( 11m1(b, @) 212( )) 1}dt;

1

- [a- s (et @)

0

of
+ —(a+t b,a),c + t,n,(d, c))dt, }dt
1.(b, a)o atz( 11 ( 212 )) 15aty

of
2) 3t (a,c + tym2(d, ©))dt,
2

11 of
— J- f(l —ty) a—tz(a +t;n1(b,a),c + tyn,(d, c))dtldtz}
0

Thus, again by integration by parts in the right hand side of
(2), it follows that
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1 0
J, - tz)é(a, ¢+ tyn,(d, 0))dt,

11
—ff(l - tz) (a + tm1(b,a), ¢ + tym,(d, ©))dt, dt,
00

=1-t) f(a,c+tm,(d,0))

1
12(b, a)

nxdc)ff@lc+bnﬂchdQ

_Of{(l—t @ )f(a+t1n1(ba)c

1
n2(d c)ff(“'”ml(b'a),c-thnz(d,c))dtz}dt1

77 @ c){ f(a, c)+J-f(a c+tym,(d, c))dtz

+ff(a + tyn1(b,a),c)dty
0

11
- f ff(a + t1n1(b,a),c + tyn,(d, c)) dt;dt,}
00

Writing (3) in (2) and using the change of variable
x=a+tn(b,a) andy = c + t;n,(d,c) we obtain (1),

which completes the proof.

mapping on A. If|6t o
2

function on the co-ordinates on A, then one has the

inequalities

1
n(b,a) - n2(d, c)

a+n1(b,a) c+ny(d,c)

f fCe,y)dxdy — A

f(a,c)

ol
me.ando

1

1
f tuhy () dty - f tohy (65)dt

0

o2 f
= 35,00,

(a,0)

f
x at at (a + t1771(b, a);C + tz?’]z(d,C))

Since | i

fa,c) +
f:A—= R be a partial differentiable

| is an (hq,hy) - preinvex

1
x[[@=t) {hl(l —t)
J

s d h d h d
+ 5@ )Utl (6 dty - f(l—m () dt,

at at FI TR d)| f(l —t)hy (1) ditg

x f (1 - t)hy (&) dt;

1

0%f
S :0) f (=@ dey - [ by (1) d
0
where
a+nq(b,a)
(x,c)dx
=60 f /
c+r]z(d,c)
T flad
a, .
DICEON. 7
Proof. From Lemma 1, we have
a+n1(b,a) c+nz(d,c)
1
(a,¢0) + ————= f (x,y)dxdy
N eaon@o !

—A

11
< 11 (b, D12(d, ©) f f (1 - e)(1 - )
00

62

dt, dt,

FYRT |1s an (hq, hy) - preinvex function on the

co—ordinates then one has:

a+n1(b,a) c+ny(d,c)

1
(b, A)1,(d, ¢) J- f(x,y)dxdy

—A

< 11 (b, ) (d, ©) f 1-1t)
0

a°f
m (a, c+ tZT]Z (d, C))

Jaa,

= mb.am @ [ -k -6 dy
0

Xf(l—tz)
0

2

o°f
+hy(t1) a—atl(b'c + t,m2(d, ©))

2

f (a, c+tm,(d, c))

at,dt, dt,
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1 1
n f (A - t)h (t1) dty f 1-t)
0 0

62

f
X 5,91, (b, ¢+ tn,(d, c))

)

< 115y Dn2(d, ©) f (1 - tDh (1 — ) dty

f 1-1t,) (hz(l £) @ )|

at 6t1

atzat agor, d)U(l — t)hy(t1) dty

x f (1 - t5) hy(t,)dty.
0

Theorem 2. Let f: A ?ZR qbe a partial differentiable
mapping on A. If P fJ q=1, is an (hy,hy) -
preinvex function on the co-ordinates on A, then one has:

1

B (@, ) ‘f @)

