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Abstract  Exact solutions of nonlinear evolution
equations (NLEEs) play very important role to make known
the inner mechanism of compound physical phenomena. In
this paper, the new generalized (G'/ G )-expansion method
is used for constructing the new exact traveling wave
solutions for some nonlinear evolution equations arising in
mathematical physics namely, the (3+1)-dimensional
Zakharov-Kuznetsov equation and the Burgers equation. As
a result, the traveling wave solutions are expressed in terms
of hyperbolic, trigonometric and rational functions. This
method is very easy, direct, concise and simple to implement
as compared with other existing methods. This method
presents a wider applicability for handling nonlinear wave
equations. Moreover, this procedure reduces the large
volume of calculations.
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1. Introduction

The investigation of the travelling wave solutions for
nonlinear partial differential equations plays an important
role in the study of nonlinear physical phenomena.
Nonlinear wave phenomena appears in various scientific
and engineering fields, such as fluid mechanics, plasma
physics, optical fibers, biology, solid state physics,
chemical kinematics, chemical physics and geochemistry.
Nonlinear wave phenomena of dispersion, dissipation,
diffusion, reaction and convection are very important in
nonlinear wave equations. In the past several decades, new
exact solutions may help to find new phenomena. A variety
of powerfull methods, such as the ansatz method [1, 2], the
Adomian decomposition method [3], the Darboux
transformation method [4], the Backlund transformation
method [5], the inverse scattering transform [6], the wave of

translation method [7], the Jacobi elliptic function method
[8-11], the Exp-function method [12-17], the extended tanh
method [18, 19], the sine-cosine method [20], the Cole-Hopf
transformation [21], the (G'/G)-expansion method [22-30],
the modified simple equation method [31, 32], the novel
(G'/ G) -expansion method [33] and so on.

Recently, Naher and Abdullah [34] established a highly
effective extension of the (G'/G) - expansion method,
called the new generalized (G'/G)-expansion method to
obtain exact traveling wave solutions of NLEEs. The
objective of this article is to look for new study relating to
the new generalized (G'/G) -expansion method to
examine exact solutions to the celebrated Burgers equation
and the (3+1)- dimensional ZK equations to establish the
advantages and effectiveness of the method. The Burgers
equation is used to capture some of the features of turbulent
fluid in a channel caused by the interaction of the opposite
effects of convection and diffusion. The (3+1)-dimensional
Zakharov—Kuznetsov equation describes weakly nonlinear
wave process in dispersive and isotropic media e.g., waves
in magnetized plasma or water waves in shear flows.

The rest of the article is organized as follows: In Section 2,
the description of the new generalized (G'/G) expansion
method is given. In Section 3, we apply the method to obtain
the traveling wave solution of the (3+1)-dimensional
Zakharov-Kuznetsov equation and the Burgers equation and
also give some discussion, Graphical representation and
Table. In Sections 4, we give some conclusions.

2. Materials and Methods

Let us consider a general nonlinear PDE in the form
P(u,u xxﬂ'”):O (1)

where u =u(x,t) is an unknown function, P is a
polynomial in u(x,¢)and its derivatives in which highest
order derivatives and nonlinear terms are involved and the
subscripts stand for the partial derivatives.

Step 1: We combine the real variables x and ¢ by a

t’ux’utl"utx’u
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complex variable 77,
u(x,t) =u(mn),

where V' is the speed of the traveling wave. The traveling
wave transformation (2) converts Eq. (1) into an ordinary
differential equation (ODE) for u =u(n7):

Q(u’u/,u”’um’...):o (3)

where Q is a polynomial of u and it derivatives and the
superscripts indicate the ordinary derivatives with respect to

n

n=xxtVt (2)

Step 2: According to possibility, Eq. (3) can be integrated
term by term one or more times, yields constant(s) of
integration. The integral constant may be zero for simplicity.

Step 3: Suppose the traveling wave solution of Eq. (3) can
be expressed as follows:

N N
uim =Y e, d+H) +Y Bd+H)" @
i=0 i=1
where either o, or [, may be zero, but both o, or
Py could be zero at a time, «; (i=0,1,2,---,N) and S,
(i=12,---,N) and d are arbitrary constants to be
determined later and H (77) is given by

H(n)=(G'/G) (5)

where G = G(r7) satisfies the following auxiliary nonlinear
ordinary differential equation:

AGG"-BGG' —-EG*-C (G")* =0 (6)

where the prime stands for derivative with respectto 77; A4,
B,C and E are real parameters.

