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1. Introduction
Let 𝑓𝑓: 𝐼𝐼 ⊆ 𝑅𝑅 → 𝑅𝑅  be a convex function defined on the 

interval 𝐼𝐼  of real numbers and  𝑎𝑎 < 𝑏𝑏 . The following 
double inequality: 

𝑓𝑓 �
𝑎𝑎 + 𝑏𝑏

2
� ≤

1
𝑏𝑏 − 𝑎𝑎

�𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎

≤
𝑓𝑓(𝑎𝑎) + 𝑓𝑓(𝑏𝑏)

2

is well known in the literature as Hermite-Hadamard 
inequalities. 

Similar inequalities were obtained for s-convex function 
by Dragomir and Fitzpatrick in [1]; for h-convex function by 
Sarikaya, Saglam and Yildirim in [2]; for preinvex function 
by Noor in[3]; for h-preinvex function by Matłoka in [4], for 
preinvex function integrals by Iscan in [5]. 

A modification for convex functions, which is also known 
as co-ordinated convex functions, was introduced by 
Dragomir [6]. In the same article, Dragomir established the 
following Hermite-Hadamard type inequalities for convex 
functions on the co-ordinates: 

𝑓𝑓 �
𝑎𝑎 + 𝑏𝑏

2
,
𝑐𝑐 + 𝑑𝑑

2
� ≤

1
(𝑏𝑏 − 𝑎𝑎)(𝑑𝑑 − 𝑐𝑐)

��𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑

𝑐𝑐

𝑏𝑏

𝑎𝑎

 

≤
𝑓𝑓(𝑎𝑎, 𝑐𝑐) + 𝑓𝑓(𝑏𝑏, 𝑐𝑐) + 𝑓𝑓(𝑎𝑎, 𝑑𝑑) + 𝑓𝑓(𝑏𝑏, 𝑑𝑑)

4
 . 

In [7] Alomari and Darus proved the following inequality for 
an s-convex function on the co-ordinates: 

4𝑠𝑠−1𝑓𝑓 �
𝑎𝑎 + 𝑏𝑏

2
,
𝑐𝑐 + 𝑑𝑑

2
� ≤

1
(𝑏𝑏 − 𝑎𝑎)(𝑑𝑑 − 𝑐𝑐)

�� 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑

𝑐𝑐

𝑏𝑏

𝑎𝑎

 

≤
𝑓𝑓(𝑎𝑎, 𝑐𝑐) + 𝑓𝑓(𝑏𝑏, 𝑐𝑐) + 𝑓𝑓(𝑎𝑎, 𝑑𝑑) + 𝑓𝑓(𝑏𝑏, 𝑑𝑑)

(𝑠𝑠 + 1)2  . 

In the paper [4] Matłoka proved that for (ℎ1, ℎ2) - preinvex 
function on the co-ordinates the following inequality holds: 

1

4ℎ1 �
1
2� ℎ2 �

1
2�
𝑓𝑓 �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 

≤
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

≤ [𝑓𝑓(𝑎𝑎, 𝑐𝑐) + 𝑓𝑓(𝑏𝑏, 𝑐𝑐) + 𝑓𝑓(𝑎𝑎, 𝑑𝑑) + 𝑓𝑓(𝑏𝑏, 𝑑𝑑)]

∙ �ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

�ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2

1

0

. 

For the formal definition of(ℎ1, ℎ2) - preinvex function on 
the co-ordinates see in the next part of this paper. 

Some interesting inequalities for co-ordinated convex 
functions were proved by Sarikaya, Set, Özdemir and 
Dragomir in [8]. 

The main purpose of this paper is to establish new 
inequalities for differentiable (ℎ1, ℎ2) - preinvex functions 
on the co-ordinates. Some theorems are new and other 
generalize Theorems 2, 3, 4 obtained by Latif and Dragomir 
in [9] Throughout this paper, we assume that considered 
integrals exist. 

2. Main Results
Let 𝑓𝑓: 𝑋𝑋 → 𝑅𝑅  and 𝜂𝜂: 𝑋𝑋 × 𝑋𝑋 → 𝑅𝑅𝑛𝑛 , where 𝑋𝑋 is a 

nonempty set in 𝑅𝑅𝑛𝑛 , be continuous functions. First, we recall 
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the following well-known results and concepts; see [4, 10, 11, 
12] and the references therein. 

Definition 2.1 Let 𝑢𝑢 ∈ 𝑋𝑋. Then the set 𝑋𝑋 is said to be 
invex at 𝑢𝑢 with respect to 𝜂𝜂, if  

𝑢𝑢 + 𝑡𝑡𝑡𝑡(𝑣𝑣, 𝑢𝑢) ∈ 𝑋𝑋, 

for all 𝑣𝑣 ∈ 𝑋𝑋 and  𝑡𝑡 ∈ [0, 1]. 
𝑋𝑋 is said to be an invex set with respect to  𝜂𝜂, if  𝑋𝑋  is 
invex at each 𝑢𝑢 ∈ 𝑋𝑋. 

