Mathematics and Statistics 1(3): 119-134, 2013
DOI: 10.13189/ms.2013.010304

http://www.hrpub.org

LYAPUNOV EXPONENTS AND LARGE DEVIATIONS
ANALYSIS OF EIGENFUNCTIONS IN ANDERSON
MODELS ON GRAPHS

VICTOR CHULAEVSKY

DEPARTEMENT DE MATHEMATIQUES UNIVERSITE DE REIMS, MOULIN DE LA HOUSSE, B.P. 1039 51687 REIMS
CEDEX 2, FRANCE
*CORRESPONDING AUTHOR: VICTOR.TCHOULAEVSKIQUNIV-REIMS.FR

COPYRIGHT (©2013 HORIZON RESEARCH PUBLISHING ALL RIGHTS RESERVED.

Abstract We propose a new probabilistic approach
to the analysis of decay of the Green’s functions and the
eigenfunctions of the Anderson Hamiltonians on count-
able graphs. Our method is close in spirit to the Frac-
tional Moment Method, but we show how the use of the
fractional moments can be avoided, so that exponen-
tial decay of the Green’s functions can be established in
some models where the fractional moments diverge, due
to low regularity of the random potential. We elucidate
the exceptional role of the Holder continuity condition,
usual in the FMM, in terms of Cramer’s condition in
the large deviations problem for a suitably constructed
rigorous path expansion.

Keywords Anderson Localization, Schur Comple-
ment, Large Deviations Estimates

1. INTRODUCTION. DECOUPLING TECHNIQUES IN THE
LOCALIZATION THEORY

We consider random Anderson Hamiltonians on lo-
cally finite countable graphs G, endowed with the canon-
ical graph distance d(-,-), of the form!

(H(w)y) (x) = (eAgp)(x) + V(z;w) ()
> e(ly) - () + V(wsw)(x)

y:d(z,y)=1

where Ag is the canonical graph Laplacian on G, V :
G xQ — Ris an IID random field on G relative to some
probability space (2,F,P), and € > 0 is a parameter; in
fact, e~ measures the amplitude of the disorder.

Starting from the very first mathematical works (cf.
[17, 18, 29, 13]) on Anderson localization in multidimen-
sional random environment, the analysis of the decay
properties of the Green’s functions ( = matrix elements
of the resolvent in a suitable basis) was carried out with
the help of one or another decoupling technique, allowing
to effectively decompose a large (ultimately, infinite) sys-
tem into smaller subsystems. This was less pronounced
in [17, 18], but even there the multiscale approach re-
ferred to the local Hamiltonians in the subsystems of
finite size. In the reformulation of the Multi-Scale Anal-
ysis (MSA) performed in [29, 13] and later works, the

We write the kinetic energy as €A only to avoid more cum-
bersome factors (—e¢) in our formulae.
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entire inductive procedure was based on the analysis of
the resolvents of the finite-dimensional subsystems. The
main tool of such analysis is the well-known second re-
solvent equation. The drawback of this technique is the
necessity to keep track of the ”resonances”, or ”small
denominators”, occuring in the inductively treated fi-
nite (but growing) subsystems. The MSA has become
by now a powerful method — or, rather, family of meth-
ods — successfully applied to a very large class of An-
derson models in discrete media (such as periodic lat-
tices or, more generally, countable graphs with tempered
rate of growth of balls) and continuous media (including
those in Euclidean spaces and in the so-called ”quan-
tum graphs”). However, the above mentioned drawback
is still prohibiting the application of the MSA to the
graphs with exponential growth of balls, including the
non-degenerate Cayley trees.

A important step forward has been made in 1993 by
Aizenman and Molchanov [2] who proposed a different
approach, based on the complete decoupling of the frac-
tional moments of the Green’s functions in small subsys-
tems of a larger system. Initially applied to the strongly
disordered systems, and having to rely on the Simon-—
Wolff criterion of localization [31] for the proof of spec-
tral localization (a.s. pure point spectrum), this tech-
nique, known today as the Fractional Moment Method
(FMM) has been improved and generalized in a series of
works by Aizenman et al. (cf. e.g., [3, 5, 4]).

Compared to the MSA, the FMM is much less sensi-
tive to the combinatorial complexity of the underlying
graph? Z in which the Anderson localization problem
is considered; most notably, FMM applies with no diffi-
culty to the graphs with exponential growth of the vol-
ume of balls, including the regular trees. The reverse
of the medal is the FMM’s greater sensitivity to the
regularity of the probability distribution of the random
potential. Specifically, the key objects of the FMM, the
expectations of some fractional power s € (0,1) of the
Green’s functions, are well-defined under the assumption
of Hélder-continuity of the marginal probability distri-
bution of the random potential. In the framework of
the FMM, this comes as a matter-of-fact constatation;
since the method simply stops working for less regular
random potentials, the analysis of the role of the Holder
continuity also stops there.

2In the present paper, we focus on the discrete models.
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On the other hand, the MSA excels in the situations
where the random potential has an extremely poor mar-
ginal distribution (most notably, the Anderson—Bernoulli
model in R?; cf. [9]). Joint efforts by Germinet—Klein
and Aizenman—Warzel resulted recently in a remarkable
improvement of the celebrated Wegner estimate [6] and,
ultimately, in the proof of Anderson localization in Eu-
clidean space with alloy-type potential with any nontriv-
tal probability distribution of the scatterers’ amplitudes
(cf. [22]). (The lattice counterpart of this model remains
a challenging open problem).

In the present work, we elucidate the deep reasons for
the exceptional role of the Hélder continuity in the mo-
ment analysis of the Anderson Hamiltonians: it can be
interpreted as Cramer’s condition in a related large de-
viations analysis, appearing in a special, rigorous path
expansion for the Green’s functions. In the theory of
the Large Deviations Estimates® (LDE), the crucial role
of Cramer’s condition is well-known. It is also well-
understood how weaker LDE can be obtained under
weaker assumptions on the tail probabilities of the ran-
dom (e.g., IID = independent and identically distributed)
summands. In our approach, the role of these summands
is played by the logarithms of the Green’s functions.
An advantage of this language is that the logarithms
can have finite moments of any given order under a
very weak assumption of log-Ho6lder (and not necessarily
Holder) continuity of the marginal probability distribu-
tion of the potential.

Although the path expansions used in our paper, and
originating in earlier works [5, 23, 30, 32], do not solve
all problems appearing in the moment analysis when
only a relatively low regularity is assumed, they clearly
evidence that there is much more place for the ergodic
theory in the localization analysis than there used to
be, even beyond the particular class of trees, starting
with the one-dimensional lattice Z', where one or an-
other variant of the transfer-operator can be employed.
Basically, the two most important implications of the
underlying ergodicity in general multi-dimensional me-
dia used so far were

e the a.s.-non-randomness of the spectrum and of
its components (a.c., s.c. and p.p. spectra);

e the large deviations estimates in the framework
of the ”Lifshitz tails”, resulting in the non-per-
turbative (holding for an arbitrarily small ampli-
tude of the disorder) result on localization near
the spectral edges.

From the analytic perspective, the properly construc-
ted path expansions allow to achieve a rigorous decou-
pling of a large system into smaller subsystems before
any probabilistic estimates are made; by comparison,
the AM/FMM techniques achieve the efficient decou-
pling only in the expectations (fractional moments), and
the latter may or may not exist.

Aiming at the decay bounds on the eigenfunction cor-
relators, we also have to turn, at some point, to the ex-
pectations, but an important distinction from the gen-
eral FMM strategy is that we calculate the expectations

3Note that Aizenman and Warzel (cf., e.g., [8] and references
therein) used the large deviations estimates in their deep analysis
of the delocalization phenomena on trees, under the assumption
of Lipschitz continuity of the IID random potential.

of the eigenfunction correlators, e.g.,
{0z | Pr(H(w)) [ dy),

where P; is the spectral projection on some interval
I C R, and these quantities are bounded (by 1), while
the Green’s functions are not. (This important fact has
been pointed out in numerous works on the FMM tech-
niques.) Therefore, one can achieve a satisfactory upper
bound on the eigenfunction correlators, even if the re-
lated estimates on the Green’s functions are obtained
only with high probability. In the FMM approach, the
convergence of the fractional moments is a sine qua non
condition.

In a way, our approach compared to the FMM re-
minds the Cheshire cat’s smile: it can be considered
as the Fractional Moment Method ... possibly without
fractional moments; the latter may appear in a disguised
form — in the Cramer’s condition, if and when it is ful-
filled.

I would like to summarize the above discussion by
saying the following:

e First, the main point of the new approach, build-
ing on and further developing the moment anal-
ysis and the path expansions used earlier (cf.
[2, 5, 23]), is that the decoupling is to be per-
formed as early as possible in the analysis of the
resolvents, while the use of expectations, on the
contrary, has to be postponed to the latest pos-
sible stage.

e Secondly, in the main body of the decay anal-
ysis of the resolvents, the powerful techniques
of the ergodic theory should (and, as we show,
can, at least in some classes of models) be used
more systematically, to obtain the key estimates
in probability, when their counterparts in expec-
tation are not available.