Step 4: To determine the positive integer N, taking the
homogeneous balance between the highest order nonlinear

terms and the derivatives of the highest order appearing in Eq.

(3).
Step 5: Substitute Eq. (4) and Eq. (6) including Eq. (5)

into Eq. (3) with the value of N obtained in Step 4, we
obtain polynomials in (d+H)" (N=0,1,2,--) and
d+H)™ (N=0,1,2,-) .
coefficient of the resulted polynomials to zero yields a set of
@=0,1,2,---,N) and p,

Then, we collect each

algebraic equations for «;
(i=1,2,--,N), d and V.
Step 6: Suppose that the value of the constants «;

(i=0,1,2,---,N), B, (i=12,---,N),d and V' can be
found by solving the algebraic equations obtained in Step 5.
Since the general solution of Eq. (6) is well known to us,
inserting the values of ¢, (i=0,1,2,---,N) , f;
(i=1,2,---,N) ,d and V into Eq. (4), we obtain more
general type and new exact traveling wave solutions of the
nonlinear partial differential equation (1).

Using the general solution of Eq. (6), we have the
following solutions of Eq. (5):

103
Family 1: When B#0, w=A4-C and
Q=B*+4E(4-C)>0,
G\ B +a
Hp=| % |=o—+3=
G 2y 2y
Jo Ja
C, sinh| —n |+ C, cosh| —
1 (214 n 2 a (7

X
C, cosh @77 + C, sinh @77
24 24

Family 2: When B#0, w=A4—-C and
Q=B>+4E(A-C)<0,

H(U):[gj:£+ﬁ

G 2u 2u
[ V=-Q V=-Q
—C, sin n |+ C, cos
24 24
X
V-Q [ V=-Q
C, cos n |+ C,sin
24 24
Family 3: When B#0, w=4-C and
Q=B?+4E(4-C)=0,
' C
Gj B . 5

HmM= —|=—+ —=
m)(G 2y C+Cyn

©)

Family 4: When B=0, w=4—C and A=y E >0,

G

G sinh(\/AX nm+C, cosh(\/AX 7 (19

X

C, cosh(\/AZ n+C, sinh(\/AX n)

Family 5: When B=0, w=4-C and A=y E <O,

— C, sin( AA 1)+ C, cos(

V;A m (D

X

J-4 m+C, Sin(\/;_A )

C, cos(

3. Applications of the Method

In this section, the method is used to construct some new
traveling wave solutions for the (3+1)-dimensional
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Zakharov-Kuznetsov equation and the Burgers equation
which are very important nonlinear evolution equations in
applied sciences. The obtained solutions and the solutions
obtained in previous literature have been compared and
discussed in this section. Furthermore, the obtained solutions
are demonstrated in graphs by using the symbolic
computation software.

3.1. Application of the Method

Now we will study the new generalized (G'/G)

expansion method to find exact solutions and then the
solitary wave solutions to the (3+1)-dimensional ZK
equation. Let us consider the (3+1)-dimensional ZK
equation,

u, +auu, +u,, +u, +u, =0 (12)

We utilize the traveling wave variable S(n7)=u(x,y,z,t),
n=x+y+z-Vt,Eq. (12) is carried to an ODE

—VS'"+aSS"+38"=0 (13)
Eq. (13) is integrable, therefore, integrating with respect to
n once yields:

P—VS+%aS2+3S’:O, (14)
where P

determined.
Taking the homogeneous balance between highest order

is an integration constant which is to be

nonlinear term S* and linear term of the highest order S’
in Eq. (14), we obtain N =1. Therefore, the solution of Eq.
(14) is of the form:

v =a, +a,(d+ M)+ p(d+M)", (15)

where o,,a;, and d are constants to be determined.

