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Abstract In this paper we suggest a fully discretized problem of a model describing two-step chemical ki-
netics. The model considered is a system of equations coupling Navier-Stokes equations with three non-linear
reaction-diffusion equations. A space-time finite elements approximations are presented. The stability of the fully
discretized problem is studied. Optimal error estimates are given.
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1 Introduction

Chemical kinetics can be defined as the study of chemical or biological systems that its compositions change
with time. For example, in biological systems, the cellular behaviour involves a very large number of chemical
reactions, usually, catalyzed by proteins. Those reactions, for simplicity, can be described as a simple chemical
reaction between two or more states of the system. Several works have been devoted to chemical kinetics, see for
instance [5, 6, 11, 17].

The numerical analysis of one-step chemical kinetics is studied in [1]. The authors prove the existence, unique-
ness of the solutions and also give some a priori error estimates. In this paper, we are interested in a two-step
chemical kinetics. In the first step, the specie A gives a product B which undergoes a second reaction and gives
the specie C' as result of the second step. For example, in biology reactions, A could be the unfolded state of a
protein, B the compact denatured state or "molten globule” state and C the final native state of the protein [4, 9].

It is worth noticing that when two time curves A and C or B are known, the solution is easy, but in many cases
the simultaneous determination of the substrate, intermediate and the final product is difficult or impossible. So,
it is very significant to develop a numerical research method for this kind of complex reaction.

We consider both steps be exothermic first-order reactions with the corresponding reaction rates, given by the
Arrhenius law [18]: k; = k;,exp(E;/RT), here F; is the activation energy, k;, the pre-exponential factor, R the
universal gas constant, T’ the temperature and the index i denotes the step number (i = 1,2). It was established
that when the activation energy of the first reaction is much greater than the activation energy of the second
reaction (the second reaction is faster that the first) the second specie B will be immediately consumed, as quickly
as it is formed. In the other case, when the second reaction is slower than the first one, all the two reactants and
the two products will appear (it is the case of Nitrogen dioxide which can give the final product Nitrogen via the
intermediate specie Nitrogen monoxide) [16, 19]. Same phenomenon is observed in some biochemistry problems
when using Michaelis-Menten kinetics [15], in the model, the unknowns are the concentrations of enzymes.

Perhaps the simplest model of such process can be described by the following system of differential equations
[13]:

—— = —k1[A],

d[B] _
E2 = hilA] k[,

Here [A] and [B] are respectively the concentrations of species A and B. It is well known that the concentration
of the final product is given by: 1 — [A] — [B]. In this paper, we will take into account the influence of the
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hydrodynamic and energy on those kind of reactions. To this end, we will consider a more generalized model. The
semi-descritized problem of such model has been studied in [2]. The authors prove the existence of the solution
and give the a priori error estimates on the different unknowns of the model. This work is devoted to the fully
discretized problem.

The paper is organized as follows. In Section 2, we give the model describing the two-step chemical kinetics, in
Section 3 and 4, we give our variational problem and study its stability. In the Section 5, we give the a priori error
estimates on the different unknowns of the problem.

2 Model presentation
For our two-step chemical kinetics, we will consider the incompressibility assumption on all the reactants and
the priducts; therefore, we will consider a coupling between the hydrodynamic and the reaction-diffusion equations,

under the classical Boussinesq approximation [14].
The model for such process, is given by:

6tT — MT +u.VT — 0191 (T) — CQQQ(T) =0,
0,C1 — d1AC; +u.VCi + C’lgl(T) =0,
(P) 0:Cy — do ACy +u.VCsy + CQQQ(T) —Cig1 (T) =0,

O — vAu+ (uV)u+ Vp = f(T),

div u =0,

where the unknown factors are speed u, the pressure p, the temperature T', the concentrations C7, Cy of species
A and B respectively; the coefficients v, A, d; and dy are assumed to be a positive constants (physically, d; indicates
the diffusion of the concentration C; (i=1,2), A the thermal diffusion and v the viscosity of the fluid). The datas
are a regular function f of R to R? (typically, the function f is a gravity force proportional to the variations of
density, therefore dependents on the temperature) and an other regular function g; (i=1,2) of R to R? (typically,
the function g; (i=1,2) is the source term of the reaction depending on the temperature and also on energy).

The gradient, divergence and laplacian operators can be defined as following;:

d _ d 9
Vv<av v 8”) div V = Ovi Av= 07

Ox1 Oxs’ 7 Oxy — ox;’ — 02x;’

The boundary conditions are of Dirichlet type for speed and Dirichlet-Neumann type for the temperature same
as for the concentration. They are written:

oT oC; .
=—|r, =0, and ulgpo =0 i=1,2,

Tlr, = Cilry, %|F2 =

and the initial conditions are given by :
uli=0 = uo, Tli=0 = Tp, and Ci|s=0 = Ci, i=1,2,

where I'; and I'y are disjoined opens parts of 9§ such that I'y UTy = 9.
It will be useful to note that for the following assumption:

(2.1) F(T) = B(T —Tp), A=0, a(t) = gy and g;(T) = kiew(—%)v

the system of equations (P) give the chemical model which is known under the name of thermo-diffusif model
[3]. Where 3 is the coefficient of thermal expansion, Ty the average temperature and g is the gravity constant.
In our model, we announce that the function g; is multiplied by the concentration C;, therefore the reactions
are considered of the first order; this functions are obtained by the Arrhenius law [18]. Here E; indicates the
activation energy, R the universal gas constant, g indicates the constant of gravity, v is the ascending unit vector,
To the initial temperature of the product, the index ¢ denotes the step number of the reaction. The existence and
uniqueness of the continued problem solution is studied in [12].

In the next section, we establish the existence and the uniqueness of fully discritized problem and study its
stability.



26 A Space-Time Finite Element Approximation of a Two-Step Chemical Kinetics Model

3 Presentation of the fully discretized problem
Before giving our discretized problem. First, we will give some assumption which is in good agreement with
the physical background and present our functional framework.
Assume that :
The reals v, A dy, do and )\ are strictly positives,
a € WHe(R),
gi € W17OO(R>7 Cgi :H g; HLO"(Q)a and gi > 0) || i ||L°°(Q): 1) i= 1a2

fewh=(R), f(0)=0,

V(T1,To) € (Hyp, (2)2, || £(T1) = f(T2) l2) < | V(Th = T2) |20 -

We specify now the functional framework in which is carried out our analysis of the problem. The speeds space
V' defined by:
V ={uc (H}(Q)? divu=0 in Q}.

The temperatures and the concentrations space is H&Fl Q) ={ve H(Q)/v|r, =0}.
We introduce now the constant of Friedrichs — Poincaré related to the domain geometry:

_ [ u ||L2(Q)
p= Ssup ————.
wert@) || Vullr2 o)

Throughout the paper, we often use the following notation:

Foreach(,n>0: (<Sn < 3C*>0 : ( < C*n; without further specification, we intend the constant
C™ independent of the mesh-size and the solutions.