a (b,a) c (d,c)
+hy(ty) o 6t ——(a, d)DdtZ J-(l—tl)hl(tl)dtl 1 +”f1 2 e
S x,y)dxdy — A
v nGan@o Floddy
f (1—t2>(h2(1 ) [5ege 6 e ) 1
92 f < (Z) q<at ;t (a,c) ftlhl(tl) dtlJ-tZ hy(ty)dt,
+hy(t2) |5 —— (b, d)D dtz} ari 0 0
t,0t; azf . 1 1
NN (0 1 +ar @d)| [am@dn [ - o) med
= m (b (@, § [ a,0) f( ~ 1) ; ;
0 Zf 1 1
+ 5 0.0 f (-t @) e [ & h(e)dey
Xh(1- t1)dt1 (1 —=1t;) h,(1 —ty)dt, 0
62f
6t (a d)’ f(l —t)h(1—-t)dty atzat
2 1
1 1
x f (1 t5) hy(t,)dt x f (1 t) hy(t)de, | ,
0 0
2 1
2,0 f (1 — t)hy(ty) dty f ty hy(ty)dt, —~ Where
at,0t, -
5 L 11(b,a)
= f(x,c)dx
(b, @) f
b,d 1—t)h(ty)dt e
atzat L )‘ f (1 -tk (&) dty e
1 +n2(d C) f(a,J’)dy
x [( - h@)d, :
0 Proof,
0% f 1 : nce | i |qis an (hy, hy) - preinvex function on the
=1, (b, d, £k (t)) dt thtd 0101, i
(b, &)y ( C){ dt,0t, (a,c) f thi(t1) 1_[ 2 ha(2)dt ¢dordinates on A, we know that
0 2 q
(a +t1n1(b,a),c + tyn,(d, c))
(@,d) f oy (t,) dty f (-t hy(t)de, 19t "’f
atzat ,
52 1 S hi(1—t)h,(1—1ty) 36,08,
e .0 f (- k) dts [ ho(e)dey TaN
2 0 + hy (1 = ty)h,(t;) —6t26t1 (a,d)
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2
f 1
HuEh (= t) |75 0 of i
" x [@ - e
+hi(t)h(82) |55 36,01, 0
In the analogous way by using the well-known Hdlder

By using the Lemma 1 and the well-known power mean inequality for double integrals we can prove the following
inequality for double integrals, then one has: theorem.

Theorem 3. Let f:A—> R be a partial differentiable

1

2 q
man@o| @° mapping on A 1f |21 g > 1, is an (b, hy) -

dtpdtq
preinvex function on the co-ordinates on A, then one has:

a+ny(b,a) c+nz(d,c)

pee [ [ fuyay-a 1
(b, ayna(d,c) J oo @°

a+ny(b,a) c+nz(d,c)

1
L1 g P f f F(x,y)dxdy — A
< f f(l —t)(1 — t,) dt,dt, n1(b, a)nz(d, ¢) ) /
00 1 2 q 1 1
L s (jorar @0 [amedn [nhea
<[ Ja-ma-w (p + 1y 9820 : J
00 9 f q ! 1
. o @d)| [ am@ds [a - o
62f q q 2 1 0 0
X at,0t, (a + t1771(b, a),c+ fznz(d, C)) dt,dt, ot ¢ 1 1
+ k.o - [ - [ ehead
at,dt,
0 0
1—— 11 a2 f qa !
S ff(l —t)A - t) {h (1 —ty) + -f(1 — t)hy (t)dt,
at,0t,
00 0
2 =
f 1
X h,(1—-t,)|——~(a, C)
S T x [a - |,
2 q 0
+hi (1 —t)h, () 6,08, ——(a,d) where
zf a+n1(b,a)
Tt (1= 1) at, 0t agor, C) Th(b D f £(x, c)dx
Zf % ctn2(d.c)
+hy (t)h (t2) |55 }dt1dtz> f
at,0t, nz(d ) f(a,y)dy
1
1 1— Zf q 1 1
— (Z) TR G -ftlhl(tl)dtlftzhz(tz)dtz and= + =1
0 0
o2f g 1 1 Lemma 2. Let f A—>R be a partial differentiable
+ at,0t, (a,d)| - f tihy (t1)dty f(l — t)hy(t)dt, mappingon A.If G at € L(A), then the following equality
0 0 holds:
ot ¢ 1 1 1 1
+ b,0)| - f (1= )ty [ eho()dey f (a+—m<b.a>.c+—nz<d'c)>
at,0t, 2 2
0 a+n1(b,a)
0% f __ 1 f e+ 2npd,0) ) dx
at at f(l - tl)hl(tl)dtl r]l(b; a) ) ] 2772 ]
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c+n2(d,c)

J‘ f(a-F%nlaLaLy)dy

c

1
12(d, ¢)

a+n1(b,a) c+ny(d,c)

- J‘ f f(x, y)dxdy

L)

= m (b, (d,c) f f pa(e) 5o (a

+ f1771(b a), ¢ + t;n2(d, ©))dt, dt,

where

t t E[O 1]
1 ’ 1 ) 2

p(tl) = 1
tl - 1, tl E I:E, 1]

and

1
t, ) t, € [0, E]
q(tZ) = 1

R
2 2 2

Proof. Integration by parts, we can write

11 o2f )
ffp(t1)CI(tz)m(a+fﬂh( ,a),c
00

+ thZ (d, C))dtldtz

1
1

a*f
= f q(tz) {f ty =——(a+ tyn1(b, @), ¢ + t1;(d, ©))dty
6,0t
0

1
2

+ tym2(d, ©))dt, }dt,

1
_ of
" (b, a) OJ- q(t2) {tl at, (a+tym(ba),c

1

+ to1,(d, ©))

