
Universal Journal of Mechanical Engineering 1(4): 133-138, 2013 http://www.hrpub.org 
DOI: 10.13189/ujme.2013.010405 

A New Approach for Isomorphism Identification among 
Compound Kinematic Chains and Mechanisms 

Ashok Dargar 

Department of Mechanical Engineering, School of Engineering, Sir Padampat Singhania University 
NH-76, Udaipur- 313601, India. 

*Corresponding author: dargarashok@rediffmail.com 

Copyright © 2013 Horizon Research Publishing All rights reserved. 

Abstract  Structure synthesis of mechanisms is a 
pivotal issue in the field of mechanical innovation and 
mechanical conceptual design. The present work deals with 
problem of detection of isomorphism which is frequently 
encountered in structural synthesis of kinematic chains. A 
new approach based on a combination of eigenvalues and 
eigenvectors which are further associated with the modified 
adjacency matrix is proposed. The proposed method not 
only effective but also more efficient than that are based on 
the adjacency matrices and capable of detecting 
isomorphism in all types of compound KC, i.e. chains of 
single or multi degree of freedom with simple or multiple 
joints. This study will help the designer to select the best 
KC and mechanisms to perform the specified task at 
conceptual stage of design. Some examples are provided to 
demonstrate the effectiveness of this method. 

Keywords  Kinematic Chain (KC), Distinct 
Mechanisms, Eigenvalues, Eigenvectors 

 

1. Introduction 
One of the most creative and important stages in 

mechanical design is the topological structure synthesis of 
mechanisms. The structure synthesis is the original 
innovation of mechanical systems, which not only can 
optimize existing mechanisms, but also invent new ones. 
Structure synthesis of kinematic chains usually generates 
chains in batch, which must be followed by isomorphism 
identification to eliminate duplicate kinematic chains. 
Isomorphism identification between kinematic chains is one 
of the most fascinating and challenging problems in 
mechanism and has been studied for about 50 years. Many 
attempts have been made in literature to develop reliable and 
computationally efficient tests for isomorphism. Uicker and 
Raicu [1] investigated the properties of the characteristic 
polynomial of the adjacent matrix of a kinematic chain. 
Murthyunjaya and Raghavan [2] applied Bocher’s formula 

for the determination of the characteristic coefficients and 
presented a counter example for the uniqueness of the 
characteristic polynomial. Yan and Hall [3, 4] presented 
rules and theorems by which characteristic polynomial of 
kinematic chain and its coefficients are determined. Yan and 
Hwang [5] defined the linkage path code of a kinematic 
chain. Mruthyunjaya and Balasubramanian [6] worked on 
characteristic polynomial of a vertex-vertex degree matrix; 
they brought light on counter examples. Ambekar and 
Agrawal [7] proposed max code and min code methods for 
the detection of isomorphism. Shin and Krishnamurthy [8] 
presented the standard code theory for the detection of 
isomorphism. Shende and Rao [9] proposed a method based 
on summation polynomials.  Rao and Varadaraju [10] 
defined link Hamming string as an index for testing 
isomorphism. Yadav et. al [11] presented a sequential 
three-step test for isomorphism. Chang et.al [12] presented a 
new method based on eigen values and eigen vectors of 
adjacent matrices of chains. Cubillo and Wan [13] stated the 
necessary and sufficiency conditions of eigenvalues and 
eigenvectors to identity isomorphic chains. Sunkari and 
Schmidt [14] worked on the reliability and efficiency of the 
existing spectral methods. Ding and Huang [15, 16] addresses 
the problem of isomorphism identification by finding a 
unique representation of graphs. Recently Dargar et al. 
presented  methods based on higher adjacency of links of 
kinematic chain [17-21].However with regard to these 
methods, either there is a lack of uniqueness or they take too 
much time to determine the isomorphism among KCs and 
inversions of a KC. Hence, there is a need to develop a 
computationally efficient method. 

Critical study of kinematic chain and mechanism structure 
has revealed that the performance of the joints is affected by 
the degree of links and type of joints. In this paper 
considering these facts a new matrix called as modified 
adjacency matrix is proposed and a new approach based on 
a combination of eigenvalue and eigenvector, as opposed to 
relevant methods in the literature which only make use of 
the eigenvalue is presented to detect isomorphism among 
kinematic chains and to determine the distinct mechanisms 
of a KC.  
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2. Definitions of Terminology 
Following definitions are to be understood clearly before 
applying this method. Various definitions with their 
abbreviations are given below. 
(i) Degree of link: A numerical value for the link, based on 

its connectivity to other links therefore quaternary link has 
degree equal to four and ternary link has degree equal to 
three. 