Definition 2.2 The function 𝑓𝑓 on the invex set  𝑋𝑋 is said 
to be preinvex with respect  to 𝜂𝜂, if 

𝑓𝑓�𝑢𝑢 + 𝑡𝑡𝑡𝑡(𝑣𝑣, 𝑢𝑢)� ≤ (1 − 𝑡𝑡)𝑓𝑓(𝑢𝑢) + 𝑡𝑡𝑡𝑡(𝑣𝑣) 

for all 𝑢𝑢, 𝑣𝑣 ∈ 𝑋𝑋 and 𝑡𝑡 ∈ [0, 1]. 
Definition 2.3 Let  ℎ: [0, 1] → 𝑅𝑅   be  a non-negative 

function, ℎ ≢ 0. The non-negative function 𝑓𝑓 on the invex 
set 𝑋𝑋 is said to be h-preinvex with respect to 𝜂𝜂, if 

𝑓𝑓�𝑢𝑢 + 𝑡𝑡𝑡𝑡(𝑣𝑣, 𝑢𝑢)� ≤ ℎ(1 − 𝑡𝑡)𝑓𝑓(𝑢𝑢) + ℎ(𝑡𝑡)𝑓𝑓(𝑣𝑣), 

for each 𝑢𝑢, 𝑣𝑣 ∈ 𝑋𝑋 and 𝑡𝑡 ∈ [0, 1].  
Let us note that: 
− if 𝜂𝜂(𝑣𝑣, 𝑢𝑢) = 𝑣𝑣 − 𝑢𝑢  then we get the definition of 

h-convex function introduced by Varošanec in [13]; 
− if  ℎ(𝑡𝑡) = 𝑡𝑡  then our definition reduces to the 

definition of preinvex function; 
− if 𝜂𝜂(𝑣𝑣, 𝑢𝑢) = 𝑣𝑣 − 𝑢𝑢 and  ℎ(𝑡𝑡) = 𝑡𝑡, then we obtain 

the definition of convex function. 
Now let 𝑋𝑋1  and 𝑋𝑋2 be a nonempty subsets of 𝑅𝑅𝑛𝑛 , let 
𝜂𝜂1:  𝑋𝑋1 × 𝑋𝑋1 → 𝑅𝑅𝑛𝑛and 𝜂𝜂2:  𝑋𝑋2 × 𝑋𝑋2 → 𝑅𝑅𝑛𝑛 . 

Definition 2.4[4]Let (𝑢𝑢, 𝑣𝑣) ∈ 𝑋𝑋1 × 𝑋𝑋2 . We say 𝑋𝑋1 × 𝑋𝑋2  
is invex at (𝑢𝑢, 𝑣𝑣)  with respect to 𝜂𝜂1  and𝜂𝜂2   if for each 
(𝑥𝑥, 𝑦𝑦) ∈ 𝑋𝑋1 × 𝑋𝑋2 and 𝑡𝑡1, 𝑡𝑡2 ∈ [0, 1], 

(𝑢𝑢 + 𝑡𝑡1𝜂𝜂1(𝑥𝑥, 𝑢𝑢), 𝑣𝑣 + 𝑡𝑡2𝜂𝜂2(𝑦𝑦, 𝑣𝑣)) ∈ 𝑋𝑋1 × 𝑋𝑋2. 

𝑋𝑋1 × 𝑋𝑋2 is said to be an invex set with respect to 𝜂𝜂1 and 
𝜂𝜂2 if  𝑋𝑋1 × 𝑋𝑋2 is invex at each (𝑢𝑢, 𝑣𝑣) ∈ 𝑋𝑋1 × 𝑋𝑋2. 

Definition 2.5 [4] Let  ℎ1 and  ℎ2 be the non - negative 
functions on [0, 1] ,  ℎ1 ≢ 0 , ℎ2 ≢ 0 . The non-negative 
function 𝑓𝑓  on the invex set 𝑋𝑋1 × 𝑋𝑋2  is said to be 
co-ordinated (ℎ1, ℎ2) - preinvex with respect to 𝜂𝜂1 and 𝜂𝜂2 
if the partial mappings𝑓𝑓𝑦𝑦:   𝑋𝑋1 → 𝑅𝑅  ,  𝑓𝑓𝑦𝑦(𝑥𝑥) = 𝑓𝑓(𝑥𝑥, 𝑦𝑦 ) and 
𝑓𝑓𝑥𝑥:   𝑋𝑋2 → 𝑅𝑅,  𝑓𝑓𝑥𝑥(𝑦𝑦) = 𝑓𝑓(𝑥𝑥, 𝑦𝑦) are ℎ1-preinvex with respect 
to 𝜂𝜂1 andℎ2-preinvex with respect to 𝜂𝜂2  respectively, for 
all 𝑦𝑦 ∈ 𝑋𝑋2  and  𝑥𝑥 ∈ 𝑋𝑋1. 

Remark 1. From the above definition it follows that if  𝑓𝑓 
is co-ordinated (ℎ1, ℎ2) - preinvex function then 

𝑓𝑓(𝑥𝑥 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑥𝑥), 𝑦𝑦 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑦𝑦)) 

≤ ℎ1(1 − 𝑡𝑡1)𝑓𝑓�𝑥𝑥, 𝑦𝑦 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑦𝑦)� 

+ℎ1(𝑡𝑡1)𝑓𝑓(𝑏𝑏, 𝑦𝑦 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑦𝑦)) 

≤ ℎ1(1 − 𝑡𝑡1)ℎ2(1 − 𝑡𝑡2)𝑓𝑓(𝑥𝑥, 𝑦𝑦) + ℎ1(1 − 𝑡𝑡1)ℎ2(𝑡𝑡2)𝑓𝑓(𝑥𝑥, 𝑑𝑑) 

+ℎ1(𝑡𝑡1) ℎ2(1 − 𝑡𝑡2)𝑓𝑓(𝑏𝑏, 𝑦𝑦)+ℎ1(𝑡𝑡1) ℎ2(𝑡𝑡2)𝑓𝑓(𝑏𝑏, 𝑑𝑑). 