The initial motivation for this work was an attempt
to find a method capable to “interpolate” between the
MSA and the FMM. The technique presented here os-
tensibly gravitates toward the AM/FMM approach, but
the remaining difficulties might require a more substan-
tial use of the general MSA’s philosophy.

In this paper, we focus mainly on the positivity of
the ”Lyapunov exponents” (= decay exponents of the
Green’s functions), in the perspective of its application
to the analysis of eigenfunction correlators (cf. Section
4). As to spectral localization, it is discussed only in
passing (cf. subsection 4.2).

The derivation of the localization bounds from the
fixed-energy analysis can be done (and has been done in
the past) in different ways. Recall that Martinelli and
Scoppola [26] proved the absence of the a.c. spectrum
on a lattice under the assumption of fast decay of the
Green’s functions. Their argument, based on the Cheby-
shev inequality in the energy-disorder product space, has
been further developed and used, e.g., by Bourgain and
Kenig [9], where it is a part of an elaborate, all-in-on
scaling procedure, and, in a more distinctly encapsu-
lated form, by Elgart et al. [15]. This allows to easily
transform the fixed-energy estimates into their energy-
interval counterparts. As to the spectral localization, it
was derived from the energy-interval estimates for the
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Green’s functions by Frohlich et al. [18] and, in a mod-
ified way, by von Dreifus and Klein [13]. Dynamical
localization was inferred from the energy-interval esti-
mates by Germinet-De Bievre [20] and by Damanik-
Stollmann [12] (in a stronger form). A particularly short
and transparent derivation was developed by Germinet
and Klein [21], and we use their approach (with minor
adaptations) in Section 4.

The passage from the Lyapunov exponents to the lo-
calization is not automatic, however. The two most
spectacular counterexamples are provided by the ran-
dom Anderson model on a non-degenerate (not one-
dimensional) Cayley tree, and by the quasi-periodic Al-
most Mathieu (a.k.a. Harper’s) operator in Z! in the
strong disorder regime. In the former model, the expo-
nential decay of the Green’s functions can be insufficient
to overcome the exponential growth of the spheres of ra-
dius L — oo, while in the latter the spectrum may be
purely singular continuous, due to a result by Gordon
[19], if the basic frequency is abnormally fast approxi-
mated by rational numbers. Nevertheless, we prefer to
address in this paper mainly the Lyapunov exponents.

The structure of the paper is as follows:

(1) The main path (“slim wormhole”) expansion is
introduced in Section 2 and further developed in
Section 3. It appeared earlier in [23] (and less
explicitly, in [5]). See also recent works [30], [32].
Unlike [23], we derive it from the Schur comple-
ment formula, without the loop elimination in
the formal random walk expansion.

(2) Some other expansions are discussed in Section
5. In particular, we propose the “fat” version of
the wormhole expansion, not considered in [23],
and a more promising “sandwiched” expansion.

(3) In Section 3, we employ the “slim wormhole”
expansions and standard methods of the large
deviations analysis to prove exponential decay
of Green’s functions for Anderson Hamiltonians
on various types of locally finite graphs.

(4) The derivation of spectral and dynamical local-
ization from the positivity of “Lyapunov expo-
nents” is discussed in Section 4, where we follow
essentially the works by Elgart et al. [15] and
Germinet—Klein [21].

(5) The large deviations estimates used in the main
text are proven in Appendix.

2. SCHUR FORMULA AND WORMHOLE EXPANSIONS

2.1. Schur formula for block-inversion. The algo-
rithm for inverting a finite-dimensional matrix repre-
sented in a block form has many names; an enlightening
discussion of its amazing story can be found, e.g., in
the book [34]. In the physical literature, particularly
in quantum chemistry and ab initio numerical meth-
ods thereof, one usually refers to the Feshbach (—Fano)
method. Since we are going to apply this method only to
finite-dimensional operators, we refer to it as the Schur
method (cf. [28]).

The popularity of the Feshbach method in physics,
makes it — today! — quite surprising that it had not been

121

used in the early physical papers on the Anderson local-
ization. A more problematic, perturbative path expan-
sion, employed already in the seminal paper [1] by P. W.
Anderson, results in a much more perilous journey to-
wards the proof of localization, even for the fixed-energy
Green’s functions. There seems to be no obstacle for
using a regularized, well-defined self-avoiding path ex-
pansion stemming from the Schur—Feshbach approach,
which can even be finite yet provide all information a
physicist may need, while satisfying the most rigorous
mathematician.

For a block matrix, which need not be real-symmetric
or Hermitian, one has

A B\ "
C D
~M*BD™! )

-D-'CMy' D'+ D7 'CM;'BD!
(2.1)
where M is the so-called Schur complement of D:

M =A-BD!'C,

provided that the matrices D and A — BD~'C are in-
vertible. Naturally, in the case of Hermitian matrices,
A*=A, D*=D and B* =C.

2.2. The case rank A = 1. Consider a finite connected
graph G, the graph Laplacian A = Ag associated with
it, and a function V : G — R. Explicitly,

(AP = D (f=) - f)

y€S1(x)
=ng(a)— Y f(y)
y€S1(x)
where ng(x) = [Si(x)]| is called the coordination num-

ber (the number of the nearest neighbors) of the point
x in the graph G. Introduce the discrete Schrodinger
operator H = eA + gV, and its matrix in the standard
delta-basis in ¢?(G). The parameter ¢ > 0 is often re-
ferred to as the “hopping” amplitude, while |g| measures
the amplitude of the disorder. Certainly, by rescaling of
the energy one can eliminate one of the parameters e
and g. For the purposes of path expansions, it will be
convenient to use essentially €, and only occasionally g.
Clearly, small values of € > 0 correspond to the strong
disorder regime.

Next, consider the decomposition of the graph G =
{zo} U (G \ {z0}) and the corresponding block-decom-
position of H, with A = |1,,)(1,,| (we use the Dirac’s
”bra-ket” notations throughout the paper). Respectively,

B= > [, C= Y [1,)1.l

y€S1(zo0) y€S1(xo)
D = g\ (a0} H1lg\ {20},

where S;(zg) is the sphere of radius 1 with center xg:
Si(zo) = {y : d(wo,y) = 1}, and Ilg\ 15,} is the orthogo-
nal projection onto G \ {zo}.

Denote by Gg\(z,}(2,y; ) the matrix elements (in
the delta-basis) of the resolvent (D — E)~! (where the
latter is well-defined). Let

D(xo;GE):= Y. Y. Gz E)

y€S1(wo) 2€S1(x0)
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then
B(D - E)"'C

=2 > |

y€S1(x0) 2€S1(w0)
=D(z0;G; E) - 11
For notational brevity, set
B(20;G; E) == E — ng ()

where ng(z) =
r € G, then

(A~E—BGg\ (4} (E)C)

) (Ly|Go\ (o) (B)[12) (L |

—D(z0;G; E),

[S1(z)| is the coordination number of

(2.2)

and for yo # xg, we have
Gg(z0,90; E)
= (14|(A = E — BGg\ (20} (E)C)

The energy shift in E() is usually referred to as the
"self-energy”.

2.3. The “wormhole” expansion. We associate with
each subgraph G’ C G the resolvent Gg/(FE) of the re-
spective discrete Schrédinger operator Hgr = eAgr + V.
At least for E € C,, we have

Gg(zo,y0; E)

= (V(zo) — E(2z0;G; E)) VY Govjeoy (905 B).

u€S1(zo)
(2.4)
Note that for SE > 0, SD(x0;G; F) > 0, therefore,
SE(z0;G; E)) > SE > 0.

Now assume we have an IID random field V : GxQ —
R, relative to a probability space (€2,B,P). Let §,, be
the sigma-algebra generated by V(zo;w) and, respec-
tively, .z, the sigma-algebra generated by {V( Ty, T FE
Zo}. Then E(IO,Q,E,w) and G\ (40} (4, Y05 E;w) are
S-£z,-measurable.

The set G \ {20} may be disconnected, i.e., decom-
posed into a union of disjoint connected subgraphs,

G\ {zo} = i1 Gi,
among which exactly one, say, G;(,,), contains yo. More
generally, given a subset of vertices X C G\ {yo}, there
is a disjoint union of connected subgraphs
G\ X =1;1G;,
and a unique index i(yo) such that G;(,,) > yo. In this

case, denote GO X := G Clearly, for any x1 € G\ X,
one has

i(yo)

Go\x (21,903 E) = Ggox (z1,Y0; E) = Gigyo) (71,503 E).

We see that the first step expands the initial Green’s

function in a sum of the “reduced” ones relative to

G\ {zo}, with 1 ranging over the entire set G \ {zo}.
By recursion, we derive from (2.4)

Gg(zo,y0; E)

=2 2

x1€S1(1’0) z2€S1(z1)\{z0}

XH

Ggewo.w} (T2, Y03 B)x

;) E(xj;E)
(2.5)

—1
BGg\ {20} (E)[1y,).

where some terms may be zero, due to the possible dis-
connectedness of the set G\ {zo} (but not all, since G is
connected).