Substituting Eq. (15) together with Egs. (5) and (6) into
Eq.(14), the left-hand side is converted into polynomials in
(d + M) (N=0,1,2,....... )

and

(d+M)" (N=1, 2,-)

We collect each coefficient of these resulted polynomials
to zero yields a set of simultaneous algebraic equations (for

simplicity, the equations are not presented) for «,, a;, S,
d, P and V. Solving these algebraic equations with the

help of computer algebra, we obtain following:
Set 1:

P=——(-36Ey +36d’y* +36Bdy +a’a, 'k

2a4*
~12aayA*d — 6acy AB +12a0, ACd)

o, :aO,Vzi(—6dv//+aaoA—3B), d=d, a, =0,

= (E+d’y + Ba), (16)
aA

where ¥ =A-C, a,, d, A, B, C, E are free
parameters.
Set 2:

5 IAZ (36Bdy +36d°y* +a’a,” A*> —=36Ey
a

~12a0y,ACd +12aayA*d + 6acy AB)

P=

a, =a0,V=%(aa0A+6dl//+3B), d=d,

o

£ =0, = 17)

where ¥ =A-C, a,, d, A, B, C, E are free

parameters.
Set 3:
P=——(a’a,’ 4’ -144Ey —36B°) .V = aa,,
2aA
B
d=—, oy, =0a,, a, =6_'//,
2y aAd
= 4Ey + B?), 18
B 2aAt//( y+B7) (18)

where y=4-C, a,, d, A, B, C, E are free
parameters.

For set 1, substituting Eq. (16) into Eq. (15), along with Eq.
(7) and simplifying, yields following traveling wave

solutions, if C; =0 but C, #0; C, =0 but C, #0
respectively:

S, (N =ty ~~=(-E+d*y + Bd)

Jo J_ i~

x(d+2£+—c th(
7

S, () =, —i(—E+d2w+Bd>
2 a4

B

x (d + B +— tanh( 77))_
2y

Substituting Eq. (16) into Eq. (15), along with Eq. (8) and
simplifying, our exact solutions become, if C; =0 but

C,#0;C, =0 but C; #0 respectively:
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6
S,(m=a, - —(—E +d*y + Bd) S, (1) = ety + aiA(3(B +2dy) + 3\/§coth(gn)),
g ey | Jo
2w S, (17) = ag +—(3(B + 2dy) + 3JQ tanh == 1)),
: ad 24
S, (7 =aq - i(—E + dzl// + Bd) Substituting Eq. (17) into Eq. (15), along with Eq. (8) and
simplifying yields exact solutions, if C; =0 but C, # 0;
x (d + 2£ Ly (_“ N7 C, =0 but C, #0 respectively:
7
Substituting Eq. (16) into Eq. (15), together with Eq. (9) and S5, (M =ag+ _(3(B +2dy)+ 31\/500‘[( 77))
simplifying, our obtained solution becomes:
S15 (77)=a0 _aiA(_E'i'dzl//"FBd) S24 (77) ao +_(3(B+2d|//) 31\/_tan( 77))
B C, 4 Substituting Eq. (17) into Eq. (15), along with Eq. (9) and
x(d+—+—"). simplifying, our obtained solution becomes:
2 C+Cyny
1 C
Substituting Eq. (16) into Eq. (15), along with Eq. (10) and Sy, (M =ay+—@B(B+2dy)+ 6y (———)),
simplifying, we obtain following traveling wave solutions, if ad 1+ Cam

C,=0but C, #0; C, =0 but C, #0 respectively: Substituting Eq. (17) into Eq. (15), together with Eq. (10)
and simplifying, yields following traveling wave solutions, if

S, (M) =g —i(—E+d21//+Bd) C,=0but C, #0; C, =0 but C; #0 respectively:
x(d +£coth(\/_ ). S, () =« +£A(wd + \/zcoth(%n)).
a

S, (m=a - %(—E +d%y + Bd)
x (d + ﬂ tanh(g )~ Substituting Eq. (17) into Eq. (15), along with Eq. (11) and
4 : simplifying, our exact solutions become, if C; =0 but

Substituting Eq. (16) into Eq. (15), together with Eq. (11) C,#0;C,=0 but C;, #0 respectively:
and simplifying, our obtained exact solutions become, if

S, (M=« +£(l//d +vA tanh(ﬁn)) :
7 aA A

C,=0but C, #0; C, =0 but C,; #0 respectively: S, () = a +iA(l//d+i\/XCOt( -A )
a
6
Slg(ﬂ):ao__(_E+d2'//+Bd) 6 A
J— J— ) Sa, (1) =ty +—(yd — i A tan(—=1)
x(d + cot( m~ ’

where 77 = x—i(aaOA +6dy +3B)t.

