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Abstract In this study, we have constructed a
sequence of new positive linear operators with two vari-
able by using Szasz-Mirakyan and Bernstein Operators,
and investigated its approximation properties.
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1 Introduction

Let n € N = {1,2,..} and f € CI[0,1]. The nth
Bernstein polynomial for f is defined by
V=S s (), wepu
’ k=0 "

where
n\ & n—k
P k() = (k)x (1—x)" "%, k=0,1,..,n. (2

The Bernstein polynomials are used for important ap-
plications in the branches of mathematics, for example,
approximation theory, probability theory, number the-
ory, the solution of the integral and differential equations
and the others (e.g. [7, 1, 6, 9]).

For f € C]0,00), the Szasz-Mirakyan operators are

defined by
k
n )

:anyk(x)f x € [0,00), n €N,
k=0
k

(3)

where

ne)
k'

—TLQC(

ank(x) =€ k e NU{0}. (4)
Some approximation properties of S, f can be found in
works [3, 16, 8] and references therein.

Now, taking into account the Bernstein polynomials
and the Szasz-Mirakyan operators, we introduce some

positive linear operators for functions of two variables.

Let D := {(z,y) e R?: 0<2<1,0<y}and C(D)
be the set of the real valued continuous functions on D.
Let us define the operators L,, : C(D) — C(D), n € N,

as follows: for f € C(D) and (z,y) € D,
k' m
f(E2).

Z(Inm Zpuk

where ¢, and p, ) are defined in (4) and (2), re-
spectively, and v := v(m,n) is a natural double se-
quence which is tends to infinity when m,n — oo and
v(0,1) := 1. Tt could be seen easily that the operators
L, are linear and positive. They are called as Szasz-
Mirakyan-Bernstein operators.

For y € [0,00) and f € C(D), let us define the func-
tion f, € C[0,1] by fy(z) := f(x,y). With this nota-
tion, the positive linear operators L, given by (5) can
be written in the form

Lnf(z,y):

zqnm

The function L, f defined by (6) is became the v(0, n)th
Bernstein polynomial for the function fy, on the set
Do :={(z,y) eR?*: 0<x<1,y=0}

Some positive linear operators for the functions of two
variables are introduced and investigated their approx-
imation properties by the authors in [13, 5, 11, 15, 14,
12, 10, 4.

In this study we investigate some approximation prop-
erties of the sequence of positivie linear operators L,
defined by (5) in the space of functions which are con-
tinuous on compact subsets of D, and the order of ap-
proximation by means modulus of continuity.

Lnf(z,y) fr)(@). (6)

2 Some Notations and Awuxiliary
Facts

1. Let D := {(z,y) € R?: 0 <2 <1,0<y}and
C(D) be the set of the real valued continuous functions
on D. We denote by p a weight function on D, that
is, a continuous function on D, p(r) > 1 for each r =
(r,y) € D and lim,| o p(r) = o0, where [|-|| is the
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Euclidean norm. Let B,(D) denote the set of functions
defined on D with the condition |f(r)] < Mp(r) for all
r € D, where M is a constant depending on f, and
C,(D) := C(D)N B,(D). B,(D) and C,(D) are called
weighted function spaces with the norm

[f(z,y)|

[£ll, = sup :
P (z,y)€D p(x,y)

For any nonnegative number R, let Dy := {(z,y) € R? :
0 <z <1,0 <y < R} Letus denote the space of
real valued continuous functions of two variables on Dg
equipped with the uniform norm:

max

x’ i
x| |/ (2, y)]

”fHC(DR) =
by C(DR)
2. The full modulus of continuity of f € C(Dg), is
denoted by w(f;d), § > 0, is defined as follows:

w(f;0) :=max|[f(r1) — f(r2)l, (7)

where the maximum is taken for all r{,r, € Dg with
|r1 —r2|| < 6. The partial modulus of continuity of
f(z,y) € C(Dpr) with respect to x is defined by

wB(f;6) = |f(x1,y) = flz2,9)], (8)

max max
0<y<R|z1—72|<6

and with respect to y is defined by

2)(¢. §) =
w ;0) := max  max
(/39) 0<z<1 |y1—y2|<6
We shall need some well known properties of full and
partial modulus of continuity:

w(f; A6) < (14 Mw(f;9) (10)

for any A > 0. lims_ow(f;0) = 0, when f is uniformly
continuous.

For M > 0 and 0 < o < 1, the class of the functions
f € C(D) satisfying the relation

w(f;0) < Ms*, for all § > 0, (11)

is called a Lipschitz class and denoted by Lip,, ().
3. Let z be fixed point in R. Let us define the moment

functions E; by
Ei(s) == (s — x)", i € No.

Lemma 2.1 (p.14 in [9]) For fized x € [0, 1], we have

X

B, Ey(z) =1; B, Ei(z) =0; B, Es(z) = —;
n

1-22)X 3X?2 X -6X?