Remark 2. Let us note that if  𝜂𝜂1(𝑥𝑥, 𝑢𝑢) = 𝑥𝑥 − 𝑢𝑢 , 
𝜂𝜂2(𝑦𝑦, 𝑣𝑣) = 𝑦𝑦 − 𝑣𝑣 , 𝑡𝑡1 = 𝑡𝑡2  and ℎ1(𝑡𝑡) = ℎ2(𝑡𝑡) = 𝑡𝑡 ,  then 
our definition of co-ordinated(ℎ1, ℎ2) - preinvex function 

reduces to the definition of convex function on the 
co-ordinates proposed by Dragomir [1]. Moreover, if 
ℎ1(𝑡𝑡) = ℎ2(𝑡𝑡) = 𝑡𝑡𝑠𝑠 , then our definition reduces to the 
definition of  s-convex function on the  co-ordinates 
proposed by Alomari and Darus [7].   

Let us consider a bidimensional interval Δ = [𝑎𝑎, 𝑎𝑎 +
𝜂𝜂1(𝑏𝑏, 𝑎𝑎)×𝑐𝑐, 𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐) in 𝑅𝑅2 with 𝑎𝑎< 𝑎𝑎+𝜂𝜂1(𝑏𝑏, 𝑎𝑎) and𝑐𝑐< 
𝑐𝑐 + 𝜂𝜂2(𝑑𝑑, 𝑐𝑐). 

Lemma 1. Let 𝑓𝑓: Δ → 𝑅𝑅   be a partial differentiable 
mapping on  Δ. If 𝜕𝜕2𝑓𝑓

𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1
∈ 𝐿𝐿(Δ), then the following equality 

holds: 

𝑓𝑓(𝑎𝑎, 𝑐𝑐) + 1
𝜂𝜂1(𝑏𝑏,𝑎𝑎)∙𝜂𝜂2(𝑑𝑑,𝑐𝑐) ∫ ∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐
𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)
𝑎𝑎  (1) 

−
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎) � 𝑓𝑓(𝑥𝑥, 𝑐𝑐)𝑑𝑑𝑑𝑑

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

−
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� 𝑓𝑓(𝑎𝑎, 𝑦𝑦)𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

 

= 𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��(1 − 𝑡𝑡1)
1

0

1

0

(1 − 𝑡𝑡2) 

×
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2.     

Proof.  By integration by parts, we get 

∫ ∫ (1 − 𝑡𝑡1)1
0

1
0 (1 − 𝑡𝑡2) 𝜕𝜕2𝑓𝑓

𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1
�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 +

𝑡𝑡2𝜂𝜂2𝑑𝑑, 𝑐𝑐𝑑𝑑𝑡𝑡1𝑑𝑑𝑡𝑡2         (2) 

= �(1 − 𝑡𝑡2)
1

0

{(1 − 𝑡𝑡1)�
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐

+ 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�
1

0
 

+
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)�
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

1

0

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��𝑑𝑑𝑑𝑑1}𝑑𝑑𝑑𝑑2 

 = �(1 − 𝑡𝑡2)
1

0

{−�
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

�𝑎𝑎, 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 

 +
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)�
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

1

0

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��𝑑𝑑𝑑𝑑1}𝑑𝑑𝑑𝑑2 

       = −
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎) {�(1 − 𝑡𝑡2)
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

1

0

�𝑎𝑎, 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑2 

−��(1 − 𝑡𝑡2)
1

0

1

0

𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2} 

Thus, again by integration by parts in the right hand side of 
(2), it follows that 
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∫ (1 − 𝑡𝑡2)1
0

𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

�𝑎𝑎, 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑2               (3) 

 −��(1 − 𝑡𝑡2)
1

0

1

0

𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2 

= (1 − 𝑡𝑡2)
1

𝜂𝜂2(𝑏𝑏, 𝑎𝑎)  𝑓𝑓�𝑎𝑎, 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�
1

0
 

+
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
�𝑓𝑓�𝑎𝑎, 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑2

1

0

 

−�{
1

0

(1 − 𝑡𝑡2)
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐) 𝑓𝑓�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐

+ 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�
1

0
 

+
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
�𝑓𝑓�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��𝑑𝑑𝑑𝑑2}𝑑𝑑𝑑𝑑1

1

0

 

=
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
{−𝑓𝑓(𝑎𝑎, 𝑐𝑐) + �𝑓𝑓�𝑎𝑎, 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑2

1

0

 

+�𝑓𝑓(𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐)𝑑𝑑𝑑𝑑1

1

0

 

−��𝑓𝑓�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�
1

0

1

0

�𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2} 

Writing (3) in (2) and using the change of variable 
𝑥𝑥 = 𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎)  and𝑦𝑦 = 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)  we obtain (1), 
which completes the proof. 