Now, we give our functional framework by introducing some spaces, next, we give our fully discretized problem.
First, we introduce the spaces that we need for our studies :
For any value of the real parameter h > 0, we consider three spaces X, M} and W}, such as

X, C (Hy(Q)*, My, € L§(Q) and W), C Hyp (),

we set
Vi i=A{vn, Van € Mh,/ gndiv vpdz = 0},
Q

and we assume that they satisfy the following conditions:
1. For any 0 < o < 1, there exist a linear continuous operator P, from H?(Q) N L3(2) onto M}, such as

Vg € H?(Q) N L§(Q), lg — Prallo,e < A 14lo0

2. For all 0 < o < 1, there exist a linear continuous operator Z;, from (H'*°(Q))¢ N (H(Q2))? onto X}, such as

Yu € (H™ ()N (Hy (@), |lu = Tnullre < h7lulito0-

3. there exist a constant 3 independent of A, such as

Van € My, 3vy, € Xy, such as (divoy, qn)oe 2> Bllanllo.ellvnl1a-

4. For all 0 < o < 1, there exist a linear continuous operator i), from H'*7(Q) N H}(Q) onto W), such as

VT e H'W () NHY(Q), [T —inTle S 5T |eme:

We give now some examples of such couple of spaces verifying the last conditions [8]. We assume that the
open (2 is polyhedric and we assume a regular triangulations family 75, of €2, where for all A the triangulation 7,
is d-simplexes set of diameters bounded above by h. For all K of 75, we define by P, (K) the polynomial space of
total degree k on K, where k is a strictly positive real.

Let the space W}, defined as following:

Wy, = {T), € C°(Q) N H(Q);VK € 71,3 Ty € P1L(K)}.

For the spaces X5, and Mj, we have the following examples:
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Example 1 In dimension d = 2, we set

X = {on € (Co(Q))* N (Hy(2))*, VK € mh;vnx € (Pa(K))Y,
My, = {qn € L§(Q),VK € Th;qnx € Po(K)},

Example 2 In dimension d = 2, we set

Xp = {vn € (Co(2))* N (Hg(2))*, VK € i3 up i € (Pa(K))?},
My, = {qn € L§(Q) U Co(Q),VK € Th; quiix € P1(K)},

27

Example 3 For all T of 75, of vertices a;, 1 < ¢ < d+ 1, we note by \; the barycentric coordinate associated
to the vertices a; and by n; the normal vector on the face not containing a;. We set Pr the space engendered by
the polynoms of (P;(T))? and by the functions

We set then

d+1
Jj=1,j#i

Xp, = {vn € (Co(2))* N (Hg ()", VK € Th;vp i € Prc},
My, = {qn € L§(Q) U Co(Q),VK € 5 qnx € P1(K)},

In the three examples above, the assumptions (1) — (3) are satisfied and the constant § is independent of & [7, 10].

Let the following

spaces:

X = (Hep, (), W =Hip (@), M=L3(Q), V={ve X,divo =0}

and we introduce

the forms defined by:

for all (u,v,w) € X37 (T7¢7CJ/’) € W4a pe Mv

and:

ar(u, v, w) = % </Q(uV)vw dx — /Q(UV)U)’U dx) ,
as(u, T, ¢) = % (/Q(UV)Td) dx — /Q(UV)QST d:ﬂ) ,

d(T,y) = | VTV¢ dx, b(p,v) = / pdiv v dx,
Q Q

k(O T, ) = /Q Cgi(T)pde.

In order to give the fully discretized problem, we will use in time the finite difference method with implicit

scheme.

Let k = At. We consider the following fully discretized schema problem:

For CT ,C3 T}, uyy known, find CZLH e Wr(i =1, 2),T,:‘+1 € W;“uZH € X, and pZH € Mj, such that:

()

Von € Wh, (CT én)oa + kdid(CTT, én) + kay(uf, CT, )
+EK(CTHL T, ¢n) = (CF dn)oas

Von € Wi, (C3.5, dn)o.a + kdad(C5, dn) + kay (uf, C3F, dn)
+EEy(Cy T, 6a,) — KEG(CRFL TR, 69,) = (C5,, 62,)0,0,

Yon € Wi, (TP én)oa + kAT, é5) + kaq (ul, TP én)

—kKL (CTFL TR én) — KEo(Co ™ T ) = (T3 dn)o o

Yop, € Xp, (up ™ vp)oa + kud(up ™t on) + kay (upt, uf T o) — kb(ppt vn) =

ka(t™ ) (F(T ), on)o.0 + (uf, vn)o,0

th € Mh, b(q;“’u,ZJrl) =0.

As usual, we consider that the couple of spaces (X}, M},) is compatible. By classical arguments [7, 10], we have

the following lemma:
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Lemma 3.1. For alln € N*, the problem admits a unique solution

(u27p27T}?70{Lh7C§h) € Xh X Mh X Wl?

’IL

In the sequel of this paper, for each n positive integer, we denoted by CT, , C3 , T}, u
solution of the problem (P}').

and py the discret

4 Study of stability

The main result of this section is to prove stability of our fully disretized schema. To prove that we need some
lemmas. First we have:

Lemma 4.1. For alln € N*, we have:

n—1
||Clh||0 ot Z ||Ci:1 Otho o+ 2kd; Z ||Cl,1 [k o= ||Clh
=0 =1

Proof. First of all, let us notice that:
ar(uf, ,CTT,CP*Y) =0 and K(CTH, T3, C7FY) > 0.

Consequently, by choosing C’f:l as test function in the first equation of the problem (P7*) and by using the identity

1
ala —b) = i(a2 —b* 4 (a — b)?), we have:

ICTF G0 + ICT = O 5.0 + 2kdi[ICTF I o < IICT IIf o
By summing over the time, we obtain:

n+1

||C{Lh+1||o o+t Z |CTH = Cf, 5. + 2kd: Z 1C5, 1.0 < ICY, 113 .-
i=0 im1

We have also the following:

Lemma 4.2. For alln € N*, we have:

n—1

IC3, 15,0 + Z IG5 = G5, 5.0 + dzkz 1G5, I3 0 < NG5, 1150+ 55— 2d 5 HC1h||o Q-
=0 =1

Proof. By choosing C’;L‘H
1
ar(ufl, C3 1, CP*hy = 0, Ko (Cy+h, T, C5 ) < 0 and by using the identity a(a — b) = 5((12 — b+ (a—b)?), we

have:

as test function in the second equation of the problem (P;'), while noticing that :

IG5, 8.0 + 1G5, = C5, 15 o + 2kd2 | C3 1T o < 26K (CTF T, O30 + 1163, (15 -

However:

Fy(Cr Ty, O < IIC"“Hl ot 7||Cn+1||1,ﬂ'

- 2d

Therefore: .
P

IC5 G o+ I1C5F = CF 1.0 + k2|3 1T o < 1IC3, 15,0 + kdlelcﬁflllig-

By summing over the steps time and by using Lemma 4.1, we deduce the following estimate:

n+1
||C§,f1||osz+2||cl+l C2h||osz+kd2ZHC'2h||1 o< ||C2h||osz+ 2d & ||Clh

i=1

We have also the following:

Lemma 4.3. For alln € N*, we have:

n—1

4
i o 2p
T3 1.0+ > 1T Thllosz+>\k§ 1T o < TR0 + o VR (1+ d2)||Clh||OQ+ dQIICSh,H%,n
=0 i=1
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Proof. By choosing T}?H as test function in the second equation of the problem (P}), while noticing that :

