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Abstract This paper takes the mathematical software
Maple as the auxiliary tool to study four types of integrals.
We can obtain the Fourier series expansions of these four

types of integrals by using integration term by term theorem.

On the other hand, we provide two examples to do
calculation practically. The research methods adopted in this

study involved finding solutions through manual
calculations and verifying these solutions by using Maple.
Keywords Integrals, Fourier Series Expansions,

Integration Term By Term Theorem, Maple

1. Introduction

In calculus and engineering mathematics courses, we
learnt many methods to solve the integral problems
including change of variables method, integration by parts
method, partial fractions method, trigonometric substitution
method, and so on. In this paper, we mainly study the
following four types of integrals which are not easy to
obtain their answers using the methods mentioned above.

[sin[rcos(at + b)]cosh[rsin(at + b)dt 1)
| cos[rcos(at + b)]sinh[rsin(at + b)]dt Q)
[ cos[rcos(at + b)cosh[rsin(at + b)]dt 3)
[ sin[rcos(at + b)sinh[rsin(at + b)]dt (4)

Where 7,a,b are real numbers, a = 0 . We can obtain the
Fourier series expansions of these four types of integrals by
using integration term by term theorem; these are the major
results of this paper (i.e., Theorems 1, 2). As for the study of
related integral problems can refer to [1-15]. On the other
hand, we propose some integrals to do calculation
practically. The research methods adopted in this study
involved finding solutions through manual calculations and
verifying these solutions by using Maple. This type of
research method not only allows the discovery of
calculation errors, but also helps modify the original
directions of thinking from manual and Maple calculations.

For this reason, Maple provides insights and guidance
regarding problem-solving methods.

2. Main Results

Firstly, we introduce a notation and some formulas used in
this study.

2.1. Notation

Let z=a+ib beacomplex number, where i= \/—_1 ,
a,b are real numbers. We denote a the real part of z
by Re(z) , and b the imaginary part of z by
Im(z) .

2.2. Formulas

2.2.1. Euler's formula

e'? = cosO +isin@ , where @ is any real number.

2.2.2. DeMoivre's formula

(cos@ +isin@)" =cosn@ +isinn@ , where n is
any integer, € is any real number.

2.2.3.([16, p25])

sin(u +iv) = sinucoshv +icosusinhv
u,v are real numbers.

,  where

2.2.4.([16, p25])

cos(u +iv) = cosucoshv —isinusinhv , where u,v
are real numbers.

2.2.5. ([16, p63])

. & k1 2k+1
sinz= ) (-1)" ——z )
kgo Qk+1)!

complex number.

where =z is any

2.2.6. ([16, p63])

[e o]
cosz = Z(—l)k;zy‘, where z is any complex

=0 k)
number.
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Next, we introduce an important theorem used in this paper.

2.3. Integration term by term theorem ([17, p269])

Suppose {gk (t)}zozo is a sequence of Lebesgue
integrable functions defined on an inteval

> [|ex e
k=0

o0 o0
is convergent, then Ld > grdt = 3 Ld g (Hdr .
k=0 k=0

The following is the first major result of this study, we
obtain the Fourier series expansions of the integrals (1) and

Q).

2.4. Theorem 1
Assume r,a,b,c are real numbers, a # 0. Then there
exists a constant C| such that for all x € R, the integral

J'stin[rcos(at + b)]cosh[rsin(at + b)]dt
2k+1

@k D@k MR D@ DT+

1 & k
=— 3D
a
)
And there exists a constant C, such that for all x e R,

the integral

jc)c cos[rcos(at + b)]sinh[rsin(at + b)]dt

] = . 2k+1

= - kgo(—l) mcos[@k +1)(ax+b)]+C,
(6)

2.4.1. Proof

Because

sin[rcos(ax + b)]cosh[rsin(ax + b)]

= Re{sin[rexpi(ax + b)]}
(By Formula 2.2.3)
= ReLZO( N (2k o —— [rexpi(ax + b)]*¥ ”}
(Using Formula 2.2.5)
2k+1
= ReLz‘b( ¥ mexp i[(2k + 1)(ax + b)]}
(By DeMoivre's formula)
0 & r2k+1
= gb(—l) mcos[(zk +1)(ax + b)] %

(By Euler's formula)

[c.d]. If

Thus, for all x € R, the integral

_[cx sin[rcos(at + b)]cosh[rsin(at + b)]dt

2k+l
= I Z (- ) kD) ———cos[(2k + 1)(at + b)1dt
0 & r2k+] ¥
= > (-D [ cos[(2k +1)(at + b)]dr

o 2k +1)!

(By integration term by term theorem)

k r2k+1

0 QRE+D!2k+1)

M8

l sin[(2k + 1)(ax + b)]+ C,
a

Where Cjis some constant.