Call a self-avoiding path (SAP) any finite sequence of
pairwise distinct points going over the edges:

Y= (,IO, e ,l'k), d(l’j,l‘j.i,.l) = 17
V] =k = #{zo,..., 2} - 1
(|v] is the number of steps made by «), and denote

y(t)i=a, t=0,...,

It is also useful to have a notation for the subpaths of ~;
for 7 > 0, we set

v ={v®),t=0,...,5}, j=0,...,

while y7_; := @. If 4/ is a subpath of v (denoted as
~" C ), we shall say that +' is an ancestor of v, and ~
is a descendant of +'.

Unless otherwise specified, below all paths will be
assumed to be self-avoiding (SAP).

|v| + 1.

vl +1,

Denote:
e by I', () the set of all paths « in G with v(0) =
and || = n;

e by I'(x, y) the set of all paths + starting at = and
ending at y (y: x ~ y);

e by I',(z,y) the set of all paths v :
length n. We call such paths ”n-bridges”
tween x and y).

x ~ y of

(be-

Now (2.5) becomes a particular case of a more general
formula, easily obtained by recursion. Fix two distinct
points zg,y0 € G. Next, pick any 0 < n < d(zg, yo)-
Then we have the following identity: for any £ € C,

> Goor(wn, yo; E) x
YER (10)
| (2.6)

<11 < |
iZo Vizj) — E(z;;G ©7j-1; E)
The above identity also holds, of course, for some real
energies, viz. for those E for which the denominators
V(z;) — E(z;; E) do not vanish and Gge~(2n,yo; E) is
well-defined.
The role of the paths is two-fold:

Gg(zo,y0; E) =

e the point z;1; may (but not necessarily does)
come one step closer than z; to the point yo;

e the step x; ~ x; 41 eliminates at least one point
(possible more) from the domain where the ma-
trix element Ggofay,....x;1} (Tj41, Y05 ) is eval-
uated.

.....

The resolvents evolve along the excluded “tunnel”
v(j +1) = {zo,...,xj41} across the space between zg
and yg, so we call the resulting sum a wormhole expan-
sion. In the simplest version that we introduced, the
tunnel is 1-point wide, so we call it slim. More general
(“fat”) wormholes are discussed in Section 5.

2.4. Assessing the remainder factor Ggg,. Aizen-
man and Molchanov [2] and Aizenman et al. [5] used
the Krein formula to reduce a similar estimation to a
two-dimensional, random matrix problem, regardless of
the size of the ambient graph G.
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Consider the paths v € I'(xg,y0); recall that || is
the number of jumps (x;, 2;41) made by ~; each jump is
associated with the "hopping” factor € from eA. Let

Xi(y)=Gev-1, j=0,..., (2.7)

so X441 = G ©, and, with notations of (2.6), set for
brevity

Aj(Y) = Ai(n B) =

An important observation is that A; is independent of
{V(zi;-),0 <i < j}. Then we obtain the expansion (cf.

(2.6))

vl +1,

E(xj; X;(v); E) =

Gg(x0,y0; E)
> -
- GXMH(’Y)(yOvyO?E) —
Y€ (wo3y0) =0 Vi(zj) = Ai(%: E)
(2.8)

The factor Gge~ (Yo, Yo; E) can be re-written in the form
similar to the other factors, again with the help of the
Schur formula, applied to the operator H, X 41(7)) where
the block operator A is the restriction 1y, Hy, ., (y) 1y,
to X}y |41(7). By the Schur formula (2.1) for the diagonal
entry,

-1

GX("/)(y()?y(J;E) = <1y0 | (A - BD_IC) | 1y0>
1
B V(yo;w) — >\|w|+1(’7§E).

Now (2.8) takes a more homogeneous form: with z; =
70),

|y|+1
GQ(anyO;E): Z ‘7‘ H (7 E)
y€T (z0;y0) Jj=0 '
(2.9)

This is a rigorous identity; if |G| < oo, then the sum is
actually finite. Note that we could stop expanding the
resolvent after any given number of steps n < oc.

The identity (2.9) implies the following inequality,
which plays the crucial role in our analysis:

|Gg(x07y07E)|

< >

YET (z0;y0)

[l

élexp Zln|V(xj; )= X E

=0

‘—1
(2.10)

2.5. From paths to ergodic theory. Given a self-
avoiding path v = (zo,...,2,), introduce the sequence
of random variables

-1
X; = X;(v; Biw) :=In|V(zj;w) — A\ (v: Byw)|

j=0,1,...,n. Given a subpath v; = (2¢,...,2;) of v,
introduce the sigma-algebra §; generated by {V (u;-),u €
G ©7vj-1}. Clearly, §; 2 §j41. It is readily seen that
Aj(7) is §j1-measurable, while V(z;;-) (hence, X;(7))
is §j-measurable.

Although the sequence (Xo,...,X,) is not IID (not
even independent), it will not be difficult to adapt stan-
dard methods of the large deviations theory to the sums

n

> Xi(v; Bsw).

Jj=0

Sn - Sn(’}/;E;W) =

BE(zj;G0vj_1; E).
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In terms of X;(7y) and S, (7), the inequality (2.10) takes

the form
>

Y€ (x0;y0)

|Gg (w0, y0; E)| < el eSnibiw) (911

Suppose that sup,, , [T'n(z,y)| < eCBr™ (here "BR” stands
for ”bridges”). Setting

m = —Ine, m =m — Cgg,

and assuming m > 0, we obtain an expansion suitable
for finite and infinite graphs with |I',(x,y)| < e“Br™:
allowing the value +o0 for positive series, we have

|GQ Zo,Yo; B |< E e mn E e (Vi E5w)
YET (z03y0;n)
max  eSr(iEiw)

—mn
= nz:% ¢ Y€ (z03y0)
with the usual convention that the sum over the empty
set of indices is zero. This occurs, for example, when
n < d(zg,yo); if the graph G is finite, then the length of
any SAP ~ is bounded by |G| < oo, rendering finite the
above sum over n.

2.6. Large Deviations Estimates. Some natural
limitations. Fix an integer n > 0, two distinct points
Zo,Yo € G, and set for brevity T';, = ['y(xo;y0). We
have, for any a > 0,

P { e—ﬁzn

—[P’{ I’Ié%XS (v; Bsw) > (a—i—ﬁl)n}.

max eSn('y;E;w) >
RISIEY

Let us first discuss the problem at hand informally.

e Jf the ergodic theorem were applicable to the
sums E?:o X, then the probability in the above
RHS would tend to 0 as n — oo, for any a >
max; E [X] ]

e The cardinality of I';, may grow exponentially
in n, even for d-dimensional lattices with d >
1. If the r.v. X; had some finite exponential
moment, this would not be a problem, at least in
the strong disorder regime, for one could apply
the standard LDE method based on Cramer’s
condition (finiteness of an exponential moment).

e It is not difficult to see (cf. the discussion in
subsection 2.7) that Cramer’s condition on X;
amounts to the Holder continuity of the mar-
ginal PDF Fy of the IID random potential. How-
ever, our goal is to find a method which can also
afford probabilistic bounds much weaker than
exponential, at least under some additional hy-
potheses upon the combinatorial properties of
the underlying graph G.

e The (unwanted) events in the family

n
{w: ZXj>an}, vyely,,
§j=0

are highly correlated; at least, a large number of
them may be. Yet, it is not quite obvious how to
turn to our advantage such a high correlation.
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Some of the above mentioned difficulties may be the
price to pay for limiting the analysis to the simplest
path expansions (”slim wormholes”), where at each step
a subspace of dimension 1 is split off with the help of
the Schur formula. Quite possibly, some more elaborate
variants of this procedure (see Section 5) could bypass
these difficulties.

Summarizing these observations, it seems difficult to
assess directly the sums of the original variables X, un-
less they obey Cramer’s condition. The general experi-
ence accumulated in the LDE theory suggests a different
approach: replacing X; by their truncated counterparts,

Xj(w) = Xj(w) . 1{Xj§bn}(w)a

with a judiciously chosen threshold b,, < +oco. See the
details in Appendix C.

In our case, we cannot restrict the truncation proce-
dure to the sites occupied by one given path +, since
the random variables to be truncated depend upon the
path through A;(y). What makes things even worse, and
considerably, is that the number of relevant paths grows
exponentially already in the periodic lattices Z? (even
in the strip {0,1} x Z! !).

There is a particular situation where the above men-
tioned difficulty does not occur: the combinatorial ex-
plosion concerns the number of bridges between two dis-
tant points xg, yo with d(zo, yo) = n, and not the volume
of the ball B, (zg). From this point of view, the trees
(starting with Z!) represent the simplest case. A moder-
ate number of loops can also be tolerated, if they result
only in a tempered growth of the number of n-bridges.
The slower grows the number of n-bridges as n — oo,
and the lower regularity of the random potential can be
tolerated.

Again, we see that the model where the Aizenman—
Molchanov method excels in the localization analysis
— the regular Anderson model on a Cayley tree — ap-
pears, with no surprise, in both categories which we
have discussed above: in the case where Fy is Lipschitz-
or Holder-continuous (hence the Cramer’s condition for
X;), even if the balls grow exponentially and the loops
are present, and in the category of trees.