1
ar (up, TP, TP = 0 and by using the identity a(a — b) = §(a2 —b* + (a — b)?), we have:

T3 B+ 1T — TR+ 2KAIT 1 o < 2KE (O T3, T )
2kK»(Cy, pHL T ’Tnﬂ) + || T3 HO,Q'

However:
A
K(CPH, 1, Tt < IIC’”rl 110+ 1 1T

Therefore:

27 )

2p*
1T 5 + 1T = Tilga + RAIT e < ITEIG.q + = (ICT,

By summing over the steps time and by using Lemma 4.1 and Lemma 4.2, we deduce the following estimate:

i +1
1715 6 JrZ?oIIT“rl T’Ilon+’MZ" HTZII < T o

2k
+ )\p 2kd1 ”Clh” + 2kd1d2 Hclh ” + kdz ||C2h HO Q

Also, we have the following:

Lemma 4.4. For alln € N*, we have:

n
. . 2 2 4 4
lur I3 o + Z iyt =il o+ kv Y luilie < %58 (IIT;?H%,Q + L A+ E)ICT, 15 o

i—1
+>\d2 163,113 Q) + HuhHO Q

Proof. By choosing uh+ € V;, as test function in the third equation of the problem (FP}'), while noticing that

1
ar (uf,up ™ ul ) = 0 and by re-using the identity a(a —b) = i(a —b* + (a —b)?), we have:

g M3 0+ g™ = ui s o + 2kvllu 7T o = 2ka(E T (F(TEH), up™) + lubllf o

However:
2ka(t" ) (f (T up ™) < kvllup ™I o +2 kIIT"“IIl Q-

Therefore by using Lemma 4.1, Lemma 4.2 and Lemma 4.3, we deduce that:

n
. . 2 2 4 4
i3 0 + Z lay ™t = bl + kv Y luphe < 5L (IIT;?H%,Q + L1+ BICT, 1R 0
=1

2p
218, 130 ) + I

Now, using the Lemmas 4.1, 4.2, 4.3 and 4.4, we easily deduce stability result:
Theorem 4.1. For all n positive integer the fully discitized problem (P}") is stable.

In the next section, we obtain some error estimates at the same time on speed, the pressure, the temperature
and the concentrations.

5 Error stimates

We consider the operators R, and r, respectively definite from (H{} (Q))d and H{  (Q) onto X;, and W, by:
Yu € (H&(Q))d, Yoy, € Xy, / V(Rpu — ).V, =0,
Q

and

Vs € H(},Fl(ﬂ)» Von € Wh, / V(rns —5).Von = 0.
Q
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We remind that: J
Vue (Hy()", || VRyu[l1o<[| Vu [1a -

Moreover, if u € (HH"(Q))d,with 1 < o <2, we have [8]:
[u— Rpulli,0 S h7[lull1+0,0-

We have also [§],

d
Vs (Hop, (), [ Vs [le<] Vs [1q -

Moreover, if s € (HH”(Q))d, with 1 < o < 2, we have, [8]:
Irns = slla S h7llsllivo.0-
In the following, we set:
("= Rpu" —up, , " =T =Ty and € =7, C" = C}, (i=1,2)
and

(bn _ ¢n—1 '

5t¢n = A

Finally, we set:
A= |ullpe i)z » M= sup |uillie , B=T|z=0.tm )
0<k<N
Me = max([|Cil Lo 0,0, 11 (2)), Cg = 9]l Loe ) -
In this section, our main theorem is the following:
Theorem 5.1. Assume that:

A A
NA<v+NM, NB<3, NMc<j

and

A 1 120, 304
2 12 . 2 12
16M:Cy < min <)\, 2p2) , k< 7 Y= max( - k, - EMeCY) < 1.

If the solution of the problem (P) admits the following regularity:
u e W(0,t, (L*(2))%) N Wh>(0,t, (H'(2))%) N L>=(0,t, (H7(2))%),
p € L*>®(0,t, H7(Q)),
T,Cy,Cy € W2(0,t, (L2(Q))) N W20, ¢, H(2)) N L>(0,t, HT7(£)),
then we have the following error estimates:

lum = up|l§ o + kIV(u" = up)§ o < (7 + k2)(kn + k?n?)

for the velocity,
Ip"™ = phlls o S (R*7 + k) (kn + k*n® + k*n?)

for the pressure,
1T = T35 o + 2SIV = T F o S (027 + E2)(kn + k*n? + k*n?)
for the temperature and
ICF = Ch 5.0+ sasay k(A = 3p°)IV(CF = CE IS o S (W27 + E?)(kn + k*n® + k*n?),
for the concentrations (i=1,2).
In the sequel of this paper, we assume:

u € W2(0,¢, (L(Q))7) N W0, ¢, (H'(Q))*) N L>=(0, ¢, (H'7(2))%),

p € L>(0,t, H7(2)),

T,C1,Cq € W22(0, ¢, (L2(£2))) N Whee(0,¢, HY(Q)(2)) N L*2(0,t, HT7(Q)),

To prove the a priori estimate on the pressure, we need some lemmas, first we have:
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Lemma 5.1. For all v, € V}, and n € N*, we have:

lay(up " up, vp) — ar(u”, o) < (NMJu™ = uptflie + NAJu" ™ = uf 1

+NAk|Jullw. 0,6, (11 (2))2))) [VR]1,0-
Proof. By the triangular inequality, we have:
Jax (upy ™t o) = an (u™ utop)| < aa (up ™t upt on) = an(up =t u”, o)

nilaun’vh| + |a1(unilaunavh) - al(unvunavh”'

+|a1(uz_17 un, Uh) - CLl(U
The proof of this lemma is obtained by using the three following inequalities:

lax (upp = uft, on) — an(up =t um, op)| < NMluft — a1 allon

1,9,
lay (up =t u™ o) — ay (U u op) < NAJup ™ — w1l allvnlho,

and
|a1(u"71,u”,vh) — al(u",u”,vh)| < NAkHu||W1700(07t7(H1(Q))2))th”lyQ.

Again, we have the following:
Lemma 5.2. For all real 0, strictly positive independently of h and k, we have:

Jar (ugy =g, €)= ar(u u, ¢ < (BoNM + NA)|lu™ —up|f g
+NAJlu=t — a3 o + O(h?7 + k2).

Proof. By the triangular inequality, we have:
Jax (uy g, ¢) — an(wu, ¢ < aa (up ™ up, ¢7) — aa (up~ ut, )|
+Hag (up™t —u L u? Rpu™ — a4 u” — ul)| + e (uh Tt — uu®, Rpu™ — u +u™ -l

We have also:

n

lu = u" e < kllullwie 0,0, (@))0),

[u" — Rpu™|l10 S A7 lJullpoe o, (140 ()4 -

However
lay (up =t upp — ™, ") < NM|Jup —u" |1 0ll¢" 1.0,

|a1(u2_1 —u" ", Rpu™ — u 4w — up)| < ]\]A||uZ_1 - u"71\|17QHRhu” —u" +u" —upla,

and
lay (u™™t —u™, u", Rpu™ — u™ + u" — up)| < NA|u"! - ul,ol|Rpu” — u” 4+ u™ — uy|

1,Q-

Therefore by using the previous lemma, the last three inequalities and Young inequality, we obtain:

lay (up " up, ¢) —ar(uu™, ¢ < (BoNM + NA)u™ — up|li o
+NAu ™ — a7 o + O(h* + K?).