On the other hand, using Euler's formula, DeMoivre's
formula and Formula 2.2.3, 2.2.5, we have

cos[rcos(ax + b)]sinh[rsin(ax + b)]

= Im{sin[rexpi(ax + b)]}

0 2k+1
= Z(_l)k o
pmry Qk+1)!
Therefore, by integration term by term theorem, we can

show that there exists a constant C, such that for all
X € R, the integral

sin[(2k + D(ax+b)] (8)

j'j cos[rcos(at + b)]sinh[rsin(at + b)]dt

-1 P r2k+1
T4 —1)" ————cos[(2k +1)(ax + b)]+ C
a ;Eo( ) Qk+1)1(2k +1) (€ X )N+Cs
g.e.d.
2.5. Remark 1
In Theorem 1, because foreach x € R,
O 2k+1
2 (= —COS[(Zk +1)(at + b)]dt
k:OIC 2k +1)!
1 © ||2k+1
<— 3 [Meos[(2k + 1)(at + b)]dt

la| =0k +D!(2k+1)"¢

2k+1
™ x=el

1 o0
la| kz k + D)2k +1)

IA

It follows that we can use integration term by term
theorem to show that (5) holds. The same reason that we
can prove (6) by using integration term by term theorem.

Next, we determine the Fourier series expansions of the
integrals (3) and (4).

2.6. Theorem 2

If the assumptions are the same as Theorem 1. Then there
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exists a constant C5 such that for all x € R, the integral

J'Z cos[rcos(at + b)]cosh[rsin(at + b)]dt

2k

— L __sin[(2k)(ax + b)]+ C3

= xSt (2k)12k

a g=1

©)
And there exists a constant C,4 such that for all x e R,
the integral

_[Cx sin[#cos(at + b)]sinh[rsin(at + b)]dt

1 0 2k
=— D 2k +b)]+C,4 (10
. Zzll (Zk)!ZkCOS[( Yax +b)]+ Cy (10)
2.6.1. Proof

By Euler's formula, DeMoivre's formula and Formula 2.2.4,
2.2.6, we have

cos[rcos(ax + b)]cosh[rsin(ax + b)]

= Re{cos[rexpi(ax + b)]}
© 2k
= ké)(—l) 20! cos[(2k)(ax + b)]
R PN 2% b
= +k§1(— ) (Zk)!cos[( Yax+b)] (1)

Thus, for all x € R, the integral

J'cx cos[rcos(at + b)]cosh[rsin(at + b)]dt

r2

2k

=x—c+ Z( )k

k=1

[ cos[(2k)(at + b)]dt

(By integration term by term theorem)
2k

——sin[(2k)(ax + b)] + C3

= Bt (2k)12k

a =1

Where Cj is some constant.
Similarly, by Euler's formula, DeMoivre's formula and
Formula 2.2.4, 2.2.6, we obtain

sin[7cos(ax + b)]sinh[rsin(ax + b)]
= —Im{cos[rexpi(ax +b)]}
k

(2k )!

sin[(2k)(ax + b)]

Z—Z( ¥

k=1

(12)

By integration term by term theorem, it follows that for all
X € R, the integral

J'Cx sin[#7cos(at + b)]sinh[rsin(at + b)]dt

2k

1 A
k) 12k

e

a -1

cos[(2k)(ax + b))+ C,

Where Cj is some constant. q.e.d.

2.7. Remark 2

In Theorem 2, the reason that we can use integration term
by term theorem to prove (9) and (10) is the same as
Remark 1.

3. Examples

In the following, for the four types of integrals in this
study, we propose some integrals and use Theorems 1, 2 to
determine their Fourier series expansions. In addition, we
evaluate some definite integrals and employ Maple to
calculate the approximations of these definite integrals and
their solutions for verifying our answers.

3.1. Example 1

In Theorem 1, taking » =5,a =2,b = 7 /3 into (5), we
obtain the following integral

Ixsin S5cos 2t+£ cosh| 5sin 2t+£ t
¢ 3 3

2k+1
> sin[(2k + 1)(2x + EH +C
3

(13)
Thus, we can determine the definite integral from ¢=7/12
to t=x/6,

7/6 sin| 5cos 2t+£ cosh| 5sin 2t+£ dt
/12 3 3

1 o0
2 2 Z (2k+1)!(2k+1)

L&k 52k+1 (4k +2)7
2 ,EO( Y A T A
52k=+1 Qk + )

2 kzo( Dt Qk+ D) (2k+1) 2 (14)

We use Maple to verify the correctness of (14).
>evalf(int(sin(5*cos(2*t+Pi/3))*cosh(5*sin(2 *t+Pi/3)),t=
Pi/12..Pi/6),14);

-11.041067811822 + 0.1
>evalf(1/2*sum((-1)"k*52*k+1)/((2*¥k+1)!*(2*k+1))*s
in((4*k+2)*P1/3),k=0..infinity)-
1/2*sum((-1)"k*5™M2*k+1)/((
2¥k+1)!1*(2%k+1))*sin((2*k+1)*Pi/2),k=0..infinity),14);
-11.041067811821 + 0.1

