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Abstract In this study, we have constructed a
sequence of new positive linear operators with two vari-
able by using Szasz-Mirakyan and Bernstein Operators,
and investigated its approximation properties.
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1 Introduction

Let n ∈ N = {1, 2, ...} and f ∈ C[0, 1]. The nth
Bernstein polynomial for f is defined by

Bnf(x) :=
n∑

k=0

pn,k(x)f

(
k

n

)
, x ∈ [0, 1], (1)

where

pn,k(x) :=

(
n

k

)
xk(1− x)n−k, k = 0, 1, ..., n. (2)

The Bernstein polynomials are used for important ap-
plications in the branches of mathematics, for example,
approximation theory, probability theory, number the-
ory, the solution of the integral and differential equations
and the others (e.g. [7, 1, 6, 9]).

For f ∈ C[0,∞), the Szasz-Mirakyan operators are
defined by

Snf(x) :=
∞∑
k=0

qn,k(x)f

(
k

n

)
, x ∈ [0,∞), n ∈ N, (3)

where

qn,k(x) := e−nx (nx)
k

k!
, k ∈ N ∪ {0}. (4)

Some approximation properties of Snf can be found in
works [3, 16, 8] and references therein.

Now, taking into account the Bernstein polynomials
and the Szasz-Mirakyan operators, we introduce some
positive linear operators for functions of two variables.

Let D := {(x, y) ∈ R2 : 0 ≤ x ≤ 1, 0 ≤ y} and C(D)
be the set of the real valued continuous functions on D.
Let us define the operators Ln : C(D) → C(D), n ∈ N,
as follows: for f ∈ C(D) and (x, y) ∈ D,

Lnf(x, y) :=

∞∑
m=0

qn,m(y)

ν∑
k=0

pν,k(x)f

(
k

ν
,
m

n

)
, (5)

where qn,m and pν,k are defined in (4) and (2), re-
spectively, and ν := ν(m,n) is a natural double se-
quence which is tends to infinity when m,n → ∞ and
ν(0, 1) := 1. It could be seen easily that the operators
Ln are linear and positive. They are called as Szasz-
Mirakyan-Bernstein operators.
For y ∈ [0,∞) and f ∈ C(D), let us define the func-

tion fy ∈ C[0, 1] by fy(x) := f(x, y). With this nota-
tion, the positive linear operators Ln given by (5) can
be written in the form

Lnf(x, y) :=
∞∑

m=0

qn,m(y)Bν(fm
n
)(x). (6)

The function Lnf defined by (6) is became the ν(0, n)th
Bernstein polynomial for the function f0, on the set
D0 := {(x, y) ∈ R2 : 0 ≤ x ≤ 1, y = 0}.
Some positive linear operators for the functions of two

variables are introduced and investigated their approx-
imation properties by the authors in [13, 5, 11, 15, 14,
12, 10, 4].
In this study we investigate some approximation prop-

erties of the sequence of positivie linear operators Ln

defined by (5) in the space of functions which are con-
tinuous on compact subsets of D, and the order of ap-
proximation by means modulus of continuity.

2 Some Notations and Auxiliary
Facts

1. Let D := {(x, y) ∈ R2 : 0 ≤ x ≤ 1, 0 ≤ y} and
C(D) be the set of the real valued continuous functions
on D. We denote by ρ a weight function on D, that
is, a continuous function on D, ρ(r) ≥ 1 for each r =
(x, y) ∈ D and lim∥r∥→∞ ρ(r) = ∞, where ∥·∥ is the
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Euclidean norm. Let Bρ(D) denote the set of functions
defined on D with the condition |f(r)| ≤ Mρ(r) for all
r ∈ D, where M is a constant depending on f , and
Cρ(D) := C(D) ∩ Bρ(D). Bρ(D) and Cρ(D) are called
weighted function spaces with the norm

∥f∥ρ := sup
(x,y)∈D

|f(x, y)|
ρ(x, y)

.