We have again the following technical estimate:

Lemma 5.3. For n positive integer, we have:

10su™ — Dpupll-1.0 S (h7 + k) + p(v + NM)[[u" — uj|[1.0

+oNAu" ™ —up e + pPal| T = T |L0.

31
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Proof. First of all, we have:
10cu™ — Qpuiy|| 1,0 <[|0u™ — prOyu™[|—1,0 + [lppdeu™ — Bpuit||-1,0

Ou™ — dyulr
<[|0pu™ — prOyu"||-1,0 + sup (pnOru i Voo
veV HUHLQ

However, for all vy, € V},, we have:

(prOcu™ — dyuy, vp)o.0 =(Oeu™, vn)o.0 — (Druly, vn)o.o
= —vd(u" —up,vp) + al(uz_l,uﬁ,vh) —ay(u™,u", vy)
+b(p" — pyson) + a(t")(f(T") = f(T3), vn).
On the one hand, we have:
b(p" = pi,vn) = b(p" — Prp™,vn),
Therefore:
b(p™ — ppsvn) <" = Pap" llo,ellvnll1,0;
then
b(p™ = pisvn) S K7l Lo (0,6, 1o () [[vnll10-

On the other hand, by using the following estimates:

vidu" —up,op)| < viju" —uillallon

II,Q7

and
la@™)(f(T™) = f(T3),vn)| < pa|| T = T3 1,0llvn

By using the previous lemmas we have the following, which prove our lemmas:

1,0

Syu™ — Qgult, v
sup (Ph t tUp, h)o,Q

(h" +k)+ (v+ NM)|u™ — u}|
on€Vi [vn e

1,0

ANAlu" " = up ™ 1o + pal| T = Tj |10

Finally, we are able to give the error estimate on the pressure:

Lemma 5.4. We have the following estimate:

1
[p" = phlloe < (R + k) + = (1 + p)(v + NM)||V(u"™ — u})|

B
1+ _ n—
+7”NA||V<u" P Yoo +

0,0
ap mn mn
?(1 +o)IVT™ =T lo.0-

Proof. First of all, we have:

0" — pillo.e <lp™ — Pap™ o2 + | Pup™ — o o,

_ b(Pnp™ — pr, vp
<h |l e ey + B sup DLEHD” = P tn)
v €Xp ”vvhHO,Q

_ bpn_pnvvh
< |pll e proy + B sup PPV
v €EXp vah”O,Q

We look for finding estimate on b(p™ — pjt, v)
However, we have:

b(pn - pza Uh) = b(pna Uh) - b(piUh),
b(p™, vp) = vd(u"™,vp) + a1 (U™, u™, vp) — a(@™)(F(TF), v) + (Ou”™, vp)
and _
b(ph, vn) = vd(up,va) + a1 (up ", ujt,vn) — () (F(TR), vn) + (Dyuj, vp).

From where:

b(p™ — pi,vp) =(Opu™ — Opul, vp) + vd(u™ — ult,vp)

+ (a1 (u™, u™,vp) — al(uzfl,u%vh))

—a(t™)(f(T") = f(T3), vn)-
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We obtain then:

b(p" — ph,vn) < 0™ — Ovupll-1.2Vonllog + (v + NM)|IV(u" — uj)

\Vvh

lo,0 0,Q

+k[Vonlog + NAIV(u"™ —up™)|

0.2/ Vunllo.a

+ap||V(T" =T}

0,2llVonlo,,

therefore:

b(p" = phson) S (7 + k) + (14 p)(v + NM)[|V (u" — up)o,all

+A+p)(NA V(@™ = up™Hllog + (L +p)ap| V(T = T7)|o.0) IVonllog.

From where, we deduce:

1
Ip" = pillo.a ST + k) + Z(1+ p)(v + NM)||V(u" — uj)

0,0
B
1+ P n—1 n—1 ap n m
+ TNAHV(U —up oo+ 3(1 +o)IVIT™ = T3 o,
O
Lemma 5.5. We have the following estimate:
10:Rpu™ — Byu™ o0 S kllullwzo 0,6, 2 @)y + 77 [ullwro 0,6, (12 (02)))-
Proof. by triangular inequality we have:
||5tRh’LLn — atun”(LQ é ||5tRh'LLn — gtunHo’Q + ||5tun — 8tu”||0,g.
By using Taylor-Young formula with integral remainder, we obtain:
q n a7 ,n a7 ,.n n 1 '
10:Rru™ = Oeulloo + [10pu” = Oulloe = I (RhOyu — Oyu)dsllon
tn—k
o o
+|l (s =" )z zuds|o,0.
Therefore: B
[0:Rpu™ — Opu"[lo,0 < R [|ullwc 0,0, 12 ()y0) + Ellullwz.o 0,6,22(0))a)-
O

Lemma 5.6. Assume that NA<v+ NM, and k < i. Then:

I = upllg o + K1V (" —ui)lgo S (W27 + k) + kY [V = T3 g

i=1
Proof. For the proof of this lemma, we recall the following lemma, known as the Gronwal lemma:

Lemma 5.7. Let a,, b, and c, three positive sequences, c,, not decreasing sequence,

Assume that
n—1

a, + by, §Cn+PZai, v>0
i=0
and
a0+b0 SCO.

We have the following result:
ayn < ¢ exp(vn)

For £" = Rpu™ — uj € Xj,, we have:
(07, ™) + vd(u™ — ul,u™ — u}) = vd(u™ — ul,u™ —u}) + (0 Rpu™, ") — (Dpuft, ).
However, if we choose £ as test function in the third equation of (Pf'), we obtain the following equation:

(Druy, €) + vd(up, &) + ar (up ™', up, ") — b(py, €M) = a(t™) (f(T™),£").
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By replacing the value of (9;u}, &™), we obtain:

(0™, ™) + vd(u™ — up,u” —uy) =vd(u" —up,u” —up) + (OsRpu™, &™) + vd(up,&")

+an(up up, €)= b(ph, €7) — a(t")(f(T}), €7),

therefore:
(0", €™) +vd(u™ — ul,u™ —ul) = vd(u™ — uf, u™ —ul) + (9 Rpu™ — dpu™, ™)
+vd(up, €") 4 ar(up = up, €)= b(pf, €7) — a(t™) (F(TF), €)
_Vd(un7§n) - al(un7un7€n) + b(pnagn) + a(tn)(f(Tn)agnL
because:
(Opu™, &) = —vd(u™,£") — ar(u™,u™, §") + b(p™, &") + a(t™)(f(TT),£").
Therefore:
(5t£n7£n> + Vd(u" _ ’LLZ,U" _ Uﬁ) — (gtRhun _ atun7£n> + Oé(tn)(f(Tn) _ f(T}’;L)7§7L)
+(a1(uz—l’u'2,£n) - al(un,un’gn)) + (b(pnafn) - b(p;zl?gn))
+v(d(u” — up,u” = up) + d(up, £) — d(u”,£")).
we have:

b(p"™,&") — blpp,€")) = b(p", Ryu" —up) — b(py, Rpu™ — uj)
- b(p"™ — pp, Rpu™ —u™ +u™ — uy)
= b(p" — ph, Rpu™ —u™) +b(p" — Ppp", u" — uj)

+o(Prp" — pi, u™ — up).
Since Ppp™ — p € M}, we have the following equality:
b(Ppp™ — pp,u™ —up) = 0.
We have also:
d(u” — up, u™ —up) +d(up, ") —d(u”, §") = d(u" — up, u" —up — (Rpu” — up)),

then
d(u”™ —up,u”™ —up) +d(up,, £") — d(u”™,£") = d(u™ — uy,u” — Rpu™).