Theorem 1. Let  𝑓𝑓: Δ → 𝑅𝑅  be a partial differentiable 

mapping on  Δ. If� 𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�  is an (ℎ1, ℎ2)  - preinvex 

function on the co-ordinates on Δ, then one has the 

inequalities 

1
𝜂𝜂1(𝑏𝑏, 𝑎𝑎) ∙ 𝜂𝜂2(𝑑𝑑, 𝑐𝑐)

�𝑓𝑓(𝑎𝑎, 𝑐𝑐)

+
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

− 𝐴𝐴� 

≤ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)� � 𝑡𝑡1ℎ1(𝑡𝑡1) 𝑑𝑑𝑡𝑡1 ∙ � 𝑡𝑡2ℎ2(𝑡𝑡2

1

0

1

0

)𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�� 𝑡𝑡1ℎ1(𝑡𝑡1) 𝑑𝑑𝑡𝑡1 ∙ �(1 − 𝑡𝑡2)ℎ2 (𝑡𝑡2

1

0

1

0

) 𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)��(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1) 𝑑𝑑𝑡𝑡1

1

0

× �(1 − 𝑡𝑡2)ℎ2 (𝑡𝑡2

1

0

) 𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)��(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1) 𝑑𝑑𝑡𝑡1 ∙ � 𝑡𝑡2ℎ2 (𝑡𝑡2

1

0

1

0

) 𝑑𝑑𝑡𝑡2, 

where 

𝐴𝐴 =
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
� 𝑓𝑓(𝑥𝑥, 𝑐𝑐)𝑑𝑑𝑑𝑑

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

+
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� 𝑓𝑓(𝑎𝑎, 𝑦𝑦)𝑑𝑑𝑑𝑑 .  

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

 

Proof.  From Lemma 1, we have 

�𝑓𝑓(𝑎𝑎, 𝑐𝑐) +
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

− 𝐴𝐴� 

≤ 𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��|(1 − 𝑡𝑡1)(1 − 𝑡𝑡2)|
1

0

1

0

 

× �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�� 𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2 

Since � 𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�is an (ℎ1, ℎ2)  - preinvex function on the 
co-ordinates, then one has: 

�𝑓𝑓(𝑎𝑎, 𝑐𝑐) +
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

− 𝐴𝐴� 

≤ 𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�(1 − 𝑡𝑡2)
1

0

 

× ��(1 − 𝑡𝑡1)
1

0

�ℎ1(1 − 𝑡𝑡1) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎, 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)���� 

+ℎ1(𝑡𝑡1) ���
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑏𝑏, 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��� 𝑑𝑑𝑑𝑑1� 𝑑𝑑𝑡𝑡2 

= 𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐) ��(1 − 𝑡𝑡1)ℎ1(1 − 𝑡𝑡1)
1

0

� 𝑑𝑑𝑡𝑡1 

× �(1 − 𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎, 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�� 𝑑𝑑𝑡𝑡2

1

0
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+�(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)
1

0

𝑑𝑑𝑡𝑡1 �(1 − 𝑡𝑡2)
1

0

 

�× �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑏𝑏, 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�� 𝑑𝑑𝑡𝑡2� 

≤ 𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐) ��(1 − 𝑡𝑡1)ℎ1(1 − 𝑡𝑡1)
1

0

� 𝑑𝑑𝑡𝑡1

× �(1 − 𝑡𝑡2) �ℎ2(1 − 𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)��
1

0

 

+ℎ2(𝑡𝑡2) ��
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�� 𝑑𝑑𝑡𝑡2 + �(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)
1

0

𝑑𝑑𝑡𝑡1

× �(1 − 𝑡𝑡2) �ℎ2(1 − 𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)��
1

0

 

+ℎ2(𝑡𝑡2) ���
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�� 𝑑𝑑𝑡𝑡2� 

= 𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐) ��
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)� �(1 − 𝑡𝑡1)
1

0

� 

× ℎ1(1 − 𝑡𝑡1)𝑑𝑑𝑡𝑡1 �(1 − 𝑡𝑡2)
1

0

ℎ2(1 − 𝑡𝑡2)𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)��(1 − 𝑡𝑡1)ℎ1(1 − 𝑡𝑡1)
1

0

𝑑𝑑𝑡𝑡1 

× �(1 − 𝑡𝑡2)
1

0

ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)��(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)
1

0

𝑑𝑑𝑡𝑡1 � 𝑡𝑡2

1

0

ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)��(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)
1

0

𝑑𝑑𝑡𝑡1 

× ��(1 − 𝑡𝑡2)
1

0

ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2� 

= 𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐) ��
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)�� 𝑡𝑡1ℎ1(𝑡𝑡1)
1

0

� 𝑑𝑑𝑡𝑡1 � 𝑡𝑡2

1

0

ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�� 𝑡𝑡1ℎ1(𝑡𝑡1)
1

0

𝑑𝑑𝑡𝑡1 �(1 − 𝑡𝑡2)
1

0

ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)��(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)
1

0

𝑑𝑑𝑡𝑡1 � 𝑡𝑡2

1

0

ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)��(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)
1

0

𝑑𝑑𝑡𝑡1 

× �(1 − 𝑡𝑡2)
1

0

ℎ2(t2)𝑑𝑑𝑡𝑡2. 

Theorem 2. Let 𝑓𝑓: Δ → 𝑅𝑅   be a partial differentiable 
mapping on  Δ . If  � 𝜕𝜕2𝑓𝑓

𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1
�
𝑞𝑞

, 𝑞𝑞 ≥ 1 , is an (ℎ1, ℎ2)  - 
preinvex function on the co-ordinates on Δ, then one has: 

1
𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)

�𝑓𝑓(𝑎𝑎, 𝑐𝑐)

+
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

− 𝐴𝐴� 

≤ �
1
4
�

1−1
𝑞𝑞
��

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)�
𝑞𝑞
� � 𝑡𝑡1ℎ1(𝑡𝑡1)

1

0

𝑑𝑑𝑡𝑡1 � 𝑡𝑡2

1

0

ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�
𝑞𝑞

� 𝑡𝑡1ℎ1(𝑡𝑡1)
1

0

𝑑𝑑𝑡𝑡1 �(1 − 𝑡𝑡2)
1

0

ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)�
𝑞𝑞

�(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)
1

0

𝑑𝑑𝑡𝑡1 � 𝑡𝑡2

1

0

ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�
𝑞𝑞

�(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)
1

0

𝑑𝑑𝑡𝑡1 

× ��(1 − 𝑡𝑡2)
1

0

ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2�

1
𝑞𝑞

, 

where 

𝐴𝐴 =
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
� 𝑓𝑓(𝑥𝑥, 𝑐𝑐)𝑑𝑑𝑑𝑑

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

+
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� 𝑓𝑓(𝑎𝑎, 𝑦𝑦)𝑑𝑑𝑑𝑑 .