For any nonnegative number R, let DR := {(x, y) ∈ R2 :
0 ≤ x ≤ 1, 0 ≤ y ≤ R}. Let us denote the space of
real valued continuous functions of two variables on DR

equipped with the uniform norm:

∥f∥C(DR) := max
(x,y)∈DR

|f(x, y)| ,

by C(DR).
2. The full modulus of continuity of f ∈ C(DR), is

denoted by ω(f ; δ), δ ≥ 0, is defined as follows:

ω(f ; δ) := max |f(r1)− f(r2)| , (7)

where the maximum is taken for all r1, r2 ∈ DR with
∥r1 − r2∥ ≤ δ. The partial modulus of continuity of
f(x, y) ∈ C(DR) with respect to x is defined by

ω(1)(f ; δ) := max
0≤y≤R

max
|x1−x2|≤δ

|f(x1, y)− f(x2, y)| , (8)

and with respect to y is defined by

ω(2)(f ; δ) := max
0≤x≤1

max
|y1−y2|≤δ

|f(x, y1)− f(x, y2)| . (9)

We shall need some well known properties of full and
partial modulus of continuity:

ω(f ;λδ) ≤ (1 + λ)ω(f ; δ) (10)

for any λ ≥ 0. limδ→0 ω(f ; δ) = 0, when f is uniformly
continuous.
For M > 0 and 0 < α ≤ 1, the class of the functions

f ∈ C(D) satisfying the relation

ω(f ; δ) ≤Mδα, for all δ ≥ 0, (11)

is called a Lipschitz class and denoted by LipM (α).
3. Let x be fixed point in R. Let us define the moment

functions Ei by

Ei(s) := (s− x)i, i ∈ N0.

Lemma 2.1 (p.14 in [9]) For fixed x ∈ [0, 1], we have

BnE0(x) = 1; BnE1(x) = 0; BnE2(x) =
X

n
;

BnE3(x) =
(1− 2x)X

n2
; BnE4(x) =

3X2

n2
+
X − 6X2

n3
,

where X = x(1− x).

The following lemma follows by the definition of Szasz-
Mirakyan Operators (3),

Lemma 2.2 For fixed x ∈ [0,∞), we have

SnE0(x) = 1; SnE1(x) = 0; SnE2(x) =
x

n
;

SnE3(x) =
x

n2
; SnE4(x) =

3x2

n2
+

x

n3
.

3 Approximation properties of
Ln on C(DR)

Let Ln be the positive linear operators defined by
(5) with the condition ν = O(m), m → ∞, that is,
there exists natural sequences αn and βn such that
αn ≤ ν/m ≤ βn. In this section we give some classi-
cal approximation properties of the operators Ln. Let
ej , j = 0, 1, 2, 3 be the test functions defined by

e0(x, y) := 1, e1(x, y) := x,

e2(x, y) := y, e3(x, y) := x2 + y2.

By simple calculations, we get the following lemma.

Lemma 3.1 For each n ∈ N, we have

Lnej(x, y) = ej(x, y), for j = 0, 1, 2,

Lne3(x, y) = e3(x, y) +
y

n
+X

∞∑
m=0

e−ny(ny)m

m!ν
.

where X = x(1− x).

The following theorem gives the Baskakov-type theo-
rem (see [2]) to get uniform approximation to the func-
tions in C(DR) satisfying some additional conditions by
the sequence of the positive linear operators Ln.

Theorem 3.2 For the sequence of positive linear oper-
ators Ln, the convergence

∥Lnej − ej∥C(DR) → 0, n→ ∞, j = 0, 1, 2, 3, (12)

implies that

∥Lnf − f∥C(DR) → 0, n→ ∞, (13)

for all f ∈ Cρ(D) with ρ(x, y) = 2 + y2.

Proof. Let f ∈ Cρ(D) with ρ(x, y) = 2 + y2

and (x, y) ∈ DR. By the continuity of f at the
point (x, y), for any positive number ϵ, there ex-
ists a number δ > 0 such that for all (s, t) ∈ D
satisfying

√
(s− x)2 + (t− y)2 < δ, the inequality

|f(s, t)− f(x, y)| < ϵ holds. Since f ∈ Bρ(D), there
exists a number M > 0, such that |f(x, y)| ≤M(2+ y2)
for (x, y) ∈ D. Hence, for (s, t) ∈ D satisfying√
(s− x)2 + (t− y)2 ≥ δ, we have

|f(s, t)− f(x, y)| ≤ M(4 + t2 + y2)

≤ M1
(s− x)2 + (t− y)2

δ2
,

where M1 > 0 is a constant depending on f and R.
Therefore, we obtain that for (s, t) ∈ D

|f(s, t)− f(x, y)| < ϵ+M1
(s− x)2 + (t− y)2

δ2
.