Finally, we have the following identity:

_ 1 - n _ en—
(0", €M) + VIV (u" —up)lls o = o €50 = 1€ 5.0 + 16" =" 5.0)

|| V(" = up)lE g
By using the previous lemmas, we have for all 61, #; > 0 independents of h and k :
(07, €") +v[IV(u" —up)[§ o S (IV(u" = Rpu™) |5 o + 19 Rhu™ — 0pu™[[§ o + [P" — Prp™ (1% 0)
1€ 0+ 0ul0” = I 0 + S IV — TR

+lay(uh ™ uh, €)= an (u”, w" €M)+ 02|V (0" = up)[F o
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By using the previous lemmas, we obtain:

I1€"115.0 = 16" Hl5.0 + 16" = &" M5 o) + VIIV(U" —up)l3 0

S (W + B+ V@ =T

1
2k<

46, n_ . n
+ (NA+ O NM + 05 + @(1 +0) (V+NM)2)IIV(U —up)l§ e

460 n— n—
(NA+ 5%(1+ p) N2A2> IV —up ™50

L, e noen— n_.n
AL 5.0 = 1€ G+ €™ =" E0) + VIV(U" —ui)f o
S (7B + V(T =T 5o+ 167150
4601
+ (NA+0NM + 05+ — (1+ p)* (v + NM))[|V(u" = up) |3 o

62
460 - n—
(VA + 25 (L p) N2 A [V (" = il

Using the hypothesis, NA < v+ M N, then for

14
Oy =0
0T T 81+ NMY’
and .
01 =vp* (32(1+p*)(v + NM + NA)(v + NM — NA))
we have: 10
21 2242 < ¥
NA+ﬁ2(1+ p)°N“A <7
and

40,
NA+0NM + 05 + —

3 L(14p)%(v+ NM)?

v
< —.
-2

Therefore, we have:

€715, + vEIV (@™ = up)lIg o < 8.0+ KIVT™" = T)IIE 0

ij n— n— o
+ IV B + k(R 4 R,

By summing over the time, we have:

1€ 5.0+ vE D IV@ —up)lda < %ZH&”HOQMZHV ~TH2 o

i=1

vk S i -
Ty Z IV (" =) [[§ o + kn (R + k).

i=1
If 2k < %, we obtain:

Il + 2KV )l S kn0e+ i)

4'4]62:||fl||os2""fz:||v —T)l.0

Finally, by using Gronwal lemma with:

an = 1”500 b = 20KV (u" — up)|§ o

e = k(02 + 12) + B S [T = T2 0

i=1

35
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we obtain:
1€13.0 + 20KV (U™ —up) 5.0 S (kn(h2“ +E) +EY V(T - Tﬁ)ll%,sz) exp(4kn),
i=1

that we can rewrite it in the form:

IN

[u™ = w3 o + KV (u" = up)[§ g lu = Ryu” 3.0 + €715 o + KV (" = up)lIf o

kn(h* + )+ kY |IV(T = Ti)[5 -

=1

A

Now for temperature estimation we need the following lemmas.

Lemma 5.8. For all constants 03,0, independents of k and h, we have:
a1 (up L TR 0™ = an (™, T ™) SR+ K2) + (BN M + NB)|[V(T" = T7) |5 o

+(0aNB + NB/2)|[u""! —up 7" [[f o
Proof. We set n" = r,T" —1}'. By the triangular inequality, we have:

|a1(u2_1,Tﬁl,nn) - al(un’Tn’ nn)| < |a1(u2_1>Tg’nn) - al(UZ_I’T"’ 77”)|
+ ‘al(uzilﬂTnv 77”) - al(un_lan777n)| + |a1(un_1’Tn777n) - al(un7Tn777n)‘
< NM|V(T" = T)looIV(T = rnT™)log + NBIV(u" ! —up ™Yool V(T" = raT™) |00

+NB|[V(u" ™! = up ™ol V(T" = T))llog + NBIIV(u" — u" ) ool V(T™ = rT") 0.0

+ NB|V(u" —u" ool V(T" = Ti)lo.0,
then

Jax(up = T3 0™) = ax(u, T ") < (0N M + NB)|V(T" =T[5 o + V(T = raT™)§ o
(04N B+ NB/2)|V(up™" = u""E o + V(" = u"I[E o

< (W7 + k%) + (0sNM + NB)|V(T" = T}))|[5 o + (04N B + NB/2)[u" ™" — up " [[f o-

Lemma 5.9. We have the following a priori estimate:
|0y, T — 0, T"[Jo S (A7 + k).
Proof. By applying the development of Taylor with remainder integral, we obtain:
10, T™ — 0T o0 < [0rnT™ — T o, + |0:T" — 0T ||o.02

— I3 | (0T - 9T dsls

tn—1

t’”.
+|| (S — tnil) BtQQT(s)dsHoﬂ

tn—1

S (WNT lwree ey + KN T w2 (12))

< (k7 + k).
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Lemma 5.10. For all constants 03,04, 05,06, 07, independents of h and k, we have:

1 n n— n n— n mn o
s 6 =I5 + 0" =" Hg) + AMIV(T™ =T[5 S (B*7 + k?)

+ (05 + 06 + 07 + 03)|[n" 15,0, + (03N M + NB)||V(T" — T")|[3 o,

+ PQTQHV(T -1y 1)||§,Q + T%||V(Cl - C1h)||3,9

2
P n n NB n— n—
V(G = G5 + (0N B+ =)V — ™) .

Proof. We set n" = rp,T" —T}". First of all, we have the two following equalities:
@™ ") + AA(T" = T}, T" = Tpy) = QernT" = 0Ty ") + Ad(T" = Ty, T" = T}}),
and
QT3 ™) = =Md(Ty ") — ay(up ™ Ti ™) + K1 (CF, Ty~ ™) + Ka(C3, TR0,
Therefore, we have:
(O™, ™) + A(T™ = TP, T = Tp) = (9yrn T, n") + A(T, n™) + Ad(T"™ — T, T — T})

+ay (uy T ") — KA (OF, T ™) — K(Cy, T~ ™)

then:
O™, ™) AN(T™ — T, T — T7) = (D, T — 0, T™, ™) + M(T) — T™, ")
+A(T™ =T, T™ = T3 + ar (u) ™ T n™) — ag (u™, T™,0™)
+ KL (CF, T ") = K(CT,, T ™Y ™) + Ka(C3, T, ") — Ko (G5, T ™ ™).
However:

AT — TP, T —T) + d(TP — T ™) = d(T™ — T}, T™ — v, T™)
= d(T"™ — T, T™ — 1, T") + d(rp T — T}, T™ — 1), T™)

by using the identity:

ala—b) = %(a2 —b? + (a —b)?),
we have:

1, . . n o S
Syl 8.0 = 17" 5o + " = 1" 75 .0) + AMVIT™ = Ti)l5 «
= (QyrnT" = Bpu", ") + M|V (T = T3 0
+ al(uz_laT}?vnn) - a/l(un7Tn7nn)

+ Kl(CIlaTna 77”) - Kl(CinhaT}zlilvnn)

+ K5 (Cy, T, n™) — Ka2(Cy, Tt ™).