(ii) Joint value: It is the ratio of summation of degree of all 
the links connected at the joint to the number of links 
connected at the joint (type of joint). it is denoted by Jv and 
computed by Eq.(1). 

Jv= ∑𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷  𝑜𝑜𝑜𝑜  𝑎𝑎𝑎𝑎𝑎𝑎  𝑡𝑡ℎ𝑒𝑒 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛  𝑜𝑜𝑜𝑜  𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  𝑎𝑎𝑎𝑎  𝑡𝑡ℎ𝑒𝑒 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗

             (1) 

(iii) Link value: For a link it is defined as the sum of joint 
values of all the joints of that link. For example the Link 
Values of the link 1 is (2.5 + 2.5 + 2.5 = 7.5) and for link 5 it 
is (3+ 3+ 2.5 = 8.5) of the chain of Fig.1 (a). 

(iv) Modified adjacency matrix: For an n-link KC, it is 
defined as an n x n square matrix whose any ith  and jth 

element Mij is defined as 

[MAM]  = {Mij} n x n,         (2) 

Where  
Mij {= Sum of the link values of adjacent link i and j 

= 0 otherwise} 

   [MAM] =   

⎣
⎢
⎢
⎢
⎡

0 M12 M13 M14 M1n
M21 0 M23 M24 M2n
M31 M32 0 M34 M3n
− − − 0 −

Mn1 Mn2 Mn3 Mn4 0 ⎦
⎥
⎥
⎥
⎤
 

3. Basic Theory 
The characteristic polynomial [1] is generally derived from 
(0, 1) adjacency matrix. The roots of nth order characteristic 
polynomial are the set of n-Eigen values called as Eigen 
spectrum. Many researchers have reported co-spectral 
graphs (the non-isomorphic graphs having same Eigen 
spectrum derived from (0, 1) adjacency matrix). The 
proposed Modified Adjacency Matrix has additional 
information about the link values of adjacent links of a KC. 
Therefore, it is expected that the characteristic polynomial 
and its coefficients will be unique to clearly identify the KC 
and even KC with co-spectral graphs.  

3.1. Test for Isomorphism of Kinematic Chains 

Theorem [22] : Two similar matrices, A and B, have the 

same Eigenvalues. Furthermore, if the similarity 
transformation from A to B is B = P−1AP, then the 
Eigenvectors, X and Y, of A and B respectively are related 
by the equation  

Y = P−1X                   (3) 

Let the two KC are represented by the two similar matrices A 
and B. The Eigenvalues, λ and the Eigenvectors, X, of A 
satisfy the relationship AX = λ X. 
Hence, P−1AX = λ P−1X 
Secondly, using the fact that PP−1 = I, we have P−1AP P−1X = 
λ P−1X, Which may be written (P−1AP) (P-1 X) = (λ P−1X) or 
BY = λ Y, Where  B = P−1AP and Y = P-1 X 
This shows that the Eigenvalues of A are also the 
Eigenvalues of B and that the Eigenvectors of B are of the 
form P-1 X. It means that two kinematic chains are 
isomorphic if and only if Eigenvectors of their Modified 
Adjacency Matrices have the relation of Y = P-1 X. So 
Eigenvalues and Eigenvectors of two isomorphic kinematic 
chains are equal in correspondence.  

3.2. Procedure to Identify Isomorphic Kinematic Chains 

(i) Write down the modified adjacency matrices of kinematic 
chains. 

(ii) Compute the eigenvalues and eigenvectors of modified 
adjacency matrices. 

(iii) Compare the eigenvalues of modified adjacency 
matrices by visual inspection. If the eigenvalues are 
correspondingly equal then go to next step. Otherwise the 
chains are non-isomorphic. 
(iv) Compare the eigenvectors; if the eigenvectors 
corresponding to single eigenvalue of modified adjacency 
matrices are correspondingly equal or prorata, then the 
chains are isomorphic otherwise, the chains are 
non-isomorphic. The procedure is illustrated more clearly 
by the following examples. 

3.3. Procedure to Identify Distinct Mechanisms of a 
Given Kinematic Chain 

(i)Write down the modified adjacency matrix of kinematic 
chain. 
(ii) Compute the eigenvalues and eigenvectors of 
modified adjacency matrix. 
(iii)Compare the eigenvectors; row-wise similarity of 
eigenvectors of corresponding links (without considering 
its sign) gives number of equivalent links and row-wise 
variation of eigenvectors of corresponding links (without 
considering its sign) leads to  number of distinct 
mechanism of given chain.
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4. Application to Kinematic Chains 
Example 1: The first example concerns two KCs with 12 links, 16 joints, single-degree of freedom as shown in Figs.1 (a) and 
1 (b). The task is to examine whether these two KC are isomorphic.  