Applying the operators Ln to the last inequality, we get

|Lnf(x, y)− f(x, y)| ≤ Ln(|f(., .)− f(x, y)|)(x, y)

+ ∥f∥C(DR) |Lne0(x, y)− e0(x, y)|



Mathematics and Statistics 1(3): 167-171, 2013 169

≤ ϵLne0(x, y) +
M1

δ2
(Lne3(x, y)− 2xLne1(x, y)

−2yLn(e2)(x, y) + (x2 + y2)Lne0(x, y))

+ ∥f∥C(DR) |Lne0(x, y)− e0(x, y)| .

By using the assumptions (12), the desired assertion (13)
is proved.

Theorem 3.3 For any f ∈ Cρ(D) with ρ(x, y) = 2 +
y2, the sequence {Ln(f)} converges uniformly to f on
arbitrary compact subset G of D.

Proof. Without loss of generality, we can assume that
G = DR for some R ≥ 0. Since the sequence of functions

{gn}, where gn(x, y) := y
n + x(1 − x)

∑∞
m=0

e−ny(ny)m

m!ν ,
converges uniformly to zero on DR, the proof is clear
by Lemma 3.1 and Theorem 3.2.

The rates of convergence of the sequence {Lnf} to f
by means of full and partial modulus of continuity are
given in the following theorem.

Theorem 3.4 For f ∈ C(DR), we have

∥Lnf − f∥C(DR) ≤
3

2

2∑
i=1

ω(i)(f ; δn,i), (14)

∥Lnf − f∥C(DR) ≤
3

2
ω(f ; δn), (15)

where δn,1 = 1√
n
, δn,2 =

√
4R
n and δn =

√
4R+1

n .

Proof. For (x, y) ∈ DR,

|Lnf(x, y)− f(x, y)| ≤
∞∑

m=0

qn,m(y)
ν∑

k=0

pν,k(x)

∣∣∣∣f (kν , mn
)
− f(x, y)

∣∣∣∣ . (16)

First, using the inequality∣∣∣∣f (kν , mn
)
− f(x, y)

∣∣∣∣ ≤
(
1 +

∣∣m
n − y

∣∣
δn,2

)
ω(2)(f ; δn,2)

+

(
1 +

1

δn,1

∣∣∣∣kν − x

∣∣∣∣)ω(1)(f ; δn,1)

which is obtained from (10), then applying the Cauchy-
Schwartz inequality, finally, using Lemma 3.1, the in-
equality (16) gives the inequality (14). By similar argu-
ments with the inequality∣∣∣∣f (kν , mn

)
− f(x, y)

∣∣∣∣ ≤(
1 +

1

δn

√
(
k

ν
− x)2 + (

m

n
− y)2

)
ω(f ; δn),

we get the inequality (15).

Corollary 3.5 Let f ∈ C(DR). If f ∈ LipM (α), 0 <
α ≤ 1, then

∥Ln(f)− f∥C(DR) ≤
3M

2
δαn

holds, where δn is defined in Theorem 3.4.

3.1 Voronovskaya-Type Theorem

From now on we make the assumption: ν(m,n) =
(m+1)n, for all m+1, n ∈ N. Let (x, y) be a fixed point
in R2. Let us define the moment functions Ei,j by

Ei,j(s, t) := (s− x)i(t− y)j , i, j ∈ N0

Using Lemma 2.1 and Lemma 2.2, we get the following
lemma.

Lemma 3.6 Let (x, y) ∈ D\D0. For each n ∈ N, we
have

LnE0,j(x, y) = SnEj(y);

LnE1,j(x, y) = 0, for j ∈ N0;

LnE2,0(x, y) =
X

n2y
H0(ny);

LnE2,2(x, y) =
X

n3y

(
y +

1

n
− (1 + ny)2

neny

)
Ln(E4,0)(x, y) =

3X2

n3y
H1(ny) +

X − 6X2

n4y
H2(ny),

where X = x(1− x) and

Hs(x) = e−x
∞∑

m=1

xm

m!ms
, s ∈ N0.