6 2
S, (N =ay ——(“E+d7y + Bd) Similarly, for set 3, substituting Eq. (18) into Eq. (15),

\/— \/— together with Eq. (7) and simplifying, yields following
x(d ——t (— D traveling wave solutions, if C;, =0 but C, #0; C, =0
. but C; # 0 respectively:
where 7 =x——(—-6dy +aa,A—-3B)t.
n A( 7 0 ) Jo

3 Q
= —WQ h(—
Again for set 2, substituting Eq. (17) into Eq. (15), along S31 () =@+ ad (\/_ x coth( 24 )

with Eq. (7) and simplifying, our traveling wave solutions 1 \/5
become, if C, =0 but C, #0; C, =0 but C, #0 +T(4E‘/’+32)Xtanh(§’7))
respectively: Q
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3 Q
Sy, (m =0y + 5(«/5 x tanh(% )

" L(4E,/, +B?)x coth(gﬂ))

Jo
Substituting Eq. (18) into Eq. (15), along with Eq. (8) and
simplifying, we obtain following solutions, if C; =0 but

C,#0;C, =0 but C, #0 respectively:

S5, ) =y + = (3@ et )
l\/_(4EV/+B )><tan( 77))

S34(n)=ao——(i\/5xtan(“‘9n)
(4Ey + B* )><cot( 77))

"

Substituting Eq. (18) into Eq. (15), along with Eq. (9) and
simplifying, our obtained solution becomes:

174 C, 3
S3, (1) = ao+—X( )+
ad C, +Cyn 2ady
G i
X (4Ey + B? ) x (——2—
(4Ey +B7)x (C C277)

Substituting Eq. (18) into Eq. (15), along with Eq. (10) and
simplifying, yields following exact traveling wave solutions,
it C,=0 bu C,#0; C,=0 bu C,#0
respectively:

-B J_ JA

S3, (m=a, + p A (2u/ th(—n))+

i

L(4EW+B ) x (—B+—c th(
2p

Ja m”

2aAdy
S, (1) =a +6—x(—j £tanh(£77))
—(4Ez//+B) ( +£t \/_ ))‘

2a4
Substituting Eq. (18) into Eq. (15), along with Eq. (11) and
simplifying, our obtained exact solutions become, if
C,=00but C, #0; C, =0 but C; #0 respectively:
B N-a A

S, (77) a, +—A><(—+ co t(—r]))+

J_ cot(J_ )

T(4E W+ B*)x (

S, (m =

where 7 =X —aa,t.

3.1.1. Discussions

The advantages and validity of the method over the
modified simple equation method have been discussed in the
following:

Advantages: The crucial advantage of the new approach
against the modified simple equation method is that the
method provides more general and large amount of new
exact traveling wave solutions with several free parameters.
The exact solutions have its great importance to expose the
inner mechanism of the physical phenomena. Apart from the
physical application, the close-form solutions of nonlinear
evolution equations assist the numerical solvers to compare
the accuracy of their results and help them in the stability
analysis.

Comparison: In Ref. [35] Khan and Akbar presented in

the form (&)= a,(G'/G)", where a, #0 and G
i=0
is an unknown function to be determined later. It is
noteworthy to point out that some of our solutions are
coincided with already published results, if parameters taken
particular values which authenticate our solutions. Moreover,
in Ref. [35] Khan and Akbar investigated the
well-established (3+1)-dimensional ZK equation to obtain
exact solutions via the modified simple equation method and
achieved only three solutions (A1)-(A3) (see appendix).
Moreover, in this article twenty seven solutions of the
(3+1)-dimensional ZK equation are constructed by applying
the new approach of generalized (G'/G) -expansion

method.
3.1.2. Graphical representations of the solutions

The graphical illustrations of the solutions are depicted in
the figures 1 to 6 with the aid of commercial software Maple.

Figure 1. Multiple soliton of st (7]) when z =0, y=0,
A=4,B=0,C=1,E=5.d=1, ay=1 and
-10<x,t<10.
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Figure 2. Kink of solution Slz (17) when a, =1, d= 1,
y=0, z=0, A=4, B=1, C=1, E=1 and
-10<x,t<10.