Remark 2.1. There is no point trying to hide the fact
that we make use of the condition of tempered growth of
n-bridges only out of necessity. Nevertheless, progress
in nanophysics of the “quantum graphs” might lead to
the study of some micro- or mesoscopic structures with
moderate number of loops, where such a condition may
be fulfilled. In relatively small (or moderately large)
graphs, the distinction between an exponential and sub-
exponential bound is merely the matter of choosing ap-
propriate constants.

2.7. Right vs. left tails of X;. Observe that the con-
ditional right-tail probabilities P { X; > ¢|§;_1 }, albeit
they are themselves random (dependent upon the con-
dition), admit a common a.s. upper bound in terms of
the continuity modulus sy of the IID r.v. V(-;w): owing

to §j—1-measurability of A;, we have
esssup P{X; > ¢|§;-1}

= esssup ]P’{ln|V(zj;w) —)\j(v;E;w)rl >t\3j,1}
< igg[?’{ |V (zj5w) — )\’71 < e*t}

<sy(2e7h).

Unlike the quantities |V(zj;w) — )\j('y;E;w)‘_l which
cannot have finite moments of order » > 1 even for
Lipschitz-continuous random potentials V', the new vari-
ables X; may have finite moments of any fixed order,
under a very weak assumption of log-Holder continuity
of the PDF Fy,. The Holder-continuity of Fy results,
obviously, in finiteness of some ezponential moment of
X;.

Specifically, if sy (t) < C|Inft||”", ¢ > 0, then for
any 0 < r < ¢, we have (cf. [16], Section V.6, Eqn (6.3))

/OO trdFx, (1)

0

= r/oo t" (1 — Fy, (t)) dt
0

o0

< 7’/ t" sy (2e7h)dt < C'r + r/ t" sy (27 dt
0 1
oo yr—1 r
dt < C"'—— < +o0.
c—r

<C'r+C"r /
1
The role of the left tails of the probability distribution
of X; is quite different: in the context of the localization
analysis, the heavy left tails are more than welcome.
Note that

P{Sn>t}§1P>{S,§+>>t},

tC

where
) _ Ny ()
s =3 X",
j=1

-1
X =10y X = Ing [V(zsw) = M|

Clearly, this is mot an efficient way to assess the large
deviations, for one consciously looses the benefit of the
lower (possibly negative!) value of the expectation E [ X ],
replacing X; by X ;+). However, this simplifies a number
of technicalities in the subsequent analysis. After this re-
duction, the behavior of the tail probabilities of the ran-
dom potential V' becomes irrelevant, and the finiteness
(resp., divergence) of the moments of S5 is determined
only by the continuity modulus sy .

3. SLIM WORMHOLES AND POSITIVITY OF LYAPUNOV
EXPONENTS

Formally speaking, the Lyapunov exponents for the
eigenfunctions of random operators can be defined in the
context of one-dimensional, or quasi-one-dimensional,
media, such as Z! or strips of finite width. Nevertheless,
one often considers the decay exponent of the Green’s
functions on lattices Z% and more general graphs, as a
direct analog of the Lyapunov exponent(s). In this sec-
tion, we will employ the slim wormhole expansions to
obtain some simple, single-point criteria of positivity of
such exponents.
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We investigate some specific classes of models; the
most important parameters distinguishing these classes
are:

e the combinatorial characteristics of the underly-
ing graph G;

e the local regularity properties of the marginal
distribution of the IID random potential V' : G x
Q—R.

3.1. Graphs with exponential growth of balls and
bridges. We call a bridge between two distinct points
xz,y € G any SAP ~ connecting these points. (Self-
crossing bridges are indeed rare in real life.) Recall that
the set of bridges of length n (n-bridges) between = and
y was denoted by T'y,(z,y).

The case where |T',,(z,y)| may grow exponentially in
n is the most challenging for our method; it has de facto
been addressed by Aizenman and Molchanov [2] and,
with the help of a different version of the fractional-
moment analysis, by Aizenman et al. [5]. Actually,
for the methods of [2, 5] only the fact of exponentially
bounded growth of balls is relevant (and represents, of
course, the main difficulty that the MSA cannot over-
come). We have to further distinguish between sub-
classes of this exponential class of graphs, depending on
the asymptotic behavior of their number of n-bridges.
This sets apart the trees, where specific recursive meth-
ods apply, as they do in the one-dimensional case, but
also the “moderately looped” graphs, where one does
not have the benefit of simple algebraic recursions, while
the exponential explosion remains a combinatorial chal-
lenge.

Here we are forced to apply the classical assumption
of the FMM: the Holder regularity of the random poten-
tial. Note that our approach clarifies the true role of the
Holder regularity in the moment analysis. What might
seem to be a lucky accident in the elegant Aizenman—
Molchanov decoupling lemma, is actually interpreted as
Cramer’s condition in the LDE component of our analy-
sis. In the LDE theory, the special role of Cramer’s con-
dition is well-understood: it is basically the only tool al-
lowing to obtain exponential large deviations estimates.

Remark 3.1. While it does not follow from our analy-
sis, it seems to be a reasonable conjecture that, under
weaker regularity assumptions than Holder-continuity of
the marginal PDF Fy,, the sub-exponential estimates
provided by the MSA (or any reasonable improvements
thereof) cannot be made exponential. I would be glad
to be proven wrong on this point, if some more advanced
variant of the MSA could establish exponential decay of
eigenfunction correlators under weak regularity assump-
tions on V (z; ).

As to the FMM itself, it simply does not apply to
the probability distributions not satisfying the Holder-
continuity condition.

In the next subsection, where the number of bridges
will be required to grow sub-exponentially (or not at all,
as on the tree graphs), we will show that the AM/FMM
assumption of the Holder continuity can be relaxed, de-
pending upon the growth asymptotic of the number of
bridges.
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We stress that in this section we are concerned only
with the proof of decay properties of the Green’s func-
tions. The derivation of the almost sure p.p. spectrum
will be the subject of Section 4.

The main statement of this subseciton is the follow-
ing Theorem 3.1. The result in itself is not new, since
the model in question has been studied by Aizenman
and Molchanov [2] and subsequent works on the FMM.
However, we establish here an important link between
the localization analysis and the classical large devia-
tions theory.

Theorem 3.1. Assume the following conditions:

(A) The number of n-bridges in the graph G satisfies
the upper bound |T',,| < e“Br™ with Cgr < +oo0,
("BR” stands for 7bridges”).

(B) The common PDF Fy is Hélder-continuous of some
order § > 0.

Set

a := inf (3.1)

_y -1
inf /Rln\v AT dFy (v).

Then there exists ¢ = ¢(Fy) € R such that for any 0 <
le| < e CBr=C e for|e| = e ™ withm > a+Cgr+
C’

max

PG E et
vd(o)=L {' 5% ’“)'>1_e—<m—a>}

ef(mfcchR)L

S 1 _ e—(m—C—CBR) :

Proof. Step 1. Setting up the wormhole expan-
sion in the ball G = By (x).

|Gg(z,y; E;w)|

VDS

n>d(z,y) Y€l (z,y5n)

= Z e~ mn Z eSn(1) |

n>L yel'y,

eSn(’Y)
(3.2)

Let m = Ine~!, m = m—Cgr. Then for any a € (0,m),
e—(fh—a)L
PJ |Gg(2,y; Byw)| > ——=——
1 —e—(m—a)

<) P

n>L

(3.3)
Z eSn('y) > e(a+fﬁ)n
v€ln

Indeed, if neither of the events figuring in the RHS of
(3.3) occurs, then |Gg(x,y; E;w)| is upper-bounded by
the sum of the convergent geometric series.

Step 2. Paths and probabilities. By hypothesis (B),
|Fn| < eCBr™ 50 for any n,

P Z esn('Y) > e(a—!—'fﬁ)n
vEln

< CBRn =~ .
<e 7rréelpc IP’{ Sn(y) > (a+m)n }

(3.4)

Therefore, the bound
e~ (m—c—Cpr)L

e—(fh—a)L
P{ |Gg(z,y; Eyw)| > 1 — e—(m—a) } < 1 — e—(m—c—Cor)

with some ¢ € R and m > ¢ 4+ Cggr, would follow, if we
could prove, for all v € T';, and the given value of ¢,

P{S,(7) > (a+m)n} <e (M=o, (3.5)
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Step 3. Large deviations along a fixed path.

We postpone the large deviations analysis until Ap-
pendix B; here we only state the final result, which is a
reformulation of Proposition B.1 proven in Appendix B.

Proposition 3.2 (Cf. Proposition B.1). Assume that
the marginal PDF Fy of the IID random field V : Z X
Q — R is Hélder continuous of some order § > 0, and
set

(3.6)

a := inf
AER

/ In|gv — X" dFy (v).
R
Then there exist positive numbers I(a) > 0, t* > 0 such
that, for any m > 0, anyn > 1 and any SAP v of length
n, with notations of this section, one has
P{S,(y) > (a+i)n} < e (@) (37
Conclusion. The claim follows from the results of
Steps 1-3. O

Remark 3.2. It is worth mentioning that the exponen-
tial decay of the Green’s functions established by Theo-
rem 3.1 does not reveal yet another lower bound on the
"mass” m > 0 required for the spectral localization. We
prove that the maximum value of the Green’s functions
is exponentially small with high probability, but local-
ization requires that it remain small after multiplication
by the surface of the L-sphere.