37
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We have also:

Ky (CF, T ") = Ky (CF, T~ n™) = K(CT. T, ") — Ka(CF, T ™)
+K1(C?7Tn_lvnn) - Kl(Cinthn_lvnn)

+K,(CY T ™) — Kq(CF T ™)

N

kT lw e 10" lo. + pIIV(CT = CF)llo.2lln"[lo.c

+pCoMc|[V(T" ™ = T3 ) [lo.lln"llo.e,

we have same inequality for the second concentration. We have also:

1 n n— n n— n 13
oI 6. = In"Hea + 0™ =n"Hlg.0) + V(T = Ti) 5.0

S (A7 +E)n"

lo.0 + AIV(T" = 1, T™) |G o+
(h* + k) + (0sNM + NB)|V(T" = Ti) 5.0

NB o
+(0aNB + =)V (u YR e

+ 2k[[n" lo. + plIV(CT = CT )lloelln™llo.e + pIV(Cs = C3 )lo.lln"llo.c

+20McCy V(T = T Hlo.lln” lo.0-

Therefore:

1. - 0 one S
s 6. = "5 + In" ="M g.0) + AIVT™ = Ti) 5.0

S (B2 + k%) + (05 + 66 + 07 + 05) 0" |5 + (3N M + NB)|[V(T" — T3 o

QMéC.g n—1 n—1y112 p2 n n 2 p2 n n 2
+p THV(T Ty oo+ T%||V(C1 - O )lo.a + E\\V(Cz -3 )0

NB L
+ (04,NB + T)HV(U" b —up 1)||(2),Q~

Lemma 5.11. We assume that NB < %, GpQM%Cg <Xand (k< i) Then we have:

n—1
n n n m o NB A 7
1T = T35 .0 + MRV (T™ = Ti) 5 o S kn(h® + k?) + 2k(04N B + - ) DIV —up)dg
i=1

+8p°k > _[IV(Ci = Ci)II5.0 +80%k Y IIV(C5 —C5,)

i=1 i=1

2
0,Q-

A—2NB

Snai > We have:

Proof. By choosing 05 = 0 = 07 = 05 = 1—16 and 63 =

o Il = " Mg + 10" = 0" H5e) + SV = Tilge S " 15e
+ (W7 + k) +16p* MECH ||V (T = T )5 o + 40 V(CT = CT)§

+4p?|[V(C5 = G350+ (4NB + —=) V("™ —uj O3
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by summing over the time, we have:

1 P i ;
% (In"115.0) + 52 V(T = Ti)ll5.0 S Z 17°[15 . + n(R* + k?)

n—1
+16p° MECE Y V(T = TH)|[5 o + 40 Z IV(Ci - Ci)3a
=1 =1

+4p> Y IV(C5 — C3, )5 0 + (BN B TR Z IV (u' = ui)[§ -

i=1

However:

A
16;)2M%C’g2 < 5 and k <

|

We deduce that:

knl

7 n m o i i
3 (In"1§.0) + ARIV(T™ = TIN50 S 5 Z 17°115. + kn(h?” + k) +8P2kz IV(Ci - Ci)E e
=1 =1
+8%k Y [|V(Cs —05,L>||3,Q+2k<94NB+ — Z IV (u' = uj) |13 0

i=1
By using the discret Gronwal lemma, we obtain:

n—1

NB o
171150 + EAIV(T™ =T[5 0 < (kn(hQ" + k%) + 2k(0aN B + —) DIV —u)lE g

i=1

RS [(C — Ll + 5% 3 V(C cgpna,Q)

i=1 i=1
x exp(kn).

The result comes from the triangular inequality:

|17 = T |I5. + BAV (T = TG 0 1T =T[5 .0 + 0™ 15,0 + EAIV(T™ =T[5 0

N Lo,y + 10" (1§ @ + RAIV(T™ = T -

'ANRIA

Lemma 5.12. For all constants 6g, 09,6011 and 612 independents of h and k, we have:

{Ia1(UZ1»C?h76?)—a1(u7’,0?76?)|5 (h27 + k2) + (0N M + N Mc)||V(C} Cﬁ)llﬁ,g

+(910NMC +NMO/2)||V( -1
{ a1 (up =, C3, €5) —ar(u™, O3, e3)| S (B2 +k2) + (0uNM + NMo)| ( Cﬂ,)”%,n

u"mht =y )H(Q),Q-
+(012N Mo + NMc/2)[[V ("1 = up = H|[G o
Proof. We set € = r,CT — CT, . By using the previous lemmas and the Young inequalities, we have:
‘al(uz_la C{lha 6711) - al(una C{Lv 6?)| < |CL1(”U,Z_17 C?h ; 6?) —ai (uz—l’ C{Lv 6?)|
Hay(up ™, CF €)= ar(u ™ O )| + far (u ™, OF s €f) — ar (u”, CF 7))

< NM|IV(CT = G )llo.2llV(CE, = mCT)llo + NMc|V (™" = up™)llo,

(€1 = rCT)llo
FN M|V ("™ = up™ Yoo V(CT = CF oo + NMc||V(u" = u™) 0,0l V(C] = raCP) 0.0
+NMc||V(u" = u* ool V(CT = CF )log

< (0sNM + NMo)|[V(CT = C )50 + C1lV(CT = mCP)F 0

(BeNMc + NMc/2)|V(up ™! —u" 1[5 o + LIV (™ —u" Y[ g
S (R + k) + (0sNM + NMc)|[V(CF = CF ) 5.0 + (e NMce + NMc/2)[u" ! — up ™ [F o

The proof of the second inequality of the lemma is similar to the proof of the first one. O
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We have the following lemma:

Lemma 5.13. We have the following estimate:
[0rnCF = 0:C oo S (A7 + k). (i=1,2)
Proof. By applying the Taylor development with remainder integral, we obtain:

10ernC7 = 0iCT Mo < 10rnC = 9iClloa + 110:CF = BC [lo.0

I / " (mBCi(s) — 0:Ci(s)) dsllo

1 / — 1) 9.Ci(s)ds oo
71 1
S (RONCillwree ey + ElICillw2.0o (1.2))

< (B + k).

we have the same lemma for the second concentration.