The above answers obtained by Maple appears I
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(= \/—_1 ), it is because Maple calculates by using special

functions built in. Both the imaginary parts of the above

answers are zero, so can be ignored.
On the other hand, in

r=~2,a=5b=-37/4 into (6),
following integral

[ cos{ﬁ cos[St - %ﬂsinh[ﬁ sin(St _ %‘Hdz

2k+1
)"(‘5)—+cos 2k +1)| 5 sx-_3% +C,
2k +1)!(2k +1) 4

(15)

Theorem 1, taking

we have the

- .OZO:(_

1
5 k=0

Hence, we can determine the definite integral from
t=n/10 to t=27x/5,

27w /5 3 . . 3
2710 cos[\/z cos(St - TH s1nh{\/551n[5t — Tﬂdt

=_1. i(—l k (ﬁ)ZkH cos (6k +3)m
5 5 Qk+1D)!1(2k +1) 4
Z( Dk (//2)%k+1 o 2k + D
= 2k + D12k + 1) 4
(16)

Next, we use Maple to verify the correctness of (16).
>evalf(int(cos(sqrt(2)*cos(5*t-3*Pi/4))*sinh(sqrt(2)*sin(
5*t-3*Pi/4)),t=Pi/10..2*P1/5),14);

0.44168906329422 + 0.1

>evalf(-1/5*sum((-1)"k*sqrt(2)N2*k+1)/((2*k+1)!*(2*k
+1
))*cos((6*k+3)*Pi/4),k=0..infinity)+1/5*sum((-1)"k*sqrt
)N2*ADN(Q*KA1)*(2%k+1)) *cos((2*k+1)*Pi/4),k=0..
infinity),14);

0.44168906329424 + 0.1

Also, both the imaginary parts of the above answers
obtained by Maple are zero, so can be ignored.
3.2. Example 2

In Theorem 2, taking » =4/3,a =7,b =57 /6 into (9) ,
we can determine the following integral

_[xcos icos 71,‘+5—7Z cosh isin 7t+5—ﬂ- dt
¢ 3 6 3 6

4L K (4/3)%% Y
+ 5 kzl( 1) (k)oK s1n|:(2k)[7 + A j:| +C3
(17)

Thus, we obtain the definite integral from 7=x/14 to
t=2x/7,

j2”/7cos icos 7z+5—” cosh| is1n 7t+5— dt
/14 3 6 3 6

L3 1< (413 . skx
a7 kzl( D Gone S 3
2k
B STNRCIE) 2kx s

Sin
A= (2k)12k 3

We use Maple to verify the correctness of (18) as
follows:

>evalf(int(cos(4/3*cos(7*t+5*Pi/6))*cosh(4/3 *sin(7*t+5
*Pi/6)),t=Pi/14..2*Pi/7),14);

0.78316978454223 + 0.1

>evalf(3*Pi/14+1/7*sum((-1)"k*(4/3) 2 *K)/((2*k)!*(2*
k))*sin(5*k*Pi/3),k=1..infinity)-1/7*sum((-1)"k*(4/3)"(2*k
Y((2*K)1*(2*k))*sin(2*k*Pi/3).k=1..infinity), 14);

0.78316978454221 + 0.1

Also, both the imaginary parts of the above answers
obtained by Maple are zero, so can be ignored.

On the other hand, in Theorem 2, if
r=9a=4,b=-27/3 into (10), we obtain
following integral

Ijsin[9 cos(4t - %”ﬂ sinh{9 sin[4t - %”ﬂdt

e 2k
. Z(—l)k(;cwcos{Zk[4x—2Tﬂﬂ+C4 (19)

1

4 ko
Therefore, we have the definite integral from ¢t=7/6 to
t=x/3,

Iﬂ ! 35111{9 cos(4t — Z—HH smh[9 sm(4t — 2—ﬂaft

taking
the

1 &,k 9% 4kn
! kzzl( D Gonk %3
92k
- Z( Dk @Rk (20)

Using Maple to verify the correctness of (20) as follows:
>evalf(int(sin(9*cos(4*t-2*Pi/3))*sinh(9*sin(4 *t-2*Pi/3)),t
=Pi/6..Pi/3),14);

-27.173107853571 + 0.1
Sevalf(1/4*sum((-1)k*97(2*k)/((2*K) 1 *(2*K)) *cos(4*k*
Pi/3),k=1..infinity)-1/4*sum((- 1) k*97(2*k)/((2*k)! *(2*k)),
k=1..infinity),14);

-27.173107853571 + 3.6-10 " 1
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The imaginary parts of the above answers obtained by
Maple are either zero or very small, so can be ignored.

4. Conclusion

From the above discussion, we know the integration term
by term theorem plays a significant role in the theoretical
inferences of this study. In fact, the application of this
theorem is extensive, and can be used to easily solve many
difficult problems; we endeavor to conduct further studies on
related applications. On the other hand, Maple also plays a
vital assistive role in problem-solving. In the future, we will
extend the research topic to other calculus and engineering
mathematics problems and solve these problems by using
Maple. These results will be used as teaching materials for
Maple on education and research to enhance the
connotations of calculus and engineering mathematics.
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