3.2. Tempered growth of bridges. Now we will al-
low for a lower regularity of the probability distribution
of the random potential, loosing the benefit of Cramer’s
condition in the large deviations analysis. The price to
pay will be a stronger restriction on the growth rate of
the number of n-bridges.

Perhaps, it would be appropriate to cite here the
opening lines of the well-known paper by Dobrushin and
Shlosman [14] (also devoted to the finite-volume criteria,
in statistical mechanics), who in turn cite the opening
lines of Lev N. Tolstoy’s roman ” Anna Karenina”: 7 All
happy families are alike, each unhappy family is unhappy
in its own fashion”. Put simply, the universal happiness
ends where Cramer’s condition ends (and the application
of the FMM becomes impossible). To render things less
dramatic, we abandon the very idea of presenting a rea-
sonably complete set of results of the LDE theory and
their applications to the path expansions in localization
theory. Instead, in this subsection we make the weak-
est possible regularity assumption under which the MSA
can still work in discrete, non-one-dimensional models.

The main result of this subsection is Theorem 3.3.
Observe that the guaranteed rate of decay of the Green’s
functions remains exponential, but without Holder con-
tinuity of Fy,, we have to be content with sub-exponential
probabilistic bounds. In Theorem 3.3, we consider a par-
ticular case, where the balls may grow polynomially and
the PDF Fy is log-Holder continuous (of sufficiently high
order). While the combinatorial part of adaptation to
the graphs with the rate of growth of balls, intermediate
between power-law and exponential, is straightforward,
it is more difficult (actually, impractical) to fit the large
deviations estimates in one, universal formula interpo-
lating between these two extreme cases. This has been
well-known in probability theory since the early results

by Linnik [25], who introduced several classes of prob-
ability laws, each requiring a specific adaptation of his
general method. We refer to the review by Nagaev [27]
and the bibliography given there; there are many more
reviews and books available by now on this subject.
Theorem 3.3 does not establish? Anderson localiza-
tion; we only prove exponential decay of the Green’s
functions. The novelty of this result, apart from the
use of the large deviations theory, is that it applies,
in particular, to a class of Anderson models on graphs
of exponential growth which are “moderately looped”;
the latter property is expressed in terms of the number
Ty (z,y)| of bridges of length n connecting two given
points. For example, in a tree, |I'y(x,y)| = 1, while the
balls may grow exponentially, e.g., in the Cayley tree G
with the constant coordination number ng,, = K + 1,
K > 2. This renders inapplicable the existing MSA
techniques; on the other hand, the FMM does not apply
either, if the common marginal distribution of the I1ID
random potential is only log-Holder (but not Holder)
continuous, so that the fractional moments diverge.

Theorem 3.3. Assume that the number of n-bridges in
the graph Z admits a power-law bound:

IT| < Cpn?, Cg,d < oo, (3.8)

and the continuity modulus of the PDF Fy of an IID
random field V : Z x  — R on Z, relative to some
probability space (2,B,P), satisfies the following upper
bound: for some A >d+1 and Cy < oo,

Vs e (0,1/2)

sy (s) < Oy |lns| =4, (3.9)

Then for any © € G and L large enough, with some
0>0,a€eR (cf (31)), and alle =™ € (0,6~ %)

max

P a B e—(m—a)L
x y Ys L5 >

1
< [A—d—1-25 [ o 0.

(3.10)

In view of the general setting used in the proof of The-
orem 3.1, we only have to modify the large deviations
estimate (3.7) used in Step 3, so the the main ingredient
of the proof of Theorem 3.3 becomes the following

Theorem 3.4. Assume that the number of n-bridges in
the graph Z admits a power-law bound:
IT| < Cgn?, Cp,d < oo, (3.11)
and the continuity modulus of the PDF Fy of an IID
random field V : Z x Q — R on Z, relative to some
probability space (Q,B,P) satisfies the following upper
bound: for some A >d+1 and Cy < oo,
5\/(8) <Cpyg |lns|_A.

Vs e (0,1/2) (3.12)

4Anderson localization actually follows from Theorem 3.3, if
the growth balls in G is also polynomially bounded. In this case,
Steps 1 and 2 of the proof of Theorem 3.1, combined with the
fairly standard large deviations analysis, results in a very short
proof of the fixed-energy MSA-type bounds, under the assumption
Dz, )| < Cin.
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Then, with notations of Section 2 and subsection 3.1,
one has, for some a € R, § >0 and all L > Ly(9),

1
ZP{m%xSn(vPan}SW

ey
n>L YEL R

— 0.
L—oo

(3.13)

Proof. We will see (cf. (3.16)) that the implicit require-
ment L > Ly can be replaced by a more explicit, but
also more cumbersome probability bound valid for any
L>1.

Fix A > d + 1 and pick some § > 0 such that A >
d+1+26.

It follows from (3.12) that, for any ¢ > 0, and uni-
formly in A € R,

P{In|V(z;w)—A"" >t}
=P{|V(z;w) - A <e '} < Crt=.
Denoting X (w) = X (w;2) = Iny |V (z;w)—A| > 0, we

have for any a € (0, A), uniformly in € Z and A € R
(cf., e.g., [16], Section V.6, Eqn (6.3))

+oo +oco
E[X$] :/O t*dFx, (1) :a/o t* ! Fy, dt
—+o00
< Const/ A=) g 4o,
0

Now weset a = A—0 >d+1+0,sothat A—a >0
and the above expectation converges.
Next, fix any path v € T';, and set

X;(v) =n|V(zjw) = N|™ i=0,...,n—1=|y,
and Sp(7) = 3_2; X;(v). Further let
X (w) = Ing [V (250) = N~

and S;f(7) = 17 X (7). Since S,(7) < SF(v), we
have for any a € R

P{S,(y) >an} <P{St(y)>an}.

This makes unnecessary any restrictions on the decay
rate of the left-tail probabilities P{ X; < —t}, i.e., the
tail probabilities P { |V (z;w| > s}, as s — +o0.

From the hypothesis (3.11), we infer, therefore, that

P{maxsn(’y) >an} < Cn® maxP{S}(y)>an}.

yel', ~ely,
(3.14)
Recall that we associated with each SAP « the sequence
of decreasing sigma-algebras §; so that X; (hence, X;r )
is §;-measurable, while ); is §;+1-measurable. Note that

E[|1X%] Fisr] = E [Ing [V(250) = Mi(w)] 7 it ]

<sup E [Iny |V(zs;w) = A7 Figr | < +o0.
AER
(3.15)
Now we need the following large deviation estimate
proven in Appendix C (formulated there in a more gen-
eral fashion, making no reference to graphs and paths).

Proposition 3.5 (Cf. Proposition C.1). Let be given
d € (0,400). Assume that (3.15) is fulfilled with o >
max{d + 1,2}, and let

ji= max sup B [Ing [V (@) — A7 g ] -
1<i<n )¢R
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Then for any a > u there exists ¢ > 1 such that for any
path v € T'y,
Inn c’
+
P { Sn (7) > CI/H} < no—1 — na—l—o(l)’

as n — oQ.
(3.16)

Given d > 0, let @ > d+ 1. Forany 0 < § < o —
d — 1 and some ny(d) < oo, we obtain for all n > ng(9),

applying (3.16),

(3.17)

O/

Collecting (3.14) and (3.17), the assertion follows:

Z P Z e3n (1) > gon

n>L yeT,
d

1 n 1
=C ; na—1-6 < [A—d—1-25 L:ZO 0.
n_

(the last inequality is valid for L large enough). a
Replacing X; by X J+ is the simplest, but not the most
efficient way to bound P {S,, > an }, since this gives rise
to a larger value of the expectation p than for the orig-
inal variables X;. It is worth mentioning also that the
requirement of finiteness of the expectation

E[In_ |[V(z;w) = A|7'] = E[Ing |V (z;w) — A[]

is actually a very mild condition on the decay of the tail
probabilities for the random potential V', since for any
t>0,

P{In|V(z;w) = A >t} =P{|V(z;w) = A| > }.

4. FROM WORMHOLE EXPANSIONS TO EXPECTATIONS

Most of the facts discussed in this section are well-
known; we state them in order to render our presenta-
tion reasonably self-contained. In essence, the following
meta-theorem holds true:

Fast decay of Green’s functions implies strong dynam-
ical and spectral localization.

Certainly, the above statement is too vague and too
general to be true. However, presenting a large vari-
ety of particular cases where its formal, precise instance
holds true, is beyond the scope of this work, focusing,
as was pointed out in the Introduction, on the positivity
of Lyapunov exponents. To find a compromise between
brevity and logical completeness of the text, we describe
below the principal steps, leading to the proof of the
above statement in specific models. The necessary addi-
tional assumptions are introduced along the way, on the
as-needed basis.

