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Abstract The cosmological implications of the generalized ghost dark energy model in the presence of varying
gravitational constant is investigated. In particular, evolution of the cosmological parameters such as the equation
of state and the deceleration parameters are studied. The investigation is also generalized to the more general
case where there is a bulk viscosity in the cosmic fluids. It is shown that by taking 0 < Ag < 0.07, £ = 0.01
and assuming Q% = 0.73 for the present time, we find —0.80 < w% < —0.78 and —0.41 < go < —0.36 for the
present ranges of the equation of state and the deceleration parameters. This values are consistent with the recent
observations.
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1 Introduction

Nowadays there is an ample consensus on the observational side that our Universe is experiencing a phase of
accelerated expansion likely driven by some unknown energy component usually dubbed “dark energy” [1]. Recent
astronomical observations indicate that nearly 70 percent of the Universe consists of dark energy with negative
pressure [1]. Disclosing the nature and the origin of such a dark energy has been one of the biggest challenges of
the modern cosmology.

Many theoretical candidates have been proposed as dark energy, among them, those which originate from
fundamental theory such as quantum gravity, has arisen a lot of enthusiasm, recently. Two examples of such
models are holographic and agegraphic dark energy models [2, 3, 4, 5, 6, 7, 8]. For a comprehensive review on dark
energy models see [9]. In order to explain the acceleration of the cosmic expansion, in most of these dark energy
models, one needs to consider a new degree of freedom or a new parameter.

Among various models of dark energy, the so called ghost dark energy (GDE) has attracted a lot of interests in
recent years. The origin of dark energy, in this model, comes from Veneziano ghosts in QCD theory [10, 11, 12, 13].
Indeed, the contribution of the ghosts field to the vacuum energy in curved space or time-dependent background
can be regarded as a possible candidate for the dark energy [14, 15]. The magnitude of this vacuum energy is
of order AZZ’;)CDH7 where H is the Hubble parameter and A3QCD is QCD mass scale. With Aqcp ~ 100MeV
and H ~ 10733V, A%CDH gives the right order of magnitude ~ (3 x 1073eV)?* for the observed dark energy
density [14]. The advantages of GDE model compared to other dark energy models is that it is totally embedded
in standard model and general relativity, one needs not to introduce any new parameter, new degree of freedom or
to modify gravity. The dynamical behavior of GDE model in flat universe has been explored in [16]. The studies
were also generalized to the Universe with spacial curvature [17]. The instability of GDE against perturbations
was investigated in [18]. In [19, 20] the correspondence between GDE and scalar field models of dark energy were
established. Other features of the GDE model have been investigated in Refs. [21, 22, 23, 24, 25, 26]. However,
it was argued that the vacuum energy of the Veneziano ghost field in QCD is of the form H + O(H?) [27], where
the sub-leading term H? should be considered especially at the early stage of the Universe acting as the early dark
energy [29]. It was also shown that considering this term leads to a better agreement with observational data [29].
The GDE with sub-leading term H? is usually called generalized ghost dark energy (GGDE) and various aspects
of it has been investigated in the literature [30, 31].

It seems likely that one can only talk about variations of dimensionless quantities, such as the fine structure
constant. In other words, the fundamental constants may not be constant at all. Indeed, there have been many
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attempts in the literature to theoretically justified a varying gravitational constant. For example, in Brans-Dicke
theory the gravitational constant is replaced by a scalar field coupling to gravity through a new parameter, and
it has been generalized to various forms of scalar-tensor theories [32], leading to a considerably broader range of
variable-G theories. In addition, justification of a varying Newton’s constant has been established with the use
of conformal invariance and its induced local transformations [33]. Finally, a varying G can arise perturbatively
through a semiclassical treatment of Hilbert-Einstein action [34], non-perturbatively through quantum gravitational
approaches within the “Hilbert-Einstein truncation” [35], or through gravitational holography [36, 37]. Observa-
tions of Hulse-Taylor binary pulsar B1913 + 16 lead to the estimation G/G ~ 2 +4 x 10~ 2yr~1 [38, 39], while
helio-seismological data provide the bound —1.6 x 10~ 2yr~! < G/G < 0 [40]. Similarly, Type Ia supernova

observations give the best upper bound of the variation of G as —10~*yr=! < & < 0 at redshifts z ~ 0.5 [41],
< 4.10 x 107 Hyr—t

while astereoseismological data from the pulsating white dwarf star G117-B15A lead to ‘g

[42]. See also [43] for various bounds on G /G from observational data, noting that all these measurements are valid
at relatively low redshifts, i.c z < 3.5. Since the limits in G-variation are given for G /G in units yr~!, and since
G/G = HG'/G, we can estimate Ag = G'/G substituting the value of H in yr—' [44, 45].