L

L

Figure 3. Periodic solutions of Slx (1) when z=0, y=0,
d=1, aOZI,AZI,BZO, C=2, E=2 and
-10<x,y<10.

mn

Figure 4. Singular Kink of S35 (77) when a, =1, d=1 z=0,
y=0, A=1, B=2, C=2,E=1and -10<x,t<10.

Figure 5. Single soliton of S2, (7]) when z =0, y= 0, A=4,

B=1 C=1, E=1and -5<x,t<5.

4000
2000-

Figure 6. Singular periodic solutions of S3q (7]) when z =0,
y=0, A=1, B=0, C=2, E=2 and —-10< x,¢<10.

3.2. Application of the Method

In this section, we will put forth the new generalized
(G'/G) expansion method to construct many new and
more general traveling wave solutions of the Burgers
equation. Let us consider the Burgers equation,

u, +uu, —u,, =0

(19)

We utilize the traveling wave variable 7(77)=u(x,t) ,
n=x-Vt,Eq. (19) is carried to an ODE

VT +TT' -T" =0 20)

Eq. (20) is integrable, therefore, integrating with respect to
1 once yields:

1

P—VT+5T2—T’=0, (21)

where P is an integration constant which is to be
determined.

Taking the homogeneous balance between highest order
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nonlinear term 7> and linear term of the highest order T’
in Eq. (21), we obtain N =1. Therefore, the solution of Eq.
(21) is of the form:

T =a, +a,(d+M)+ B,(d+M)", (22)

where o,,a;, and d are constants to be determined.
Substituting Eq. (22) together with Egs. (5) and (6) into Eq.
(21), the left-hand side is converted into polynomials in

(d+M)" (N=0]12,....)
and

(@+M)™N (N=1, 2,--)

We collect each coefficient of these resulted
polynomials to zero yields a set of simultaneous
algebraic equations (for simplicity, the equations are not
presented) for «,, o, B, d, P and V . Solving
these algebraic equations with the help of computer
algebra, we obtain following:

Set 1:

P= 242

+ 20y AB — 40y ACd + 4oty A*d)

a, =ay, V=%(B+2dl//+a0/l),

d=d ay=0, f =2 (Bd-E+d’), (@)

where w=4-C, a,, d, 4, B, C, E are free parameters.
Set 2:

1 2 2
P_2A2 A° +4Bdy — 4Ey

+4ayACd — 20y AB — 4ay A7 d)

>

@y =y =—-Qdy ~ayd+ B, d =d, f, =0,

_ (24)

where ¥ =4-C, a0y, d, A, B, C, E are free parameters.
Set 3:

1 2 2 2 B

P=——(ay," A" -16Ey —4B") .,V =a,, d =——

2A2 0 l// 0 2V/
2y

Qy=0Q, 0‘1:_ , Br=— (4E‘//+B) (25)

24y

where y=4-C, a,, d, A, B, C, E are free parameters.

For set 1, substituting Eq. (23) into Eq. (22), along with Eq.

(7) and simplifying, yields following traveling wave

solutions, if C;, =0 but C,#0; C, =0 but C, =0
respectively:

T, 0D =aq + = (% + Bd - )
x(d+£+£c th(\/_ ))’
2y

T =y + = (@ + Bd - E)

B\/_ \/_)),

x (d + — + —tanh(—

2y 2y
Substituting Eq. (23) into Eq. (22), along with Eq. (8) and
simplifying, our exact solutions become, if C; =0 but

C, #0; C, =0 but C, #0 respectively:

T, () =ay + (@ + Bd - E)

x(d+£+“ ct(“ m) .
2y
2
T, (m =« +Z(d w +Bd - E)
><(d+2£+ Y T ta (—” n.
174

Substituting Eq. (23) into Eq. (22), together with Eq. (9) and
simplifying, our obtained solution becomes:

T, () =a + = (@ + Bd - E)
x (d +£+L)*l.
2y C,+Cyn

Substituting Eq. (23) into Eq. (22), along with Eq. (10) and
simplifying, we obtain following traveling wave solutions, if
C, =0 but C, #0; C, =0 but C, #0 respectively:

T\, () =a + 2@ + Bd - E)

VA A

x (d +~— coth( .
v

TN =a + = (@ + Bd - E)