4.1. Eigenfunction correlators. Step 1. From fixed
energy to an energy interval.

We start with the following statement, essentially go-
ing back to [15] and reformulated in [11, 10]. It is the
core of one of the forms of the spectral reduction, infer-
ring probabilistic localization bounds in an entire energy
interval I C R from the pointwise estimates valid for
each E € I. Note that the parameter a > 0 below does
not have the same meaning as in Section 3.
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Lemma 4.1. [Cf. Theorem 2.5.1 in [10]] Let L > 0,
x € G, N = |Bp(z). Let {\;,j = 1,...,N|} be the
eigenvalues of Hy, () counting multiplicities, and I C R
an interval of length |I| < oo. Let be given positive
numbers a, b, c,qr, such that

b < min{Ntac?, ¢} (4.1)

and

supP{M.(F) >a} <qr.
Eel

There is an event B, (b) C Q with P{B,(b) } < b !I|qL
such that Yw & B, (b) the set

E:(2a;w) ={F eTl: M,(E)>2a} CR

(4.2)

(4.3)

has Lebesgue measure mes(E,(2a;w)) < b and is covered
by a union of intervals T(w) = U I}, I; :=={E : |E —
Nl <e}, Ajel.

Moreover, since the function M, is continuous outside
its poles, the intersection T' := T N E,(2a;w) actually is
a finite union of intervals, T' = UN I/, N' < oo, of
Lebesgue measure bounded by b.

Corollary 4.1 (Cf. Theorem 2.5.2 in [10]). Assume
that V : Z x Q — R is IID, and its marginal probability
distribution admits continuity modulus sy (-). Let I C R
be a bounded interval, and consider a ball By () of some
radius L > 0. Let a(L),b(L),c(L),q(L) be some numbers
satisfying (4.1) and such that

sup P{ Mg (E;w) > a(L) } < q(L).

Eel
Then
P{3E€I: min(M,,M,) >a}
< |Br(2)*sv (2¢(L)) + 2|é|(qL()L) (4.4)

Example 1. Assume that |[Br| < C4L¢, for some d, Cy €
(0, 4+00). Then (4.1) is satisfied with

_4p

a(L)y=L"%, b(L)=L"7%,

oL) = (Ca)*L7F, (L) =L,
provided that p > 5d.
Example 2. In the case where |Br| < el o< %,u, for
some p > 0, inequality (4.1) is satisfied with

a(L) = e 2PL p(L) = e 2rL,

o(L) = e it g(L) = e L. (15

If we assume in addition that sy (s) < Cys®, § € (0,1],
then
P{3E cI: min(My,M,)>a}

<o (2L oppjemnltinl (44

< max(2, 4/I|)e~ (4 —20)L,

Of course, the obtained bound is efficient when p >
89 'a. With the Holder exponent § fixed, this means
that either p is to be sufficiently large (given the rate
of growth of balls o < 00), or the the rate of growth of
balls « is small enough (with given Lyapunov exponent
1> 0). With a = 0 (sub-exponential graphs), any p > 0
suffices, for L large enough.

Step 2. Using the Bessel inequality (cf. [21].)

The following statement is an adaptation of the Ger-
minet—Klein argument [21] to finite subgraphs of a count-
able graph. Its assertion is logically independent of The-
orem 4.1, so we are free to allow here any interval I C R.
However, to avoid confusing differences between the as-
sumptions of various statements given in this section,
we prefer to address here only the eigenfunction corre-
lators in an arbitrarily large, but bounded (and fixed)
interval I. Naturally, this setting suffices for the local-
ization analysis of a.s.-uniformly bounded random op-
erators, including discrete Schrodinger operators with
a.s.-uniformly bounded random potential.

One possible extension to the case where both the
random potential and the interval I are allowed to be
unbounded, is discussed in [10], where the tail probabil-
ities are required to satisfy the power-law bound

P{|V(z;w)| >t} <Ct™, A >0

The main idea is that the maximum value |V (x,w)]| for
x € Br(u) (hence, the largest eigenvalue in By (u)) can
be easily upper-bounded in probability, and then the up-
per bound on the eigenfunction correlators can be ob-
tained with the help of Lemma 4.1 in a suitable chosen
interval I = I, = [-R(L), R(L)].

Below we denote by % (I) the set of all complex-
valued Borel functions ¢ with supp ¢ C I and ||¢||c < 1.

Theorem 4.1 (Cf. Theorem 2.5.3 in [10]). Assume
that, in the graph Z, the rate of growth of spheres Sy, (x) =
{y € Z: d(z,y) = L} satisfies some uniform bound,
sup card Sz () < S(L).
TEZ
Further, fix an energy interval I C R and assume that
for given balls By (x),Br(y) with d(x,y) > 2L + 1 and
some h(L) € [0,1] one has

P{3E €I: min(M,,M,) > a(L)} <h(L).

Then for any finite subgraph Z > G O (Br(x) UBL(y))
one has

E [0z 6(Hg)|6y|] <4S(L)a(L) + h(L).  (4.7)

Corollary 4.2. Assume that the growth of balls in a
graph Z is exponentially bounded and that the marginal
PDF Fyof an IID random field V : ZxQ — R is Hélder
continuous. Then for e > 0 small enough, the eigenfunc-
tion correlators for the operator H = —eA+V (w) decay
exponentially fast: for some m(e) > 0,

E| sup [(0,]6(H)|8,)|| < Cemm@d@w),
peB1(I)

Proof. Tt suffices to combine (4.7) and Lemma 4.1 with
parameters a(L),b(L), c¢(L),q(L) chosen as in (4.5). Since
S(L) < e for some o < 0o and the decay exponent for
the Green’s functions is lower-bounded by |In €| —Const,
taking € > 0 small enough, we can have a(L) = e~ zhl
with arbitrarily large u > 2. At the same time, h(L)
in the RHS of (4.7) also admits an exponentially small

upper bound, if € is small enough. O

Corollary 4.3. Assume that the growth of balls in the
graph Z is polynomially bounded,

IBr(z)| < CqLY, L>1,
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and that the marginal PDF Fy of an IID random field
V:ZxQ — R is log-Holder continuous:

sy(s) < C| lns|_A.

Then for any B > 0, with A > 0 large enough and €
small enough, the eigenfunction correlators for the op-
erator H = —eA+V (w) admit a power-law decay bound:

E[](0: | 6(H)|6,)|] < C (d(w,y))~".

Proof. The claim follows from the estimate (3.13), where
the key probabilities decay at least as O(L~4%4+2) and
A—d—2— 400 as A — oc. O

Naturally, the regularity interpolating between the
log-Holder continuity and Holder continuity results (e.g.,
in the graphs with a power-law bound on the volume of
balls) in the decay bound on eigenfunction correlators in-
termediate between the power-law and exponential one.
For example, assuming that the continuity modulus sat-
isfies

s(s) < ¢

— clIns|’
llns‘ o o]

one can prove strong dynamical localization with rate

B[ [{6, 10 |5,)]] < oD, 050,

c>0,

hence, strong dynamical localization of all orders b > O:
Vb>0 E[[(d, e |5,)]] <Cb) (1 +d(a,y)™".

On the other hand, one can also trade higher regu-
larity of the random potential for higher rate of growth
of balls. It is clear from Eqn (4.7) that, in the graphs
with exponential growth of balls, one needs exponential
bounds on the probabilities of large deviations to over-
come the exponentially large factor S(L), so our tech-
nique, just as the FMM, requires Holder continuity of
the marginal distribution for the proof of dynamical lo-
calization in this class of models.

Step 3. From finite subgraphs to the entire con-
figuration space.

Only finite (but large) configuration spaces are rele-
vant for the application to the physical models of local-
ization/ quantum transport (except7 perhaps, for general
cosmology ...). The actually infinite models may present
only a mathematical challenge. Fortunately enough, the
transition from large (but finite) to infinite models is
quite easy, once some uniform bounds on the eigenfunc-
tion correlators are established in arbitrarily large finite
configuration spaces.

Fix a graph Z and an interval I C R. Assume that for
any pair x,y € Z and for all sufficiently large subgraphs
G C Z containing = and y, for some function f: N — R
and any f € % (I) we have

E[[(0:10(Hg) |5,)]] < F(d(zy).  (48)

The derivation of the analog of (4.8) for G = Z is
well-known by now; see [5, 4]; it is based on the Fatou
lemma, applied to the (real-valued) spectral measures
ug’y), associated with the eigenfunction correlators and
defined for compactly supported continuous (or bounded

Borel) functions ¢ by

/ 6N Y (N) = (6, | B(Hg) |,
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here, it is assumed that =,y € G. The operators Hg con-
verge in the strong resolvent sense as G T Z (cf. [24]),

(=)

so the measures Vg converge vaguely to the respec-

tive spectral measure v(®¥) (= yg’y)) for the operator
H = Hz. By the Fatou lemma combined with standard
approximation arguments, one can conclude that

E[[(6: |o(H)|8,)|] < f(d(z,y)).

See the details in [5, 4].

A more direct approach to strong dynamical localiza-
tion in an infinite configuration space is also known. In
fact, as was pointed out, Theorem 4.1 is itself an adapta-
tion of the result by Germinet—Klein [21] which applies
directly to the infinite systems. This requires an a priori
upper bound on the growth of generalized spectral pro-
jections for H on Z. See details in [21]. Recall that the
techniques by Germinet—De Bievre [20] and Damanik—
Stollmann [12] also work in the infinite configuration
space (and also require some a priori functional-analytic
bounds).