B, E3(z) = %5 By Ey(z) = FURL

where X = z(1 — x).

The following lemma follows by the definition of Szasz-
Mirakyan Operators (3),

Lemma 2.2 For fized x € [0,00), we have

SpEo(x) = 1; SpE1(x) = 0; SpEs(x) = %;
x 322 T
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3 Approximation properties of
Ln on C(DR)

Let L, be the positive linear operators defined by
(5) with the condition v = O(m), m — oo, that is,
there exists natural sequences «, and [, such that
an < v/m < B,. In this section we give some classi-
cal approximation properties of the operators L,,. Let
ej, j =0,1,2,3 be the test functions defined by

eo(xay) = 17 61($7y) =,

ea(z,y) ==y, es(z,y) :=2"+y>

By simple calculations, we get the following lemma.

Lemma 3.1 For each n € N, we have

Lne](xvy) = ej($7y)a fO?”j :071727
y e e—ny(ny)m
L, , = , 24+ X _—
es(z,y) es(@,y) + -+ m§:0 -

where X = (1 — x).

The following theorem gives the Baskakov-type theo-
rem (see [2]) to get uniform approximation to the func-
tions in C(Dp) satisfying some additional conditions by
the sequence of the positive linear operators L,,.

Theorem 3.2 For the sequence of positive linear oper-
ators Ly, the convergence

||Ln6] _6]||C(DR) _>07 n—)oo, .] :0717273a (12)
implies that
HLnf*ch(DR) — 0, n — oo, (13)
for all f € C,(D) with p(z,y) =2+ y>.
Proof. Let f € C,(D) with p(z,y) = 2+ y?

and (z,y) € Dg. By the continuity of f at the
point (x,y), for any positive number e, there ex-
ists a number 6 > 0 such that for all (s,t) € D
satisfying \/(sf:c)er(tfy)2 < 0, the inequality
[f(s,t) = f(z,y)] < € holds. Since f € B,(D), there
exists a number M > 0, such that |f(z,y)| < M(2+y?)
for (x,y) € D. Hence, for (s,t) € D satisfying
V(s — )2+ (t —y)2 > 5, we have

|f(s:t) = f(zy)| <
< M

M4 +t2 +4%)
(s—x)*+ (t—y)°
52 ’

where M7 > 0 is a constant depending on f and R.
Therefore, we obtain that for (s,t) € D

(s— 2 +(t -y

|f($,t)*f($,y)|<€+M1 (52

Applying the operators L,, to the last inequality, we get

f(@,y))(z,y)

ey Eneo(z; y) — eo(z, y)|

‘Lnf(invy) - f(x,y)l < Ln(|f(v ) -
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M,
¥ (Lyes(x,y) — 2xLneq(z,y)

—2yLn(€2)(.’E, y) + (.’E +y )Ln60($7y))
+ 1 flle(pp [ Eneo(@, y) — eo(x,y)| -

S 6Ln €0 (l’, y)

By using the assumptions (12), the desired assertion (13)
is proved.

Theorem 3.3 For any f € C,(D) with p(z,y) = 2 +
y?, the sequence {L,(f)} converges uniformly to f on
arbitrary compact subset G of D.

Proof. Without loss of generality, we can assume that
GG = Dpg for some R > 0. Since the sequence of functions

—ny m
{gn}, where ga(z,y) = 2 + (1 - 2) Y0, 52,
converges uniformly to zero on Dpg, the proof is clear

by Lemma 3.1 and Theorem 3.2.

The rates of convergence of the sequence {L, f} to f
by means of full and partial modulus of continuity are
given in the following theorem.

Theorem 3.4 For f € C(Dg), we have

3¢ |,
1Znf = fllowa < 52w (fidns),  (14)
=1
1Znf = Fllopm < 2 w(f30n), (15)

where dp 1 = ﬁ, Sn2 = /% and 6,, = \/@.

Proof. For (x,y) € Dg,

|Lnf(2,y) = fl2,y)] <

niqn,m(y)kz_opu,k(x < ) ‘ (16)

First, using the inequality

£(52) - s < <1+ & 5;2?”) W(f18,2)

1 |k
14 —1|-- W (f;6,
+< +5n71 » x)w (f;6n1)
which is obtained from (10), then applying the Cauchy-
Schwartz inequality, finally, using Lemma 3.1, the in-
equality (16) gives the inequality (14). By similar argu-
ments with the inequality

< e
|3

(Hw’;@uq

we get the inequality (15).