RN )

x(d+— tanh(
W

Substituting Eq. (23) into Eq. (22), together with Eq. (11)
and simplifying, our obtained exact solutions become, if
C, =0 but C, #0; C, =0 but C, #0 respectively:
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+3(d2y/ +Bd —F)

f— s

cot(

T, (M=«

x(d +

))_

UNGIEES +—(d2w+Bd—E)

(d_ﬂt (E oy

Where 7 :x—i(B +2dy +a At

Again for set 2, substituting Eq. (24) into Eq. (22), along
with Eq. (7) and simplifying, our traveling wave solutions
become, if C, =0 but C,#0; C,=0 but C, #0
respectively:

Jo

T, (1) = —%((B +2dy) + VO coth T ),

1 JQ
Ty, (7) = atg = ((B+2dy) +JQ tanh(S== 1)),
A 24
Substituting Eq. (24) into Eq. (22), along with Eq. (8) and
simplifying yields exact solutions, if C; =0 but C, #0;
C, =0 but C, #0 respectively:

T, ()= ao—%«B+2dl//)+z\/§cot( -

\/_

T, () =ty + —((B+2d'//)—l\/_ Q tan(—"7)),

Substituting Eq. (24) into Eq. (22), along with Eq. (9) and
simplifying, our obtained solution becomes:

C,
T, (m)=ay - —((B +2dy)+ 2V/(—C))
2

Substituting Eq. (24) into Eq. (22), together with Eq. (10)
and simplifying, yields following traveling wave solutions, if
C, =0 but C, #0; C, =0 but C, #0 respectively:

T, (1) =, —%(m,ud +2JA coth(%n))-
T, (1) =a, —%(zw +2JA tanh(% n).

Substituting Eq. (24) into Eq. (22), along with Eq. (11) and
simplifying, our exact solutions become, if C, =0 but
C, #0; C, =0 but C, #0 respectively:

A
=

J-a
4

T, (m)=ay+ %(2y/d + 21'\/Xcot(

7o, () =ty + - (2yd = 20K an = )

109

where
n :x—%(B +2dy +a At

Similarly, for set 3, substituting Eq. (25) into Eq. (22),
together with Eq. (7) and simplifying, yields following
traveling wave solutions, if C; =0 but C, #0; C, =0

but C, #0 respectively:

NG

T5, (m) = — i(«/6 x coth(==-1)
+%(4E‘// +B?)x tanh(gﬂ))
T32 m=ay- %(\/5 x tanh(g”)

Jo

1 ) '
+—(@Ew + B°) x coth(——
4Ey ) (ZA n))

NG

Substituting Eq. (25) into Eq. (22), along with Eq. (8) and
simplifying, we obtain following solutions, if C;, =0 but

C, #0; C, =0 but C, #0 respectively:

\/— Q
)
(4Ey + B* )><tan(
ﬁﬁ
m)
\/_

I (m)=ay - i(1'\/5 X cot(

l \/— 77))

I, (m)=ay + —(i\/a X tan(

(4Ey + B* )xcot(

l \/— n)

Substituting Eq. (25) into Eq. (22), along with Eq. (9) and
simplifying, our obtained solution becomes:
2 C
P (——2—)

EWF%‘7*C+CU
1 2

G, 4
———(4Ey + B*) x (——2—
24y (Ey +B7)x (- s C277)
Substituting Eq. (25) into Eq. (22), along with Eq. (10) and
simplifying, yields following exact traveling wave solutions,
if C;=0 but C, #0; C, =0 but C, #0 respectively:

I (m)=a, - (_y/+£ Oth(£ )
—7(4E!//+B) ( +£coth(\/_77))’
NOS ao—%x( B+£ta h(£n))
2w A
B A A

- D Na -1
iy (4Ey + B*)x (W+Wt nh(*=7))
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Substituting Eq. (25) into Eq. (22), along with Eq. (11) and 2y -B [— A [— A
simplifying, our obtained exact solutions become, if C; =0 T;, (m=a, - I x (E - 7 tan(T m)
but C, #0; C, =0 but C, #0 respectively:
ut €3 %0; Cy =0 but G 20 respectively | N = =
21// _B ,\/I m + W(4E!//+B )X(E—Ttan(Tﬂ))
T3, (m) = oy —— - x(5—+——cot(——17))
A 2u 74 A
where 77 =X —Ql.