1
2

— [SE e+ tamB,a)c + tanad )t
0

1

2

of
+(t, - 1) 6_152 (a + tyn1(b,a), c + tyn,(d, C))

1
of
- J- — (a+ tym(b,a),c + tyn,(d, ©))dt, }dt,
1
2

" b ayn,d,c)

11

B of (1
=D f q(tz) {6_t2 (a +5m(b,a) ¢+ tanx(d, c))

1
of

fa— a+tyny(b,a),c+tyn,(d, c))dtl}dtz

0

1

771(b ) {f at <a+ =n1(b,a),c + tyn,(d, c)) dt,

f(tz — 1)—<a+ 1n1(b a),c+ tyn,(d, C)) dt,

(a +t;n1(b,a),c + tyn,(d, c))dtz)dt1

(o))

ty

=
—J-(J-fz
00

0
—1(|@t-1 6_1{2((1 +tym(b,a),c

OS»—-
NIHS»—-

+ ton,(d, ©))dty)dty}

1
{tzf (a + 5171 (b,a),c

+ tom2(d, C)> ?

o
1
ff(a+ n1(b,a), c + ty,n,(d, c)) dt,
1
2

1

1
+(t, -1 f (a + 5771(17' a),c + t;n,(d, C))

1
2

1
- f f (a + %nl(bt a),c + thZ(di C)) dtZ

1
2
1
~ [arle+ am G0+ tna o) \f

0
1
Z

- J- f(a+timi(b,a),c+tyn,(d, c))dty)dt,
0

1
~ [ -1 e+ tmoc + tma(@,0) \
0

!
2

1
- J- f(a+timi(b,a),c+tyn,(d, c))dty)dt,
1
2
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U (a4 gna.crm@o) R
=——— a+-na)c+=-nd,c f ( )
b, d, 2 2 - Py ,a),
m( al)nz( c) 12 (d.0) ) f a+2n1(b a),y)dy
1
- f f<a+5n1(b, @), +tyn,(d, c)) dt, 1 CB e
N T
3 nGon@s || Jendd]
1
- f f(a+tml(b.a>.c+5nz(d.c)>dt1 = o%f
; < [ [melia |- (a+ amb.a,c
11 5 20l
+fff(a+t1771(b, a),C+ thZ(dl C))dt1dt2} + tznz(d, C)) dtldtz
00
11
Using the change of the variable x = a + t;n,(b,a) and 2 f
y=c+tmy(d,c), then multiplying both sides with S ff|p(t1)||q(tz)| hi(1 = t)hy(1 = tz) at,0t, 5 (a0)
n1(b,a) - n,(d, c), this completes the proof. 00
Theorem 4. Let f:A — R be a partial differentiable
. a2f | . . +hi (1 = t)hy(82) |5 (a, d)
mapping on A. If |at o | is an (hq, hy) - preinvex at, 6t
20171
function on the co-ordinates on A, then the following 0% f
inequality holds: thi (L), (1 - &) |7 at,0t, T TG
: |f<+1 (ba)c+3 (d))
—_— a+- ,a),¢c+ = ,C
n.(b, a)1,(d, ) 2™ 2" Th(tha(8) 558 at aton d)‘}
a+n1(b,a) Zf 11
f f(met gm0 )a ~ Lo @) [ [wenllaeima - o)
Ul(b a) 20l 4
1 c+n2(d,c) 1 X hz (1 - tz)dtldtz
— f f(a+—171(b,a),y) dy 92 f 11
(&) ] ? P (a,d)|”|p(t1)||q(t2>|
) a+n1(b,a) c+nz(d,c) 1,0t g
b [ [ pandny | X hy (1 1)y (t;)dty dy
me.ondo ) ) . o
o*f o*f o*f + (b,0) fflp(h)llq(tz)lm(ﬁ)
< |l=— _— at,0t ’
_[6t26t1 (a'c)’+ at,dt, (a‘d)’ at,0t, a0t ©) 2vn 20
a%f ) X hz(l — ty)dt,dt,
aqaq

- e 6.0 f f Ip(e)llaCe] by (a8t dy

ta(ha (1 — t3) + hy(ty))dt,

X
O%Nl»—k

By computing the integrals, we obtain that all of the above
double integrals are equal to
1