Lemma 5.14. For all constants 09,019, 013,014,015, independents of h and k, we have:

! n - n— n n o
o, (1"l = lle — R a) +AIV(CE = OB S (0 +47)

MEC? .-
PV =T

+ (913 + 014 + 915)HETL||3’Q + (99NM + NMc)HV(C? — C?h) 2

NMC

2
p mn n— n—
+ @HV(CH = O O5 a(010NMe + V" —up )5 g

Proof. We set €" = r,CT — CT, . First of all, we have:

(Dee”", ") + A(CT — CT,,CT = CT' ) = (0yrnCF — 8,CT,, €") + Ad(CT — CT. ,CT — CF,),

however

(6,50?}”6”) = —)\d(C’ﬁL,e") — al(uz_l, Ct, ") — K(CﬁL,T,:L_l,e").
Therefore:

(O™, €m) + A(CF — Ct,,Cr — Cf”h) = (gtrhC{L, €") + )\d(th, €") + Nd(C} — Ccr,Cr — C{lh)
+ar(uf ', O €") + K(CP T )
= (gtrth — 0:CT e™) + )\d(C{lh = Cr,e") + Md(CT - CT,,CF — C{lh)
+ay(up ', CF L €) — ar(u™,CF, €") — K(CF, T, €") + K(CL T ", em).
However:
d(CT = CT,CT = CF ) +d(CT, — CF,€") =d(CF — CF, ,CT — rpCF)
=d(CT —rpCT, CF — mpC7) + d(rpCT = CF,, CF — i CT)

and

a(a—b) = %(aQ Rt (a—b)2).
Therefore, we have:
o (112 = lle" =112 + flem — e~ HI2) + AV(CT = CF )1 = (DernCY — dpu™, €")
FAIV(CE = raCP)IP + an(w ™, CF €)= aa(u”, CF )

—K(Cp, T, ") + K(CL, T ).
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We have as well:

K(Cy,T"¢") — K(CT, Ty 71 e") = K(C7, T ") — K(C7, T €")
K(Cp, 171 e") = K(CF,, 7", €")

K(CT, T" e — K(CT , Tt e

AN

I T[lwrelle"llo.e + pIV(CT = CT,)llo.clle" lo.0

+pCyMc||V(T" ™ = T3 )0l

From where:
a5 (€80 = " G o + lle” — e Mg o) + MVCE = CF )R o
S (R + B[ llo.e + AIVCT = mCP)E o
+(h?7 + k%) + (0sNM + NMc) | V(CT - CF )3 o
+(ON Mo + F5) [Vt —up )G o

+k[[€"]Jo.o + pIV(CT — CT ) lo.all€”

+pMoCy V(T =T Yol o,0-
From where:

a5 (1150 = e 5.0 + " =I5 o) + MIVICT = CE)IE
S (%7 + ) + (610 + 011 + 012) l€"[|5

+(0sNM + NMc)||[V(CF — CT) I3

0,

M2 n— n
+p? 4512QHV(T =T 1)”09"‘4911 IV(CT = CP)IIG o

(GoNMc + H5<) [V (™! —up ™G g

Lemma 5.15. For all constants 011,612,016, 017,015,019, independents of h and k, we have:
% (lel3 e = ||6"f1||3,9+ le" — e H[5 o) + AIV(CE - Czh)”osz
S (R + k%) + (016 + 017 + 015 + 919)\\6"”0 o+ (01NM + NMc)|V(Cs — C3 )5 o
M? _ 2
. +pP e V(T - Ty e+ 455 IV(Cs — C%il 1)Ilo Q
+= IV(CF = 175 0 + (12N Mo + H59) [V (@~ = up 73,

Proof. The proof of this lemma is similar to the proof of the previous lemma.

Lemma 5.16. We assume that NMc < 5, 6M2 C2 < X and (k < 1). We have:

ICF = G5 B +ERO = 32)IV(CF = CF, )0 < n(h27 + 42)

16k NMC
(99NM0+ Z IV (u' = up) 5.0
171
48 i i
+7p2kMéC§ZHV(T = T)ll6 o
=1

Proof. For 019 = 611 = 015 = Oy = 22NMc (hecause N Mo < %), we have:

INM
o (I3 = " G o+ lle* =" H3 o) + 21V(CE = CT)IE o

<

Tga

€15, + (27 + k?) + 3p* MECT| V(T = T3 g

1
4

+3p2|V(CP = CP )12 o + (0aNB + 2B)|[V (un — up )12 .

41
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From where

ar (€13 .0) + 3 X IV(CL = CL )l e < 125050 €118 o + n(h? + k2)

+30° MECE 310 V(T =TIl o+ 30> Xy IIV(C] = O, )R g

n—1 i i
+(0o N Mc + %) dic IV(ut = uh)HgQ
While multiplying by 2k and by using the assumption k < %, we obtain:
(€3 o) + 26N =3pA)|IV(Cy = CL B 0 S 5 S0 1€613 0

+hn(h?7 +k?) + 6p*kMECG 370 [V(T* = Ty)I[§ o

n—1 i i
+2k (0o N Mc + 252 ) 570 |V (uf — up) 3.0
While multiplying by %, we obtain:
(l€"3.0) + 2RO =302 V(CT = CL IR o S % 305 €3 0

+kn(h? + k) + Bp2kMECZ Y V(T = T3 o

+AFE (N Mo + 242) T |V (! — )1 0.
By using the discret lemma of Gronwal, we obtain:

€30 + RO = 3p)IV(CE = CF)Bq S (kn(h> + k)
+HEPRMECT I IV (T =TS o
HL8E (9N Mo + 23e) ST |V (6 — )2 o) exp(kn).

The result comes from the triangular inequality:

ICT = CF, 5.0 + FE(A = 3)[V(CT — CT I 9= ICT = raCPl5 o + ll€” (15 o
+7EA = 3p7)IV(CT = CE)IF o

S W Chllzee ey + €715 o + EIV(CT = CT )G o

Lemma 5.17. We assume that NMqo < %, GM%CQ2 <Aand (k< l). We have:

1G5 — C3, 1§ 0 +2k(A = 3p%)||V(Cy — Czh)Ho RS S kn(h2” + k%)

| 16k NMC .
(912NMC + Z IV (' = up)I5.0

i= 1

256 . ) 64 ) )

+7k’MCCQ Z T — TI}LH(Q),Q + 71«2 [C1 - (i, H(Q),Q-
i=1 i=1
P’f’OOf. For 016 = 017 = 018 = 919 = TG’ 011 = %(because NMqs < %), we have:

1 n n— n n— A n
e Ba =l e o + e =" Mg o) + S1V(CE = C5)ll50 < Ll 5.6
2k 2 4
+ (h*7 + k) +16p* MEC V(T = T )5 o +40%[V(CF — CF,IIE o

+4p?|V(CY — CQ;L)Hg,Q + (612N B + T)”V(“ t— up, 1)”3,9-

From where

1 n )\ - i i 1 - 1 o
o7 (e IB.0) + 5 D IVC -G )l5a S 1 Dl Eq +n(h + k?)

i=1 i=1
n—1 . ) n ) )
+16p° MECE Y |IV(T" = T}) 5.0 +40° Y IV(Ci = Cf, 5 0
i=1 i=1

S i i NMc = i i
+4p> Y |IV(C5 = C3,) 5.0 + (12N M + 5 ) DIV —u)llf o
i=1 =1
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While multiplying by 2k and by using the assumption k < i, we obtain:

el IEN

n k — 1 g
(lle"13.0) + 26X = 4p*)[V(CF = C5) 50 < 52 €132 + kn(h*7 + &%)

n

+32p°kMEC Y V(T =T[5 0 + 8p2k2 IV(Ci - Ci)Ra

i=1 i=1
n—1
NMe i i
+ 2k(612NMc + 5 ) E_l IV (u' — uh)”%ﬂ

While multiplying by %, we obtain:

N 16 Ak = .
(l€"18.0) + k(A = 4p*)IV(C3 — C3 )50 S H6 6,0 + kn(h® + k%)
7 7
=1

256

+ = QkMCOQZHV - T3) ||OQ+7p2kZ||v C1-C1 )l
i=1

16k N M,
+ 7(912NMC + ¢

)Z IV (u" = ui) 13 -

=1

By using the discret lemma of Gronwal, we obtain:
le1l5.0 + FEA = 4p*)IV(CE = C5 )50 S (kn(h?7 + k?)