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

 

Proof. 

Since � 𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�
𝑞𝑞

is an (ℎ1, ℎ2)  - preinvex function on the 
co-ordinates on Δ, we know that 

�
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��
𝑞𝑞

 

≤ ℎ1(1 − 𝑡𝑡1)ℎ2(1 − 𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)�
𝑞𝑞

+ ℎ1(1 − 𝑡𝑡1)ℎ2(𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�
𝑞𝑞
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+ℎ1(𝑡𝑡1)ℎ2(1 − 𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)�
𝑞𝑞

+ ℎ1(𝑡𝑡1)ℎ2(𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�
𝑞𝑞

 

By using the Lemma 1 and the well-known power mean 
inequality for double integrals, then one has: 

1
𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)

�𝑓𝑓(𝑎𝑎, 𝑐𝑐)

+
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

− 𝐴𝐴� 

≤ ���(1 − 𝑡𝑡1)(1 − 𝑡𝑡2)
1

0

1

0

𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2�

1−1
𝑞𝑞

 

× ���(1 − 𝑡𝑡1)(1 − 𝑡𝑡2)
1

0

1

0

� 

× ��
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��
𝑞𝑞

𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2�

1
𝑞𝑞

 

 

≤ �
1
4
�

1−1
𝑞𝑞
���(1 − 𝑡𝑡1)(1 − 𝑡𝑡2)

1

0

{ℎ1(1 − 𝑡𝑡1)�
1

0

� 

× ℎ2(1 − 𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)�
𝑞𝑞

 

+ℎ1(1 − 𝑡𝑡1)ℎ2(𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�
𝑞𝑞

+ ℎ1(𝑡𝑡1)ℎ2(1 − 𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)�
𝑞𝑞

 

+ℎ1(𝑡𝑡1)ℎ2(𝑡𝑡2) ���
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�
𝑞𝑞

� 𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2�

1
𝑞𝑞
 

= �
1
4
�

1−1
𝑞𝑞
��

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)�
𝑞𝑞
� ∙ � 𝑡𝑡1ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

� 𝑡𝑡2ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�
𝑞𝑞

∙ � 𝑡𝑡1ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

�(1 − 𝑡𝑡2)ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)�
𝑞𝑞

∙ �(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

� 𝑡𝑡2ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�
𝑞𝑞

∙ �(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

 

× ��(1 − 𝑡𝑡2)ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

�

1
𝑞𝑞

. 

In the analogous way by using the well-known Hőlder 
inequality for double integrals we can prove the following 
theorem. 

Theorem 3. Let 𝑓𝑓: Δ → 𝑅𝑅   be a partial differentiable 

mapping on  Δ . If  � 𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�
𝑞𝑞

, 𝑞𝑞 > 1 , is an (ℎ1, ℎ2)  - 
preinvex function on the co-ordinates on Δ, then one has: 

1
𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)

�𝑓𝑓(𝑎𝑎, 𝑐𝑐)

+
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

− 𝐴𝐴� 

≤
1

(𝑝𝑝 + 1)
2
𝑝𝑝
��

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)�
𝑞𝑞
� � 𝑡𝑡1ℎ1(𝑡𝑡1)

1

0

𝑑𝑑𝑡𝑡1 � 𝑡𝑡2

1

0

ℎ2(𝑡𝑡2)𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�
𝑞𝑞

� 𝑡𝑡1ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

�(1 − 𝑡𝑡2)ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)�
𝑞𝑞

∙ �(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

� 𝑡𝑡2ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�
𝑞𝑞

∙ �(1 − 𝑡𝑡1)ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

 

× ��(1 − 𝑡𝑡2)ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

�

1
𝑞𝑞

, 

where 

𝐴𝐴 =
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
� 𝑓𝑓(𝑥𝑥, 𝑐𝑐)𝑑𝑑𝑑𝑑

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

+
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� 𝑓𝑓(𝑎𝑎, 𝑦𝑦)𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

 

and
1
𝑝𝑝

+
1
𝑞𝑞

= 1. 

Lemma 2. Let 𝑓𝑓: Δ → 𝑅𝑅   be a partial differentiable 
mapping on  Δ. If 𝜕𝜕2𝑓𝑓

𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1
∈ 𝐿𝐿(Δ), then the following equality 

holds: 

𝑓𝑓 �𝑎𝑎 +
1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 

−
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
� 𝑓𝑓 �𝑥𝑥, 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 𝑑𝑑𝑑𝑑

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎
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− 
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� 𝑓𝑓 �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑦𝑦� 𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

 