Corollary 3.5 Let f € C(Dg).
a <1, then

If f € Lipu(a), 0 <

3M

[ Ln(f) — fHC(DR) < 755

holds, where d,, is defined in Theorem 3.4.
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3.1 Voronovskaya-Type Theorem

From now on we make the assumption: v(m,n) =
(m+1)n, for all m+1,n € N. Let (x,y) be a fixed point
in R?. Let us define the moment functions E; ; by

Eij(s,t) = (s —a)'(t - y)’,

Using Lemma 2.1 and Lemma 2.2, we get the following

lemma.

ivjENO

Lemma 3.6 Let (x,y) € D\Dy. For each n € N, we

have
LnEoj(z,y) = SnE;(y);
LnEl,j(x7y) = Oa fO?“j S NO;
X
LnE2,O(337y) = @HO(ny);
X 1 (1+ny)?
LnEss(z,y) = —= (y +— = (ny))
ney n neny
3X°? X —6X?
Ln(E4,O)(x7y) = nTHl( ) + n4y HQ(ny)a
where X = x(1 — z) and
Hz)=es S 2" N
s(x)=¢e mz::lm!ms, s € Np.

By simple calculations, it can be obtained that

Hy(x) = o (16

where 1 < ¢y < (s + 1)!, and hence for fized x € (0,00),
limgy s 00 2° Hg(x) = cs.

S

>

m=0

Corollary 3.7 If (z,y) € Dy, then

lim n2Ln(E47o + Eo4)(,

n—r oo

y) = 3z(1 - z)

and, if (x,y) € D\Dy, then

lim n2Ln(E4,0 + E0,4)($7y) = 3y2
n— o0
We shall denote by f;, f;z the partial derivatives of
f. Let us denote the space of functions have continuous
partial derivatives up to order 2 on D, by C%(D).

Theorem 3.8 Suppose that f € C?(D). Then, for
(z,y) € Do, we have
. x(l — J}) 7
and for (z,y) € D\Dy, we have
. y "
Tim 0 (Lof(e) -~ f@o) = L) (19)

Proof. Let (z,y) be a fixed point in D. By the Taylor
formula for f € C?(D), we have
f(87t) = f(x,y) + f;(x,y)(s - 3?) + f?;(a:,y)(t - y)

b3 ) (s — 2+ £y p)(s — )t~ )
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3oyt =)+l )G~ 2 ()

for (s,t) € D, where ¢(-,-,z,y) = ¢ € C(D) and
(x,y) = 0. Thus, we get

Lof(x,y) = f(2,y) + fo(z,y) Lo B o(2,y)

’ 1 "
—|—fy(.17, y)LnEO,l(za y) + §fa:x('r’ y)LnEZO(‘T’ y)

"

]_ "
+fmy(xa y)LnEl,l(xa y) + ifyy(xa y)LnEO,Q(‘T, y)

+L, (111 “Eao+ E0,4) (z,y)

Applying the Cauchy-Schwartz inequality, we have

L, (7/1 “FEap+ E0,4) (x,y)‘ <

(19)

(La@?)(@,9)) " (Lu(Bro + Eoa) o) *. (20)
Theorem 3.4 implies that
lim (L)) (z.9) = ¢2(ey) =0. (21)
Using (21) and Corollary 3.7, we obtain from (20)
Jim nLy (¢ v/Fio+ Foa) (w,y) =0, (22)

Using (22) and Lemma 3.6, we derive (17) and (18) from
(19). Thus the proof is completed.

3.2 Partial Derivatives

Let us assume that v = n(m + 1) in the operators L,
defined by (5).

Theorem 3.9 Let f € CY(D). Then for every (z,y) €
D

t Lo f(2,9) = 1y (.0)

A nf(z,y) = f,(z,y).
Proof Let (x,y) be a fixed point in D. From (5) it follwos
that
(23)

B
@Lnf(%y) = gLng(af,y) —nLyf(z,y)

where g(x,y) := yf(z,y). By the Taylor formula for

f € CY(D), we have

Fs,) = f(,y) + fo(a,9)(s —2) + f, (@, 9)(t = y)

(s, )/ (s — )2 + (t = y)2,

for (s,t) € D, where lim, ¢)_(z,y) ¥(5,1) = (2, y) = 0.
Thus, we get

Lnf(z,y) = f(2,y) + Ln (QP\/E&O + E0,2) (z,9)

and ,
Lng(z,y) = yf(z,y) + %fy(x, Y)

+L, (?ﬂEo,l VE2 0+ Eoz) (z,y)
+yLy, (l/J\/ Eyo + Eo,z) (x,y).
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Using these equations we can rewrite (23) as

0

fy;(iﬂ, y) + SLn (¢E0,1 VE20+ E0,2) (x,y)  (24)

The proof is completed by showing that the last term of
the right hand of (24) tends to zero when n — co. By
Cauchy-Schwartz Inequality it follows that

‘Ln (d’Eo,l vV E2 o+ E0,2> (z,y)’ <

1/2

(Lo (02) (2,9)) """ (L (B2 + Eoa) (2,9)) 7.

Since by Lemma 3.6

lim n?L, (B2 + Eo4) (z,y) = 3y

n—oo

and by (15)

lim L, (¥°) (z,y) = ¢*(2,y) = 0,

n—oo
then we have desired result.
Remark 3.10 The method of the proof of the Theo-

rem 3.9 does not work to prove of convergence of partial
derivative of Ly f with respect to x.
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