Previously, some dark energy models with varying gravitational constant have been explored in the literature.
For example, the holographic dark energy model in the presence of varying G were studied in [44, 45], while the
new agegraphic dark energy [46] and GDE model with varying gravitational constant were investigated in [47].
However, till now, in all investigations on GGDE model a constant G have been considered. In this paper, we
would like to study the effects of the time varying gravitational constant in the Universe filled with GGDE and
dark matter.

This paper is organized as follows. In section II, we study the GGDE model with varying gravitational constant.
In section ITI, we extend our study to the case where there is a viscosity in the bulk fluid. The last section is devoted
to concluding remarks.

2 GGDE model with varying gravitational constant

Consider a flat Friedmann-Robertson-Walker (FRW) universe. The first Friedmann equation is

81
H? = ZZ (pp + pp) (1)

3
where H = a/a is the Hubble parameter, p,, and pp are, respectively, the energy densities of pressureless matter
and dark energy, which satisfy the conservation equations

pm +3Hpm = 0, (2)
pp +3Hpp(1+wp) = 0. (3)

where wp = pp/pp is the equation of state parameter of dark energy. The energy density of GGDE is written in
the form [29]

where « and [ are two constant. The constant « is of order A?QCD where Aqcep is QCD mass scale. In the GGDE,

B is a free parameter and can be adjusted for better agreement with observations. Defining the fractional energy

density parameters as

a0 - 8tGpm ~ 8wGpp
™ 3H? 0 P T 3EE

()
the Friedmann equation (1) can be rewritten as
QO +Qp = 1. (6)

If we take the derivative of (4) with respect to the cosmic time, we arrive at

pp = H(a+ 28H). (7)

Next, we take the time derivative of Friedmann equation (1), after using the continuity equations (2) and (3), as
well as relations (5) and G = HG', we get

H Ag

H?2 2

| W

(1+QD’U)D), (8)

where Ag = G'/G arises from the varying nature of G and the prime denotes derivative with respect to x = Ina.
Combining relations (7) and (8) with continuity equation (3), and solving the resulting equation for wp, we find

_§-0p— A€+ 0p)/3
Qp(2—-Qp —¢) ’

9)

WD
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Figure 1. The behaviour of wp versus Qp for £ = 0.01 and Ag = 0.05
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Figure 2. The behaviour of g versus Q2p for £ = 0.01 and Ag = 0.05

where £ = 87G3/3. When Ag = 0, we obtain the equation of state parameter of GGDE [31],

_ §—Qp
Qp(2-Qp —¢&)

In the limiting case £ = 0, one finds the equation of state parameter of original GDE with varying gravitational
constant in a flat universe [47]. Another quantity which is important in studying the evolution of the universe
is the deceleration parameter. When the deceleration parameter is combined with the Hubble parameter and
the dimensionless density parameters form a set of useful parameters for the description of the astrophysical
observations. The deceleration parameter is defined as

wWp (10)

H
Substituting relation (8) into (11), we find
1 Ag 3
=———=Z+-0 : 12
¢=5-— t3ipwp (12)

Using Eq. (9), we obtain

1 3( Qp — ¢ ) Ag 13)

=97 9\9-q,—¢) 2-0, ¢

If we take 0 < Ag < 0.07 [43] and assuming Qp = 0.73 for the present time and & = 0.01, we get —0.80 <
wp < —0.78 and —0.41 < ¢ < —0.36 which are consistent with observations [48, 49, 50]. The behaviour of wp
and ¢ versus the dimensionless density parameter {)p are shown in figures 1 and 2. These figures show that the
transition from deceleration to the acceleration phase take places around Qp ~ 0.48. On the other hand, in the
late time where the GGDE dominates and for 0.983 < Q2p < 1, the equation of state parameter, wp, can cross
the phantom line, i. e., wp < —1. Finally, we obtain the equation of motion of GGDE with varying gravitational
constant. For this purpose, we first take the time derivative of relation
_ 87Gpp 81G

After using relation Qp = HQ,, as well as relation (12), we reach

dQp
dlna

=A0cQp+ (p —& (1 +4q). (15)
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Substituting ¢ from Eq. (13), we arrive at

dQlp
dlna

1-Qp—Ag/3
2-Qp ¢

=AgQp+3(Qp—¢§) (16)