+
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

= 𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��𝑝𝑝(𝑡𝑡1)𝑞𝑞(𝑡𝑡2)
1

0

1

0

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎

+ 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2 

where 

𝑝𝑝(𝑡𝑡1) = �
𝑡𝑡1        , 𝑡𝑡1 ∈ �0,

1
2
�

𝑡𝑡1 − 1, 𝑡𝑡1 ∈ �
1
2

, 1�
� 

and 

𝑞𝑞(𝑡𝑡2) = �
𝑡𝑡2        , 𝑡𝑡2 ∈ �0,

1
2
�

𝑡𝑡2 − 1, 𝑡𝑡2 ∈ �
1
2

, 1� .
� 

Proof.  Integration by parts, we can write 

��𝑝𝑝(𝑡𝑡1)𝑞𝑞(𝑡𝑡2)
1

0

1

0

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐

+ 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2 

= �𝑞𝑞(𝑡𝑡2) {� 𝑡𝑡1

1
2

0

1

0

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑1 

+�(𝑡𝑡1 − 1)
1

1
2

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐

+ 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑1 } 𝑑𝑑𝑡𝑡2 

=
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
� 𝑞𝑞(𝑡𝑡2) �𝑡𝑡1

𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

�
1

0

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐

+ 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 2
1

0
 

−�
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

1
2

0

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑1 

   +(𝑡𝑡1 − 1)
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 2
1

0
 

    −�
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

1

1
2

��𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑1�𝑑𝑑𝑡𝑡2 

=
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
�𝑞𝑞(𝑡𝑡2) �

𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

�
1

0

�𝑎𝑎 +
1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 

  −�
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

1

0

��𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�𝑑𝑑𝑑𝑑1�𝑑𝑑𝑡𝑡2 

=
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
 {� 𝑡𝑡2

𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

1
2

0

�𝑎𝑎 +
1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 𝑑𝑑𝑑𝑑2 

 +�(𝑡𝑡2 − 1)
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

1

1
2

�𝑎𝑎 +
1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 𝑑𝑑𝑑𝑑2 

−�(
1

0

� 𝑡𝑡2
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

1
2

0

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��𝑑𝑑𝑑𝑑2)𝑑𝑑𝑑𝑑1 

−�(
1

0

�(𝑡𝑡2 − 1) 
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡2

1

1
2

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐

+ 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��𝑑𝑑𝑑𝑑2)�𝑑𝑑𝑑𝑑1} 

=
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
�𝑡𝑡2𝑓𝑓 �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐

+ 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�� 2
1

0
 

 −�𝑓𝑓 �𝑎𝑎 +
1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�

1

1
2

𝑑𝑑𝑑𝑑2 

+(𝑡𝑡2 − 1) 𝑓𝑓 �𝑎𝑎 +
1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�

1

2
1  

−�𝑓𝑓 �𝑎𝑎 +
1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�

1

1
2

𝑑𝑑𝑑𝑑2 

−�𝑡𝑡2𝑓𝑓�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�
1

0

2
1

1
 

−�𝑓𝑓

1
2

0

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��𝑑𝑑𝑑𝑑2)𝑑𝑑𝑑𝑑1 

−�(𝑡𝑡2 − 1) 𝑓𝑓�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�
1

0

1

2
1  

−�𝑓𝑓
1

1
2

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��𝑑𝑑𝑑𝑑2)𝑑𝑑𝑑𝑑1 

 



12  On Some New Inequalities for Differentiable (h1, h2) – Preinvex Functions on the Co-Ordinates  
 

=
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
{ 𝑓𝑓 �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 

−�𝑓𝑓 �𝑎𝑎 +
1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�

1

0

𝑑𝑑𝑑𝑑2 

−�𝑓𝑓 �𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 +
1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�

1

0

𝑑𝑑𝑑𝑑1 

+��𝑓𝑓
1

0

1

0

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2} 

Using the change of the variable 𝑥𝑥 = 𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎) and 
𝑦𝑦 = 𝑐𝑐 + 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐) , then multiplying both sides with 
𝜂𝜂1(𝑏𝑏, 𝑎𝑎) ∙ 𝜂𝜂2(𝑑𝑑, 𝑐𝑐), this completes the proof. 

Theorem 4. Let  𝑓𝑓: Δ → 𝑅𝑅   be a partial differentiable 
mapping on  Δ . If  � 𝜕𝜕2𝑓𝑓

𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1
�  is an (ℎ1, ℎ2)  - preinvex 

function on the co-ordinates on Δ , then the following 
inequality holds: 

1
𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐) f �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 

−
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
� 𝑓𝑓 �𝑥𝑥, 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 𝑑𝑑𝑑𝑑

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

− 
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� 𝑓𝑓 �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑦𝑦� 𝑑𝑑𝑑𝑑 

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

+
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

≤ ��
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)� + �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)� + �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)�

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�� 

× �𝑡𝑡2(ℎ2(1 − 𝑡𝑡2) + ℎ2(𝑡𝑡2))𝑑𝑑𝑑𝑑2

1
2

0

× � 𝑡𝑡1(ℎ1(1 − 𝑡𝑡1) + ℎ1(𝑡𝑡1))

1
2

0

𝑑𝑑𝑑𝑑1. 