5 VA &

1 2 - A 2
A4FEy + B ) x (— + cot(——
say HEY B G T S

+

3.2.1. Table

Table 1. Comparison between Kheiri and Ebadi [36] solutions and our solutions

Kheiri and Ebadi [36] solutions Obtained solutions

iIf A=-1, C=2, Q=2"~4u, n=-¢,
oy +B+2d= J_r\//”tz — 4 then the solution is

JA -
137 = =420 (51— ot )

iIfd=1, C=0, Q=A*—4u,

iIf C, =0 and u,(&)=1,(77), solutions Eq. (7)

[2
becomes: T, (17) = (4> —4u) (£l - coth(#)

ii. If C; =0 and u3(5) =T, (17), solutions Eq. (7)

becomes: oy —B—-2d= +4/A? — 4 then the solution is

4u— A n 2

- 2 _ 4, — _ 2 NTA A 4u—A

T, (®) =4/ 2% —4uu —Jdp— 7 x cot( T | 1 (@)= 7 —ap A= 2 oot A,
iii. If (&) =T, (7). solution Eq. (7) becomes: ii. If A=1, C=0, a,—B—2d = 0then the solution
C
T, (7)=2(—2— is T, (17)=2—5—)
25 (77) (Cl +C2§) 25 Cl +C2§

3.2.2. Results and Discussion
It is significant to state that one of our obtained solutions is in good agreement with the existing results which are shown in
the Table 2. Beside this table, we obtain further new exact traveling wave solutions T, 1) T, > To, (=T, (1) >

T, =T, (1) > Tp, () =Ty, () in this article, which have not been reported in the previous literature. In addition, the
graphical representations of some obtained traveling wave solutions are shown in Figure 7 to Figure 10.

3.2.3. Graphical representations of the solution
The graphical illustrations of the solutions are depicted in the figures 7 to 10 with the aid of commercial software Maple 13.

-10

503 10
Figure 7. Singular Kink of T16 (77) when d =1, o, = 1, A=4, Figure 8. Kink of solution le (77) when @ =1, d=1,
B=0,C=1, E=1and —-10<x,£<10. A=4, B=1, C=1, E=1 and —-10<x,£<10.
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d=1,

Figure 9. Periodic solutions of Tl3 (17) when a =1,
A=2, B=1, C=4, E=1 and —10<x,<10.

Figure 10. Singular Periodic solutions of T3x (7]) when @y = 1,
A=1 B=0, C=2, E=2 and -10<x,¢<10.

4. Conclusion

Some new exact traveling wave solutions of the
(3+1)-dimensional Zakharov-Kuznetsov equation and the
Burgers equation are constructed in this article by applying
the new generalized (G'/G) -expansion method. The
traveling wave solutions are presented in terms of hyperbolic,
trigonometric and rational functions. The performance of
this method is trustworthy and gives many new solutions.
Moreover, one of our obtained solutions are in good
agreement with the existing results which validates our other
solutions. Therefore, the new generalized (G'/G)
-expansion method can be further used to solve many
nonlinear evolution equations which frequently arise in
various scientific real time application fields.

Appendix

Khan and Akbar [35] established exact solutions of the
well-known (3+1)-dimensional ZK equation by using the
modified simple equation method which are as follows:

111

2

. A A
3Aa, (sinh (6 5) +C, cosh (6 5)

2
u()=-= p -
| (3a, + Aa,) cosh (g g) +(3a, — Aa,)sinh (gg)

(3.36)

s>

where £ =x+y+z—At.

We can randomly choose the parameters a, and a, .

. Aa,
Setting @, = T , Eq. (3.36) reduces to

u,(x,y,z,t) = %(1 + tanh(%(x +y+z-A). (A1)

ay

A
Again, Setting a, =_T , Eq. (3.36) reduces to

uy(x,y,z,t)= %(1 + coth(% (x+y+z—-141)).(A.2)

When C, = —2, from Eq. (3.30), executing the parallel
a

course of action which described in case-1, we obtain
22
”3(xay,2,f) =
a

3a,(1- tanh(% ) (A3)

x(1+

)
Aa, sec h(% &)—3a,(1- tanh(% £))
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