By simple calculations, it can be obtained that

Hs(x) =
cs
xs

(
1− ex

s∑
m=0

xm

m!

)

where 1 ≤ cs ≤ (s+ 1)!, and hence for fixed x ∈ (0,∞),
limx→∞ xsHs(x) = cs.

Corollary 3.7 If (x, y) ∈ D0, then

lim
n→∞

n2Ln(E4,0 + E0,4)(x, y) = 3x(1− x)

and, if (x, y) ∈ D\D0, then

lim
n→∞

n2Ln(E4,0 + E0,4)(x, y) = 3y2.

We shall denote by f
′

x, f
′′

xx the partial derivatives of
f . Let us denote the space of functions have continuous
partial derivatives up to order 2 on D, by C2(D).

Theorem 3.8 Suppose that f ∈ C2(D). Then, for
(x, y) ∈ D0, we have

lim
n→∞

n (Lnf(x, y)− f(x, y)) =
x(1− x)

2
f

′′

xx(x, y), (17)

and for (x, y) ∈ D\D0, we have

lim
n→∞

n (Lnf(x, y)− f(x, y)) =
y

2
f

′′

yy(x, y)). (18)

Proof. Let (x, y) be a fixed point in D. By the Taylor
formula for f ∈ C2(D), we have

f(s, t) = f(x, y) + f
′

x(x, y)(s− x) + f
′

y(x, y)(t− y)

+
1

2
f

′′

xx(x, y)(s− x)2 + f
′′

xy(x, y)(s− x)(t− y)
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+
1

2
f

′′

yy(x, y)(t− y)2 + ψ(s, t, x, y)
√
(s− x)4 + (t− y)4,

for (s, t) ∈ D, where ψ(·, ·, x, y) = ψ ∈ C(D) and
ψ(x, y) = 0. Thus, we get

Lnf(x, y) = f(x, y) + f
′

x(x, y)LnE1,0(x, y)

+f
′

y(x, y)LnE0,1(x, y) +
1

2
f

′′

xx(x, y)LnE2,0(x, y)

+f
′′

xy(x, y)LnE1,1(x, y) +
1

2
f

′′

yy(x, y)LnE0,2(x, y)

+Ln

(
ψ ·
√
E4,0 + E0,4

)
(x, y) (19)

Applying the Cauchy-Schwartz inequality, we have∣∣∣Ln

(
ψ ·
√
E4,0 + E0,4

)
(x, y)

∣∣∣ ≤
(
Ln(ψ

2)(x, y)
)1/2

(Ln(E4,0 + E0,4)(x, y))
1/2

. (20)

Theorem 3.4 implies that

lim
n→∞

(
Ln(ψ

2)(x, y))
)
= ψ2(x, y) = 0. (21)

Using (21) and Corollary 3.7, we obtain from (20)

lim
n→∞

nLn

(
ψ ·
√
E4,0 + E0,4

)
(x, y) = 0. (22)

Using (22) and Lemma 3.6, we derive (17) and (18) from
(19). Thus the proof is completed.

3.2 Partial Derivatives

Let us assume that ν = n(m+ 1) in the operators Ln

defined by (5).

Theorem 3.9 Let f ∈ C1(D). Then for every (x, y) ∈
D

lim
n→∞

∂

∂y
Lnf(x, y) = f

′

y(x, y).

Proof Let (x, y) be a fixed point inD. From (5) it follwos
that

∂

∂y
Lnf(x, y) =

n

y
Lng(x, y)− nLnf(x, y) (23)

where g(x, y) := yf(x, y). By the Taylor formula for
f ∈ C1(D), we have

f(s, t) = f(x, y) + f
′

x(x, y)(s− x) + f
′

y(x, y)(t− y)

+ψ(s, t)
√
(s− x)2 + (t− y)2,

for (s, t) ∈ D, where lim(s,t)→(x,y) ψ(s, t) = ψ(x, y) = 0.
Thus, we get

Lnf(x, y) = f(x, y) + Ln

(
ψ
√
E2,0 + E0,2

)
(x, y)

and
Lng(x, y) = yf(x, y) +

y

n
f

′

y(x, y)

+Ln

(
ψE0,1

√
E2,0 + E0,2

)
(x, y)

+yLn

(
ψ
√
E2,0 + E0,2

)
(x, y).