2

1
2

hy(1 - h dt;.
XOJ-Q( 1(1—t1) + by (81)) dty ftz(hz(l_t2)+h2(t2))dtz

Proof.  From Lemma 2 and using property of modulus 0

a%f
and the fact that |
dty0tq

on the co-ordinates, we have

| isan (hq, hy) - preinvex function
t1(hy (1 —t1) + hy(t1)) dty

X
O%Nl»—k

1 1 1 .
- - a+=n,(b,a),c+=n,(d,c which completes the proof.
m (b, a)n,(d, c) | / ( 2 m(b.a) 2 2 )> Theorem 5. Let f: A —» R be a partial differentiable on
2 4
a+ni(ba) AIf |af aft , @ >1,isan (hy, hy) - preinvex function on
2011
77 (b a) f flxc + 22 d, C)) dx the co-ordinates, then the following inequality holds:
1
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11
. If(+1 (ba),c +21,(d )) < [ [treatoranacy
—_——— a+- ,a),¢c+ = ,C <
1.(b, )1, (d, ¢) 2771 2772 J ) plt)ql; 14t
a+n1(b,a) 11
x,c+= n(dc))dx Xff( (a+tim(b,a),c
"t ) f f( : ) ) \[or0m
1
c+nz(d,c) 1 q
1 f f( N 1 5.0 )d + tm2(d, )| dtydt,
- a+= ,Q),
n2(d, c) J 2 Y)Y 52 g 1
L embw oo <! ( : ; (@,0) f hy(1—t) dty
0t
S — f f (x,y)dxdy 4(p + 1)p 0
neon@o ) )7 |
1 X f hz(l - tz)dtz
1 Zf q
< ( at.ot (a, C) J‘hl(l - tl) dtl
4(p + 1)27 271 0 9*f
+lar 1- t)dt, f ho(t)dt
X f hy (1 —ty)dt, 0%f
: | + g ®.0 f by (t)dty f ha(1 ~ t;)dt
+ s fh t,)dt 1
at,0t, 2(t2)dt; 0 q
oo f ha(t)dy f ha(t)dt,
d%f .
at o (b,c) fh1(t1)dt1fh2(1 —t,)dt, which completes the proof.
2 Theorem 6. Let f: A = R be a partial differentiable on
a%f Al |Bt66ft , @ = 1,isan (hy, hy) - preinvex function on
20171
6 t,0t, the co-ordinates, then the following inequality holds:
- _ |f<+1 (ba),c+ (d)>
1 1 7 —_— a+- ,a),Cc+ = ,C
’ m (b, @112(d, ©) 2™ 2"
x [ hi(ede [ maede, | o)
0 0
+= nz(d c) |dx
b a f f(x c
Where ~+>=1. 771( )
P q . c+r]2(d c)
Proof. From Lemma 2 and using the well-known 1 1
2p 4 - — +=n1(b,a), )d
Hélder inequality and the fact that |af Oft | isan (hq, hy) - n,(d,c) f f(a 2”1( a)y)dy
2011 c
preinvex function on the co-ordinates (see Remark 1), we 1 a+n1(b.a) c+nz(d.c)
have f f
+ (x,y)dxd
. . . neAn@a ey |
= 1 .~ 737 . bl ) - d‘
nl(b'a)nz(d'c) |f <a+2771( a) C+2772( C)> azf Zf q
1 a+n1(b,a) 1 E { atzat ‘C) oot 6t26t1 (a d)
- f(x,c+—n2(d,c)>dx 9% f a%f
o | : ,
mb.a) * 3500, (b C) MET T
c+ny(d,c)

1
“wan | flergmea)e 2 hy (1 = 1) + Byt

X
O\n\)pA

a+ny(b,a) c+nz(d,c)

1
non@s | | T

1
t1(hy (1 = t;) + hy(ty)) dt,; }4.

X
O\n\)pa
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Proof. By using the Lemma 2, well known power mean
(h1, h2)

azr |1 .
| on the co-ordinates, the one has:

inequality for double integrals and the

preinvexity of |

aty0tq
1 1 )
m'f(“*5"1<b'a)'c+5nz(d,c>>
a+n1(b,a)
SN . J- (. ! d,c))dx
ROONY flxe+5m(
c+n2(d,c)
1 1

c
a+ny(b,a) c+nz(d,c)

el fx,y)dxdy |
n1(b, a)n,(d, c) J x,y)axday

11 1‘%
< fJ-|P(t1)Q(t2)|dt1dt2
0

1
X f
0

62
a2

at,ot,

OSH

Q|

q

+ tznz(d, C)) dtldtz

SN

+

q
+

q
+

o%f

at,0t,
o2 f
at,ot,

o2 f

at,0t,
o2 f
at,0t,

(a,c) (a,d)

(b,c)

X | ta(ha(1 — ty) + hy(t2))dt,

O\NIH

X | ti(h (1 —ty) + hy(t1)) dty

O%Nlb—k

which completes the proof.

(b,d)

——(a+tym(ba),c

Q|

q
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