Proof.   From Lemma 2 and using property of modulus 
and the fact that  � 𝜕𝜕2𝑓𝑓

𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1
� is an (ℎ1, ℎ2) - preinvex function 

on the co-ordinates, we have 

1
𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐) f �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 

−
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎) � 𝑓𝑓 �𝑥𝑥, 𝑐𝑐 +
1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 𝑑𝑑𝑑𝑑

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

− 
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� 𝑓𝑓 �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑦𝑦� 𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

 

+
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

≤ ��|𝑝𝑝(𝑡𝑡1)||𝑞𝑞(𝑡𝑡2)|
1

0

1

0

�
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐

+ 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)�� 𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2 

≤ ��|𝑝𝑝(𝑡𝑡1)||𝑞𝑞(𝑡𝑡2)|
1

0

1

0

�ℎ1(1 − 𝑡𝑡1)ℎ2(1 − 𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)�� 

        +ℎ1(1 − 𝑡𝑡1)ℎ2(𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)� 

       +ℎ1(𝑡𝑡1)ℎ2(1 − 𝑡𝑡2) �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)� 

       +ℎ1(𝑡𝑡1)ℎ2(𝑡𝑡2) ��
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�� 

= �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)���|𝑝𝑝(𝑡𝑡1)||𝑞𝑞(𝑡𝑡2)|
1

0

1

0

ℎ1(1 − 𝑡𝑡1) 

× ℎ2(1 − 𝑡𝑡2)𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)���|𝑝𝑝(𝑡𝑡1)||𝑞𝑞(𝑡𝑡2)|
1

0

1

0

 

× ℎ1(1 − 𝑡𝑡1)ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2 

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)� ��|𝑝𝑝(𝑡𝑡1)||𝑞𝑞(𝑡𝑡2)|
1

0

1

0

ℎ1(𝑡𝑡1) 

× ℎ2(1 − 𝑡𝑡2)𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2 

= �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)���|𝑝𝑝(𝑡𝑡1)||𝑞𝑞(𝑡𝑡2)|
1

0

1

0

ℎ1(𝑡𝑡1)ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2 

By computing the integrals, we obtain that all of the above 
double integrals are equal to 

�𝑡𝑡2(ℎ2(1 − 𝑡𝑡2) + ℎ2(𝑡𝑡2))𝑑𝑑𝑑𝑑2

1
2

0

× � 𝑡𝑡1(ℎ1(1 − 𝑡𝑡1) + ℎ1(𝑡𝑡1))

1
2

0

𝑑𝑑𝑑𝑑1 

which completes the proof. 
Theorem 5. Let 𝑓𝑓: Δ → 𝑅𝑅  be a partial differentiable on  

Δ. If  � 𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�
𝑞𝑞
, 𝑞𝑞 > 1, is an (ℎ1, ℎ2) - preinvex function on 

the co-ordinates, then the following inequality holds: 
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1
𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐) f �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 

−
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
� 𝑓𝑓 �𝑥𝑥, 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 𝑑𝑑𝑑𝑑

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

− 
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� 𝑓𝑓 �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑦𝑦� 𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

+
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

  ≤
1

4(𝑝𝑝 + 1)
2
𝑝𝑝
��

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)�
𝑞𝑞
� � ℎ1(1 − 𝑡𝑡1)

1

0

𝑑𝑑𝑡𝑡1 

× �ℎ2(1 − 𝑡𝑡2)𝑑𝑑𝑡𝑡2

1

0

 

          + �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�
𝑞𝑞

�ℎ1(1 − 𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

�ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

 

          + �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)�
𝑞𝑞

�ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

�ℎ2(1 − 𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

 

          + �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�
𝑞𝑞

 

× �ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

�� ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

�

1
𝑞𝑞

, 

Where  1
𝑝𝑝

+ 1
𝑞𝑞

= 1. 
Proof.   From Lemma 2 and using the well-known 

Hőlder inequality and the fact that � 𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�
𝑞𝑞
 is an (ℎ1, ℎ2) - 

preinvex function on the co-ordinates (see Remark 1), we 
have 

1
𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐) f �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 

               −
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
� 𝑓𝑓 �𝑥𝑥, 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 𝑑𝑑𝑑𝑑

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

   − 
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� 𝑓𝑓 �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑦𝑦� 𝑑𝑑𝑑𝑑  

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

 

  +
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

≤ ��(|𝑝𝑝(𝑡𝑡1)𝑞𝑞(𝑡𝑡2)|𝑝𝑝𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2)
1
𝑝𝑝

1

0

1

0

 

  × ����
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐
1

0

1

0

+ 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��
𝑞𝑞

𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2�

1
𝑞𝑞
 

≤
1

4(𝑝𝑝 + 1)
2
𝑝𝑝
��

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)�
𝑞𝑞
� � ℎ1(1 − 𝑡𝑡1)

1

0

𝑑𝑑𝑡𝑡1 

× �ℎ2(1 − 𝑡𝑡2)𝑑𝑑𝑡𝑡2

1

0

 

          + �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�
𝑞𝑞

�ℎ1(1 − 𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

�ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

 

          + �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)�
𝑞𝑞

�ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

�ℎ2(1 − 𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

 

          + �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�
𝑞𝑞

× �ℎ1(𝑡𝑡1)𝑑𝑑𝑑𝑑1

1

0

�� ℎ2(𝑡𝑡2)𝑑𝑑𝑑𝑑2

1

0

�

1
𝑞𝑞

 

which completes the proof. 
Theorem 6. Let 𝑓𝑓: Δ → 𝑅𝑅  be a partial differentiable on  

Δ. If  � 𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�
𝑞𝑞
, 𝑞𝑞 ≥ 1, is an (ℎ1, ℎ2) - preinvex function on 

the co-ordinates, then the following inequality holds: 
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐) f �𝑎𝑎 +
1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 

−
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎) � 𝑓𝑓 �𝑥𝑥, 𝑐𝑐 +
1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 𝑑𝑑𝑑𝑑

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

− 
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐) � 𝑓𝑓 �𝑎𝑎 +
1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑦𝑦� 𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

+
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐) � � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