4.2. Towards the spectral localization. By the well-
known RAGE (Ruelle-Amrein-Georgescu-Enss) theo-
rems, a sufficiently rapid® decay rate of the eigenfunction
correlators implies a.s. point spectrum (spectral local-
ization). However, an efficient, quantitative estimate on
the decay rate of the eigenfunctions requires additional
arguments, first of all a priori bounds of Shnol-Simon
type on the growth rate of the generalized eigenfunc-
tions. The usual procedure goes back to the seminal
work by Frohlich et al. [18], and in a reformulated form,
to the paper by von Dreifus and Klein [13].

Lemma 4.1 suffices for assessing the eigenfunction cor-
relators (which is indeed the main axis of the present
paper. However, it has to be emphasized that the above
approach does not provide the optimal bound on the
eigenfunction decay. One of the alternatives to Lemma
4.1, based on a different analytic idea, was proposed in
our work [10], but we are not going to discuss further
this issue.

5. OTHER TYPES OF EXPANSIONS

5.1. More general stopping rules. It is clear that, in
the recursive procedure described in Sections 2-3, one
can set up more general rules to decide, which paths
starting at xg € G are to be expanded at a given length
n > 0. Naturally, these rules have to be consistent with
the recursion: given a path +y, either all or none of its de-
scendants are to be retained in a more elaborate expan-
sion, dictated by the stopping rule. (The latter term is
inspired by a similar notion of stopping rule, or Markov
moment, used in the theory of Markov processes and
martingales.)

Definition 5.1. Let be given a graph G and a function
V : G — R. Consider the Hamiltonians Hg = —Ag/ +
Vg, Vgr == V|G’. We call a stopping rule any function
7 :I'¢ = N such that for any v € I'g,
(i) either 7(v") = |v| for all descendants v'(D ) of +,
(i) or 7(7") > || for all descendants v D ~.

5The required rate of decay also depends on the rate of growth
of balls.
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In the case (i), the path v is stopped at the moment
7(y) = |v|, and all its descendants are suppressed by
the stopping rule 7. Respectively, in the case (ii) the
stopping rule allows all descendants v' D ~ with |5/| =
|v] + 1, i.e., at least one more step is allowed by 7 for
the descendants of v, in all possible directions.

A simple example of a stopping rule is given by the
function

71y e Y[ An = max(|y[,n),

with n > 0. This stopping rule had already appeared
implicitly in the previous subsection: it stops all paths
after exactly n steps, regardless of the shape of the path.
Now we can generalize the wormhole expansions: given
any stopping rule 7, we have the identity for all £ €
C+UR(G; V) (i.e., for complex or allowed real energies)

Gg(zo,90: B) = ) Ggen(,y0;: E) x
~€ET (z0)

(5.1)

7(7)

€
jl;[o V(x;) — Ex;;G 07— E)

The summation in the RHS is formally carried over all

self-avoiding paths, even infinite if and when G is infinite,
but only the finite subpath

Y i={v(t), t=0,...,7(v)} Cv

contributes to the RHS. (Recall: by definition, a stop-
ping rule takes integer — hence, finite — values.)

In the present paper, we do not develop an elaborate
diagrammatic technique, so introducing general stop-
ping rules may appear superfluous and not quite nat-
ural. However, it seems equally unnatural to limit the
wormbhole expansions to those corresponding to stopping
rules of the form 7(y) = f(]v|). We merely point out
that rigorous — and quite simple — identities can be eas-
ily obtained, in a large variety of forms, for the Green’s
functions of Anderson-type Hamiltonians on arbitrary
(locally finite) countable graphs. The choice of a partic-
ular stopping rule may be dictated by a specific model.

5.2. Fat wormholes. One obvious generalization of the
slim wormhole expansion is obtained by splitting off at
each step a subspace in ¢2(G) of dimension large than 1,
i.e., taking the decomposition of the form G = G4 LIGp
with |Ga| > 1. For example, in the procedure pre-
sented in Sections 2-3, one can replace {xo} = Bo(xo) by
By(29) NG with £ > 0. The scalar factors |V (x;) — \;| 7!
are to be replaced by the respective local resolvents,
making the estimates less explicit. However, this can
be used in the framework of numerical analysis and pro-
vide a better description of the zone in the parameter
space where localization occurs.

The “fat” version of the wormhole expansions were
not discussed in [23], where the starting point is the
perturbative, formal random walk expansion which is to
be regularized with the help of the loop elimination. The
Schur complement formula seems to be the easiest way
to obtain such an expansion.

5.3. The Schur sandwiches. Consider now the case
where G is partitioned into three subgraphs,

Gg=Gp, UGa, UGp,

such that the complement of G4, is itself disjoint:
G\ G4, =Gp, U ng'

In other words, the subgraph G4 is sandwiched between
the components Gp, and Gp, which it separates com-
pletely. Applying the Schur decomposition formula (2.1)
with A = Hg, , D = HngugDé, we obtain for any

z € Gp, and y € Gpy:
Gg(@,y; B) = Gp(a,y; B) + |GoCM3! BGp| (2,y)

—0+ [GchM;}BGDJ (z,9)
(5.2)
where

Ma, =A—-B(D—-E)"'C= gV’gAl - E—-K(E)

and K(E) = K(FE;w) is measurable with respect to
86p,ug,, - This procedure can be iterated. For example,
2

after two steps, using the decomposition

G=Gp, Uga, U (gD2 LUGa, U ng)7 (5.3)

we obtain the representation for z € Gp,, y € G D,

Go(w,y; E) = [Gp, CM3! BGp,C M} BGy | (2,y),
(5.4)
and so on.

The “sandwiched” decomposition (5.2) is similar in
spirit to the one introduced by Aizenman et al. [5], but,
owing to the use of the Schur formula instead of the
second resolvent equation, the middle component Gg,,
is not the full resolvent Gg as it was in [5]. In (5.2),
it is a modified resolvent of a small® subsystem G, .
It is, of course, rather implicit, but for the purposes
of the resonance analysis (proximity of the spectrum of
gV‘gA1 — E—K(F) to E), it is basically as good as the

explicit multiplication operator gV| Ga ~ FE, conditional

on the random potential outside G4,. Indeed, condi-
tional on SngugDé, which renders K (E;w) nonrandom,
the distribution of the eigenvalues of My, is at least as
regular as for K(FE) = 0, for only the regularity of the
diagonal elements of M counts, with K (FE) fixed.

Note also that in (5.4), the resolvents Gp,, Gp, and
Gp;, are independent and explicit, particularly when [Gp, |
= |Gp,| = 1 (Gp, is to be decomposed further), while
Ga, and G4, become conditionally independent (albeit
not necessarily identically distributed), given the sigma-
algebra §g, ugp, UG py)-

We plan to address in a forthcoming paper the case
where |Gp,| = 1, j = 1,2,...,n (“slim sandwiched ex-
pansion”).

6. CONCLUSION

The two most popular methods of the mathematical
theory of Anderson localization, the Multi-Scale Anal-
ysis and the Fractional Moment Method, have a large
common domain of application, but also exclusive areas
where each of them is the indisputable champion.

6Ultimate1y, the middle component of the sandwiched resolvent
is reduced in [5] to a two-point subsystem, with the help of the
Krein formula. Cf. also [2].
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It is a legitimate question, what are the natural bound-
aries for the FMM techniques (or rather general philos-
ophy), in terms of the regularity of the underlying prob-
ability distribution. In the present paper, we give only
some partial answers in this direction, but hope that
a more systematic use of the methods of ergodic the-
ory can be beneficial for extending the general FMM’s
strategy to a larger class of models where the fractional
moments per se do not exist.

It is also intriguing to find out, if the MSA’s strat-
egy can be improved” so as to apply to the exponential
graphs, or to achieve exponential bounds on the eigen-
function correlators. In the author’s opinion, which may
of course be incorrect, in the case where the random
potential is not Holder continuous, there may be some
natural limits to the decay rate of eigenfunction correla-
tors, independent of the techniques employed, due to the
limitations following from the accurate large deviations
analysis of rare, but inevitable resonances.

It seems likely that more general results could be ob-
tained by the synthesis of the “mono-scale” (FMM-type)
and the multi-scale approaches.

APPENDIX A. PROGRESSIVE MEASURABILITY ISSUES

Given an SAP v = (zg, ..., xn), n = |y| > 1, we have
a decreasing sequence of subgraphs (cf. (2.7))

YVi=Goe{xg,...x;}, 0<i<n,

where, for any given subset X C G, G © X is defined as
the connected subgraph of G\ X’ containing x,,. Clearly,
Yo 2 Vi--- 2 Y, Further, we have a decreasing se-
quence of sigma-algebras §; = o [V (z;-), € );] and
the random variables

Xi = Xi(7) = Ewi; Vi E)

where the ”self-energy” E(z;;G © vi; E) is defined as in
(2.6). We will never use any property of A; other than
“regressive” measurability with respect to the filtration

Se:

Vi=0,...,n, X(7;E;-)is §;+1-measurable.

(Usually, one deals in probability theory with “progres-
sive” measurability with respect to a growing family
— 7filtration” — of sigma-algebras.) At the same time,
V (z;; w) are §;-measurable. We will say that (V(z;;-))i>0
are adapted to (§;)i>o. Clearly, the random variables

g (’Y;W)|

Xi(y;w) = In |V (zi;w) — -
are also adapted to (§;)i>o-

The above notations and facts will be used below
without further notice.