  

(a)                             (b) 

Figure 1.  Twelve-links single degree of freedom kinematic chains 

For chain of Fig. 1(a) 
Link values of the different Links are; L1= 7.5, L2= 5, L3= 8.5, L4= 9, L5= 8.5, L6= 5, L7= 8.5, L8= 8.5, L9= 9, L10= 5, L11= 8.5, 
L12= 5.  
Modified adjacency matrix: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓

𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟏𝟏𝟏𝟏 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎   𝟎𝟎  𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓

𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

For chain of Fig. 1(b) 
Link values of the different Links are; L1= 8, L2= 5,  L3= 8, L4= 9, L5= 9, L6= 8.5, L7= 8.5, L8= 9, L9= 5, L10= 8, L11= 5, L12= 
5  
Modified adjacency matrix: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏
𝟏𝟏𝟏𝟏 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟑𝟑. 𝟓𝟓 𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎   𝟎𝟎  𝟎𝟎 𝟏𝟏𝟏𝟏. 𝟓𝟓 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟏𝟏𝟏𝟏
𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎
𝟏𝟏𝟏𝟏 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟏𝟏𝟏𝟏 𝟎𝟎 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤
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Table 1.  Eigenvalues and Eigenvectors of chain 1 (a) 

 

Table 2.  Eigenvalues and Eigenvectors of chain 1 (b) 

 

Example 2:  The second example concerns  of two 
kinematic chains with 10 links, 13 joints, single freedom as 
shown in Figs. 2 (a) and 2 (b). The task is to examine whether 
these two chains are isomorphic.  
For chain 2 (a)  
Link values of the different Links are; L1= 12.5, L2= 5.5, L3= 
7.5, L4= 5, L5= 8, L6= 8.5, L7= 9, L8= 5, L9= 5.5, L10= 5.5 
For chain 2(b) 

Link values of the different Links are; L1= 12.5, L2= 5.5, L3= 
7.5, L4= 5, L5= 5, L6= 5, L7= 9, L8= 8.5, L9= 5.5, L10= 5.5  
MATLAB ver.7.2 is used to evaluate the eigenvalues and 
the eigenvectors of modified adjacency matrices. This 
method reports that chain 1 (a) and (b) are non-isomorphic as 
the corresponding eigenvalues, listed in Table 1 and Table 2 
are different for both the chains. The chains 2 (a) and 2 (b) 
are isomorphic as both eigenvalues and eigenvectors listed in 
Table 3 and Table 4, corresponding to single eigenvalue are 
correspondingly equal. Kong and Zhang [23] and Chang et al. 
(2002) also reported the same results, proving reliability of 
this method. 

 
(a)                               (b) 

Figure 2.  Ten Link Three degree of freedom kinematic chains  

Table 3.  Eigenvalues and Eigenvectors of chain 2 (a) 
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Table 4.  Eigenvalues and Eigenvectors of chain 2 (b) 

 

Example 3: This example concerns with 9-links, 11-joints, 
and two -degree of freedom kinematic chain shown in figure 
3. The task is to determine number of possible distinct 
mechanisms of the chain. 

 

Figure 3.  Nine Link Two degree of freedom kinematic chain  

Identification of the distinct mechanisms: Observing the 
row wise similarity of Eigenvectors of corresponding links 
(without considering its sign) listed in Table 5, it is found 
that the links (1, 2), (3, 4), (5, 6) and (7, 8) are equivalent 
links and forms the four distinct mechanism. Link 9 has the 
distinct eigenvectors, forms the fifth distinct mechanism. 
Therefore, 5 distinct mechanisms are obtained from 

kinematic chain shown in figure 3. 

Table 5.  Eigenvalues and Eigenvectors of chain 3 

 

5. Results 
Using the proposed method the number of mechanisms 

derived from the family of 1-F; 6-link, 8-link and 2-F 9 link 
chains are 5, 71 and 254 respectively. These results in 
agreement those reported already in the literature. The 
distinct mechanisms derived from the family of 1-F; 10-link 
1842. 

6. Conclusion 
In this paper, a simple and compact approach has been 

introduced for identification of isomorphism between 
kinematic chains and among inversions of a kinematic chain. 
The proposed method is easy to compute, reliable and 
capable to identifying all distinct mechanisms derived from a 
given kinematic chain and also able to detect the 
isomorphism among the KC having simple joints and even 
the KC with co-spectral graphs. Authors strongly believe 
that this approach provide a new concept on which a new 
identification system can be based. Such a new identification 
system would be extremely selective and would eliminate 
the possibility of duplicate identification for structurally 
different mechanisms. The inherent relation between 
structural invariants and the mechanisms need further study. 
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