3 Varying gravitational constant and viscous GGDE

Next we generalize the investigation to the viscous GGDE model with varying gravitational constant. The
cosmological model with viscous cosmic fluid was first studied in [51]. A special branch of viscous cosmology is to
investigate how the bulk viscosity can influence the future singularity, commonly called the Big Rip, when the fluid
is in the phantom state corresponding to wp < —1. A lot of works have been done in this direction [52, 53, 54]. In
particular, it was first pointed out in [52] that the presence of a bulk viscosity proportional to the Hubble expansion
H can cause the fluid to pass from the quintessence region into the phantom region and thereby inevitably lead
to a future singularity. Dark energy with bulk viscosity has a peculiar property to cause accelerated expansion of
phantom type in the late evolution of the universe [52, 53]. The bulk viscosities are negligible for non-relativistic
and ultra-relativistic fluids but are important for the intermediate cases. In viscous cosmology, shear viscosities
arise in relation to space anisotropy while the bulk viscosity accounts for the space isotropy [52]. In the presence
of viscosity the energy-momentum tensor of the viscous fluid is given by

Tuy = PDUL Uy + ﬁD(guu + uuuu)7 (17)

where
Pp = pp — 3H, (18)

is the effective pressure of dark energy and u, is the four-velocity vector. Here ¢ is the bulk viscosity coeflicient
which is chosen such that ¢ > 0 in order to get positive entropy production in conformity with second law of
thermodynamics [55]. The conservation equation for the viscous GGDE reads

pp +3H(pp +pp) =0, (19)
where it can also be written as
pp +3Hpp(1+wp) = 9H?C. (20)
Inserting Egs. (7) and (8) into (20), we find

1

VAVE: 6¢
= Qp — — (2 — —(Qp — . 21
wp QD(2—QD—€)|:D ¢+ (©p +&) = (2 5)} (21)
In the limiting case { = 0, one recovers the result of the previous section. In the presence of viscosity the deceleration
parameter and evolutionary behaviour of GGDE are still given by Eqgs. (12) and (15), where wp is now obtained
from (21). It is interesting to study the pure effect of viscosity on GGDE model in flat universe. In this case we

set Ag = 0 and the equation of state parameter reduces to

O e e el d -

For the late time & < Qp and Qp < 2 — ¢, so for ( < a/6 we have wp < 0. At the present time, if we take
09 = 0.73 and ¢ = 0.01, the accelerated expansion can be achieved, namely wp < —1/3, provided ¢ < 0.096cv.
This implies that in an accelerating universe, the bulk viscosity coefficient ¢ is much smaller than the ghost energy
density coefficient.

4 Summary and discussion

It is a general belief that one can only talk about variations of dimensionless quantities, such as the fine structure
constant o, = e%/(4meghc). This is due to the fact that physical units are quite arbitrary, and each individual
constant can be removed through a suitable choice of units. The simplest example is the speed of light, ¢, whose
variation is now manifestly unmeasurable because of its designation as a fixed constant relating the definition of
time and distance units. Dimensionless quantities, on the other hand, are independent of the choice of units and
so should admit the possibility of genuinely observable changes. There are significant indications that Newton’s
gravitational constant, G, can vary, being a function of time or equivalently of the scale factor [56]. Indeed, there
have also been many studies aimed at constraining variations of Newton’s gravitational constant, G. The role of
G-variation will be expressed through the pure number Ag = G'/G, which will be extracted from observations
[45].

On the other hand, the dark energy puzzle has been one of the biggest challenges of the modern cosmology in
the past decade. However, in most studies on dark energy models, people usually assume the gravitational constant
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G does not vary with time. However, there are some evidences which indicate that a varying gravitational constant
can give a better fit with observations [45]. Therefore, it is quite interesting to study the dark energy models in the
presence of varying gravitational constant. This investigation can reveal the effect of varying G on the evolution of
the universe and in particular its effect on the acceleration of the Universe expansion. In this paper, we investigated
the GGDE model in the presence of varying gravitational constant. We obtained the equation of state and the
deceleration parameters of the model. Taking 0 < Ag < 0.07, € = 0.01, and assuming Q% = 0.73 for the present
time, we found —0.80 < w%, < —0.78 and —0.41 < go < —0.36 for the present ranges of the equation of state and
the deceleration parameters. This values are consistent with the recent observations [48, 49, 50]. We also extended
the investigations to the case where there is a bulk viscosity in the presence of GGDE. For pure viscous ghost
energy, the present acceleration of the Universe expansion can be derived provided we take ( < 0.096c, where (
and « are, respectively, the bulk viscosity coefficient and the ghost energy density coefficient.

Finally, we would like to mention that the viscous GGDE model with time varying gravitational constant, has
four free parameters, namely the GDE parameters a and &, the viscosity parameter (, and the G-varying parameter
Ag. One way to reduce the parameters of the model is to fix some parameters and only allow other parameters
to constraint with observational data. In this work, we only restricted our study to limited observational data.
Having the wide range of cosmological data at hand, we will further constrain our model parameter space in the
future and test the viability of this model.
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