Using these equations we can rewrite (23) as

∂

∂y
Lnf(x, y) =

f
′

y(x, y) +
n

y
Ln

(
ψE0,1

√
E2,0 + E0,2

)
(x, y) (24)

The proof is completed by showing that the last term of
the right hand of (24) tends to zero when n → ∞. By
Cauchy-Schwartz Inequality it follows that∣∣∣Ln

(
ψE0,1

√
E2,0 + E0,2

)
(x, y)

∣∣∣ ≤
(
Ln

(
ψ2
)
(x, y)

)1/2
(Ln (E2,2 + E0,4) (x, y))

1/2
.

Since by Lemma 3.6

lim
n→∞

n2Ln (E2,2 + E0,4) (x, y) = 3y2

and by (15)

lim
n→∞

Ln

(
ψ2
)
(x, y) = ψ2(x, y) = 0,

then we have desired result.

Remark 3.10 The method of the proof of the Theo-
rem 3.9 does not work to prove of convergence of partial
derivative of Lnf with respect to x.

REFERENCES

[1] G. J. Babu, A. Canty, Y. Chaubey. Application
of Bernstein polynomials for smooth estimation of
a distribution and density function, J. Stat.Plann.
Inference Vol. 105 No.2 377-392.

[2] V. V. Baskakov. On a construction of converging
sequences of linear positive operators, Studies od
modern problems of Constructive Theory of Functions
(1961) 314-318.

[3] M. Becker, Global approximation theorems for Szasz-
Mirakyan and Baskakov operators in polynomial weight
spaces, Indiana Univ. Math. J. Vol.27 No.1, 127-142.

[4] I. Buyukyazici, E. Ibikli. The approximation por-
perties of generalized Bernstein Polynomials of two
variables, Appl. Math. Comput. Vol.156 (2004) 367-380.

[5] A. D. Gadjiev. Positive linear operators in weighted
spaces of function of several variables, Izv.Akad. Nauk
Azerbaidjan, SSR Ser.Fiz-Tek. Mat. Nauk Vol.1 No.4,
32-37.

[6] C. W. Groetsch, J. T. King. The Bernstein Polynomi-
als and finite differences, Math. Mag. Vol.46 (1973),
280-282.

[7] C. Heitzinger, S. Selberherr. Optimization for TCAD
purposes using Bernstein polynomials, Proceeding
SISPAD 2001 Conf. 420-423, 2002.



Mathematics and Statistics 1(3): 167-171, 2013 171

[8] T. Hermann. On the Szasz-Mirakyan operator, Acta
Math. Acad. Sci. Hun. Vol.32 No.1-2, 163-173.

[9] G. G. Lorentz. Bernstein Polynomials, Toronto, 1953.

[10] L. Rempulska, S Graczyk. On Generalized Szasz-
Mirakyan Operators of functions of two variables,
Math. Slovaca. Vol.62 No.1, 87-98.

[11] D. D. Stancu. A new class of uniform approximating
polynomial operators in two and several variables,
Prooc. of Conf. on the Constr. Theory of Func. (Ap-
proximation Theory, Budapest,1969), 443-455, 1972.

[12] F. Tasdelen, A. Olgun, G. B. Tunca. Approximation
of functions of two variables by certain linear positive
operators, Proc. Indian Acad. Sci. Vol.117 No.3,
387-399.

[13] V. I. Volkov. On the convergence of sequences of linear
positive operators in the space of two variables, Dokl.
Akad. Nauk. SSSR (N.S.) Vol. 115(1957), 17-19.

[14] Z. Walczak. Approximation properties of certain linear
positive operators in exponential weighted spaces of
functions of two variables, Acta Univ. Palacki. Olo-
muc., Fac. rer. nat., Mathematica Vol.42(2003) 131-138.

[15] Z. Walczak. Approximation of functions of two vari-
ables by some linear positive operators, Acta Math.
Univ. Comenianae, LXXIV(1) 37-48, 2005.

[16] D. X. Zhou. Weighted approximation by Szasz-
Mirakyan operators, J. Approx. Th. Vol.76 No.3, 393-
402.