APPENDIX B. LARGE DEVIATIONS UNDER CRAMER’S
CONDITION

In Proposition B.1, we adapt a classical argument,
historically applied first to independent random vari-
ables, to the sequence { X} adapted to the sigma-algebras
{F:}. There is a vast literature devoted to the large de-
viations for the martingales, but in our situation the
variables at hand do not necessarily form a martingale.

7I thank Abel Klein for fruitful exchanges on this subject.
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It is certainly possible to introduce a martingale, us-
ing the so-called compensator process, but a straight-
forward adaptation of Cramer’s method is short enough
and more transparent. The final result, of course, is not
new, although it would be difficult to make a direct,
formal reference to a published paper or monograph,
without any adaptation.

In Section 5, we use Proposition B.1 in the particular
case where X1, ..., X, are independent (this is obviously
allowed by the hypotheses).

Proposition B.1. Let Xq,...,X,,, n > 1, be random
variables adapted to a decreasing family of of sigma-
algebras §;, i = 0,...,n. Assume the following prop-
erties:

(1) There exists some Ay < oo such that for all i >
L E[|Xi|Sio1] < Ay, thus
JpeR: pi =E[X;|Fia] < p

(2) There exists some tg > 0 and Ay < oo such
that for all i > 1, E[e"%|F;_1] < A,, and,
consequently, the random variables

% it E[etxi 81_1]
are a.s. well-defined and uniformly bounded for
t € [0,to].
Then for any a > 0 there exists I(a) > 0 such that

P{ Yo Xi > (pta)n } < e~ nl(a)

(B.1)

Proof. Fix any t1 € (0,t9) and consider on [0,¢;] random
functions ¢; = (Invy;)’, i.e.,

©; 1t (IHE [Tz ] —ﬂE[XH&A]), t € [0,t4],

A i(t).
® 121?5%%()

The conditional probability distribution of X;, given
Fi+1, is a (random) probability measure on R, depend-
ing upon the condition; for brevity, we denote it by
P;. The respective conditional expectation is denoted

by Eitq [-].
Clearly, for each i, ¢;(0) = 0, and its derivative

Eiy1 [ XieX: ]

—1
Eiv1[ei]

ot
is well-defined and continuous in [0,#1], and we have
i(0;w) = 0.
Therefore,

Ya>0

Li(a;w) := sup (at — ¢;(t;w)) <o,
te[0,t4]

since the function ¢ — at —;(t) is continuously differen-
tiable in [0, ¢1], vanishes at ¢ = 0 along with its first de-
rivative, and has positive second derivative at this point,
thus grows in some interval (0,t1),t; > 0.

Due to the continuity of the function ¢ — at —¢;(t) in
[0,#1], one can safely replace supyy;,; by max(,), and
we have

t¥(a) == arg max_(at — p;(t)) > 0.

B.2
t€[0,t1] ( )

Furthermore, due to the a.s.-uniform boundedness
of the exponential moments E;; [etoXi], the second
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derivatives ¢! also admit an a.s.-uniform upper bound,
hence t; admit a uniform lower bound:

It (a) > 0: ¥i>1 ti(a) > t*(a) > 0.

7

In turn, this results in the following a.s.-uniform lower
bound:

Ya>0 31(a)>0: Vi>1 L(a) > Ia).

Set R; = X;+...+X,,1 <i<mn,sothat S;_1+R; = S,,.
(We always use the standard convention that the sum
over the empty set of indices is zero.) Now assess the
Laplace transform of S,,(w) as follows:

E [etSn] -E [etX1+tR2 ] -E [EH_l [eth ot X1 } ]
=E [etRz Ei+1 [etXl } ]
) |:etR2 Ei1 [etﬂlet(xlﬂn)} :|
(recall: p; = ]E[Xl- |&-,1] )
<E [etRz } - ess sup (et“lEiH [etXl D

(by the assumption (B.1))
< R ORI ) [etR2] .

Similarly, we obtain by recursion

E [etS" } < exiz (pi(t)+tp)

and by Chebyshev’s inequality, we conclude that

i=1
< e~ (ntDI(@) I(a) > 0.

P{Sn > (p+an} < eXP{Z(atQ@i(t))}

O
The most important point in the above assertion is
that the decay exponent I(a) of the probability of large
(linear in n) deviations is strictly positive for an arbi-
trarily small excess a > 0 of the expectation. As to the
large values of a > 0, taking t* = t*(ag) for some ag > 0,
as in (B.2), we see that, owing to the strict positivity of
t*, one has

I(ao +a) := sup ((ao+a)t — (1))

te(0,t1]
> (a0 +a)t* — p(t")

=1I(ap) + at* — + o0.
a—-+oo

APPENDIX C. LARGE DEVIATIONS FOR HEAVY-TAILED
SUMS

Here we use essentially, and adapt where necessary,
the technique from [27], where the sums of independent
random variables were considered. Again, it is to be
emphasized that the result is not genuinely new and
may constitute, at best, an exercise in a standard course
of probability theory, covering the large deviations esti-
mates.

Proposition C.1. Suppose that the random variables
X, are adapted to a decreasing family {§;} and have
uniformly bounded absolute moments of order o > 2:

max E [|X;*[Fi-1] < C < oo,

p:=max esssup E[X; |Fir1] € R.

Then for any a > p and some ¢ > 0, the following
estimates hold true:

2ca

]p{ 21;1 Xi 2 Cl?’l} S Cl% + n- lncn(1n6+1 n—Cafl)
— O(n_ (04—1—0(1)))7 s o

(C.1)

Proof. As usual in the estimation of heavy-tailed r.v.,
introduce the truncated r.v.

Xi(w) = Xi(w) 1x,<p (@),

5 =3 % Ri=B.-Bi
=1

It is readily seen that for any z € R
P{SnZz}§P{§n2x}+nllgau<x P{X;>b}.
o (C.2)

Since all )?z are bounded, §n is also bounded and has fi-
nite exponential moments of any order, but we will have
to choose judiciously a value h,, > 0, taking into account
the cut-off threshold b, and then use the Chebychev in-
equality

P{gn ZI} Se*h"xE[ehg"}.

Step 1. Since X; (hence X’l) is §o-measurable, and
Fo C §; for each i, all X; with ¢ > 2 are §p-measurable,
thus

E [ehs"} =E [ehEQE [ehy{l \SOH
<E [ehﬁz] -esssupE [eh)?l \30} .

Using the recursion on 2 = 1,...,n, we obtain the upper

bound
InE [ehs"} < Zln (esssup]E [thi Si_lb
i=1
<n- max In (esssupE {ehii |3i—1]) .

1<i<n

Step 2. Fix the following parameters:
r=x,=an, a >0,
an

b == bn = m7 c > 07
ntn  In“ln
h=h,= = ,
an Tn

so that
hptn = In* T n>1 forn>1,

1
h’nbn:T<<1 fOI‘TL>>1.
In“""n

Observe that since a > 2, we have
0% :=maxE [ X?|F;—1] < +oo. (C.3)

Step 3. Assess the truncated exponential moment of
order h,,:

E [eh"i"} §/0

b’”/
— /O (1 + hpu + (eh”“ -1- hnu) ) dF;(u)

bn
et dF; (u)

by
<1+ h,p +/ (eh"“ —1- hnu) dF;(u).
0



Mathematics and Statistics 1(3): 119-134, 2013

For all u € [0, b,], we have

In“ttn

hpu < hpby, =

<1,
an

1
0<efM®_—1—h,u< §eh"b"u2.

Therefore, it follows from (C.3) that

brn
/ ("% —1 — hyu) dF;(u)
0
ohnbn ohnbn
<
- 2

+oo
/0 h2u? dF;(u) < o?h?

thus
hnbn

E {eh"g"} <1+ hypu+ e 5 o?h2,
yielding, by e* < z — 1,
Bnbn,

2

e

InE {eh"ii} < hy, (qu thn) < hpp + Chi.

Thus

_ c+1
ninE [eh"X"} < Cnlnmn = Ca ! In“M,
an

SO

hn X > hp(xy — pn) — C’hi

hpxy, —nlnE [e
_ 1 c+1
:(a @)nln n—&—O(nhi)
an

> (a o ’u) 1n20+1 n— OCL71 lnC+1

=(a—p)n“n (lnc+1 n—Ca').
Finally,
—hpxn+n lnIE[eh”ii }
e
) ) (C.4)
<n~ In“ n(lnCJr n—Ca™ ) _ O(nfoo)
Step 4. By Chebychev’s inequality,
n

) < |
n max P{X;>b,}< (bn)aE[|Xl| ]

CnlIn®*n 1
<——mMM = —_— ] .
- (an)a 0 (na—l—o(l)>

Step 5: Conclusion. We see that the leading term in
the RHS of (C.2) is

n max P{X; >b,}~n~(@",
1<i<n

(C.5)

for the other one is of order of O(n~=>°), by (C.4), thus

Cl
P{Sn>b”}§ 17(1)(1—"-0(1)), n — OQ. (06)
n(X— —O0
Thus the asymptotical exponent is a —1 > 0. g
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