≤ �
1

16
�

1−1
𝑞𝑞

{ ��
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)�
𝑞𝑞

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�
𝑞𝑞

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)�
𝑞𝑞

+ ��
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�
𝑞𝑞

�� 

 × � 𝑡𝑡2(ℎ2(1 − 𝑡𝑡2) + ℎ2(𝑡𝑡2))𝑑𝑑𝑑𝑑2

1
2

0

× � 𝑡𝑡1(ℎ1(1 − 𝑡𝑡1) + ℎ1(𝑡𝑡1))

1
2

0

𝑑𝑑𝑑𝑑1 }
1
𝑞𝑞 . 
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Proof. By using the Lemma 2, well known power mean 
inequality for double integrals and the (ℎ1, ℎ2)  - 

preinvexity of  � 𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�
𝑞𝑞
 on the co-ordinates, the one has: 

1
𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐) f �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 

−
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)
� 𝑓𝑓 �𝑥𝑥, 𝑐𝑐 +

1
2
𝜂𝜂2(𝑑𝑑, 𝑐𝑐)� 𝑑𝑑𝑑𝑑

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

− 
1

𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� 𝑓𝑓 �𝑎𝑎 +

1
2
𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑦𝑦� 𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

+
1

𝜂𝜂1(𝑏𝑏, 𝑎𝑎)𝜂𝜂2(𝑑𝑑, 𝑐𝑐)
� � 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑐𝑐+𝜂𝜂2(𝑑𝑑,𝑐𝑐)

𝑐𝑐

𝑎𝑎+𝜂𝜂1(𝑏𝑏,𝑎𝑎)

𝑎𝑎

 

≤ ���|𝑝𝑝(𝑡𝑡1)𝑞𝑞(𝑡𝑡2)|
1

0

1

0

𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2�

1−1
𝑞𝑞

 

          × ���|𝑝𝑝(𝑡𝑡1)𝑞𝑞(𝑡𝑡2)|
1

0

1

0

�
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

�𝑎𝑎 + 𝑡𝑡1𝜂𝜂1(𝑏𝑏, 𝑎𝑎), 𝑐𝑐

+ 𝑡𝑡2𝜂𝜂2(𝑑𝑑, 𝑐𝑐)��
𝑞𝑞

𝑑𝑑𝑑𝑑1𝑑𝑑𝑡𝑡2�

1
𝑞𝑞

 

≤ �
1

16
�

1−1
𝑞𝑞
���

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑐𝑐)�
𝑞𝑞

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑎𝑎, 𝑑𝑑)�
𝑞𝑞

+ �
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑐𝑐)�
𝑞𝑞

+ ��
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑡𝑡2𝜕𝜕𝑡𝑡1

(𝑏𝑏, 𝑑𝑑)�
𝑞𝑞

��� 

� × � 𝑡𝑡2(ℎ2(1 − 𝑡𝑡2) + ℎ2(𝑡𝑡2))𝑑𝑑𝑑𝑑2

1
2

0

× � 𝑡𝑡1(ℎ1(1 − 𝑡𝑡1) + ℎ1(𝑡𝑡1))

1
2

0

𝑑𝑑𝑑𝑑1
�

1
𝑞𝑞

 

which completes the proof. 

 

REFERENCES 
[1] Dragomir, S. S., Fitzpatrick, S. (1999). The Hadamard’s 

inequality for s-convex functionsin the second sense. 
Demonstration Math. 32 (4), 687-696. 

[2] Sarikaya, M. Z., Saglam, A.  Yildirim, H. (2008). On some 
Hadamard-type inequalities forh-convex functions. J. Math. 
Inequal. 2, 335-341. 

[3] Noor, M. S. (2009). Hadamard integral inequalities for 
product of two preinvex functions. Nonlinear Anal. Forum 14, 
167-173. 

[4] Matłoka, M. (2013). On some Hadamard – type inequalities 
for (h_1,h_2) - preinvex functionson the co-ordinates. J. 
Inequal. Appl., doi 10.1186/1029-242X-2013-227. 

[5] Iscan, I (2013). Hermite-Hadamard’s Inequalities for 
Preinvex Function via Fractional Integrals and Related 
Fractional Inequalities. American Journal of Mathematical 
Analysis 1(3), 33-38. 

[6] Dragomir, S. S. (2001). On the Hadamard’s inequality for 
convex functions on theco-ordinates in a rectangle from the 
plane. Taiwanese J. Math. 5 (4) 775-788. 

[7] Alomari, M., Darus, M. (2008). The Hadamard’s inequality 
for s-convex function of2-variables on the co-ordinates. Int. J. 
Math. Anal. 2 (13), 629-638. 

[8] Sarikaya, Z. S., Set, E., Özdemir, M. E., Dragomir, S. S. 
(2012). New some Hadamard’s type inequalities for 
co-ordinated convex functions. Tamsui Oxford J. Informat. 
Math. Sc. 28 (2), 137-152. 

[9] Latif, M. A., Dragomir, S. S., (2012).On some new 
inequalities for differentiable co-ordinatesconvex functions. J. 
Inequal. Appl., doi 10.1186/1029-242X-2012-28. 

[10] Weir, T., Mond, B. (1988). Preinvex functions in 
multiobjective optimization. J. Math. Anal.Appl. 136, 29-38. 

[11] Yang, X. M., Li, D. (2001). On properties of preinvex 
functions. J. Math. Anal. Appl. 256,229-241. 

[12] Mohan, S. R., Neogy, S. K. (1995). On invex sets and 
preinvex functions. J. Math Anal. Appl. 189, 901-908. 

[13] Varošanec, S. (2007). On h-convexity, J. Math. Anal. Appl. 
326, 303-311.

 

 


	1. Introduction
	2. Main Results
	REFERENCES