+EEPPEMECT YL V(T = T)F o + F0%k 2 IV (CL = C1) R o

L8 (01N Mo + 2402) S [V — )2 o ) exp(hn).
The result comes from the triangular inequality:

IC3 = C5, 5.0 + Fh(A = 4p)[V(CF = C5)IIF 9= 1C5 = raC2l5 o + 1”15«
+7 k(A =307 [IV(CF = €3, )IIf o

S W Collpee ey + €15 o + BIV(CE = CE )G o

Lemma 5.18. For the velocity, we have the following estimate:

lu™ = uplls o + IV (U™ —up) 5 o $ (kn(h* + &) + k*n®(h*7 + k%))
NB. 16k

exp (k2n2 ( (04N B + T) 7(egNMC + 019N M + NMC)>> .

Proof. According to the previous lemmas, we have:
IT™ = T |5 o + ARV (T™ = TS o S k(b2 + k) + 2k(0aN B + 22) 3701 |V (0 — ) |[F ¢

+8k 321 11 = O, II5.0 + 8K 220, 1G5 — G5, 115 0

ICT = CT 5.0 +5kA=3p°)V(CF = CF)II§ o S kn(h® + k?)
16k NMC el

+7 N Mo+ =) 3 IV ~ i) B

+ kM002 Z IT" =T33 0

and
1C3 = C3, 5.0 +2E(\ = 3p?)|V(Cy - Ozh)Ho RS S kn(h2” +k?)

16k NMC i
(912NMC + Z IV (' = up)If o
i= 1

256 . ) 64 ) )
‘*‘7ko02 Z IT" = T35 + 7kz ICt = G4, 115 -

i=1 i=1
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By summing, we obtain:

|7 = TR o + llC3 = OF 12

3 = O3, 5.0+ MIV(T" = Ti)IE o

16 mn mn 16 o
+ k(A - 30°)IV(CT = CT )50 + k(A= 30)IV(C3 = C3 )5 0 S kn(h®” + k?)
NB 16k

<2k(94NB +=57) + = (BN Mc + 612NMe + NMC))

n—1

120
X Z”V (u' —up)[[5 0 + kZHC1 Ci, .o

i=1 i=1

i i 304 i
+ SkZ IG5 = Cs, 1130+ 7kMéCg2 Z IT" = T35 o

i=1 i=1

If we take w = maz(122k, %kM%C’gL we obtain

Ak 16

||Tn*T1?H3,Q +[ICT = CF, 3 5 — CZH%,Q + mHV(Tn - T}?)H%,Q + mk@ —3p%)
n n 2 16 2 n n 2 < 1 20 2
x [[V(CT — C1h,)||o,sz + mk()\ =3p7)[[V(Cy — Czh,)”o,sz ST wk”(h + k%)
n—1
1 NB 16k . .
S <2k(94NB + )+ = (0oeNMc + 01:NMe + NMe ) DIV = up)Ea

i=1

+ 1w (Z(||C1 -, 3,9 +1|C3 — C3, 3,9 +[|T" — Th”g,Q)) .
By using the Gronwal lemma with

an = ||IT" = Ty 3 o + I1CF = CF, 5.0 + 1C5 = C3, 115 0

_ Ak n ny\ (|2 16 2 n n 2 16 2
by =T IV = T B+ g b3 = 3P IVCT = )+ 5y b2~ 367
x |[V(C5 = C3) 5.0
and
1 NB 16k
Cn, :1 k:n(hQ" 4 k;Q) + T (2]{}(94NB + T) + 7(99NMC + 6012 NMe + NMO)>
X Z IV (u' = up) 5.0,
i=1
we obtain:
n n (|2 n n |12 Ak ny (|2 16 2
1T" = Ty l5 ICT = CT, 5.0 + IC5 — CQ;L”OQJrli”v( Th)||079+mk(/\73p)
v(CyE —CH)|I2 10 Lo 3p)Iv(Cn — 2|2 < L en(n2e 4 12
<AV(CE = O + 2y b = 38V = 3 )0 5 (= hnh2 +42)
1 NB. 16k — o
+m (2](3(94NB + 7) + 7(99NMC + 01oNMe + NMo ) Z HV(UZ _ ’U,;L)H(Q)?Q>
n
xexp(l w)
We have:

= w13 + IV (" = ) |3 g S (k27 + %) + b (ke (27 + 82)

g (2KONB + 52) + 188 (0,N Mo + 012N M + NMo)) ) iy S IV (= )R o
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Finally, we have:
lu" = upllgo + KIVU" —up)ga S (kn(h?7 + k%) + k*n?(h* + k?))

exp (k2n2 < (04N B + g) + @(QQNMC +601oNMe + NMC)>>

Lemma 5.19. We have the following at the same time for the temperature and for the concentrations

1T = T 5.0 + 25 IV = Tl o S (B + k) (kn + k*n® + k*n?)
0, n o,

and
ICm = [ + et k(A — 30)[V(CP — O[3 S (W27 + K2)(kn + K2 + k). (i = 1,2)
Proof. We have
mn n n n 71/ 16
T — T} ||8,Q+ IC1 _Cth(QJ,Q‘*‘ 1C3 — C%HOQ"" HV( h)||(2),ﬂ+mk(>\—3ﬂ2)

x [|[V(CY — C1h)||(2),9 + mk‘()\ —3p?)|V(Cy — C2h)HOQ Sz k”(hQ + k)

7

1 NB. 16k S L
1 (2k(04NB + T) + — (0o NMc + 012N Mc + NMc) > Z IV (' = up)[[5 -
i=1

According to the previous lemma, we can remark that:
k> HV(u —uh)||OQ < kn (kn(h* + k?) + k*n 2(h2”+k2))

Therefore:
16

17" — Ti?”g,sz +[|CT = CF, Hg,ﬂ +[|Cy — O3, H%,Q + mHV(T - T/?)H%,Q + mk@ —3p%)

X IV (CF = O ) + =k = 32| 9(CF — O3, )R S =l +4?)

7(1 —w)
1 NB 16k
+ j <2k(94NB + T> + 7(99NMC + 6019oNMo + NMO>>

n (kn(h* + k?) + k*n?(h*° + k%))

Conclusion:
1T = TG o + 25 IVT = TG0 S (027 + k) (kn + k2n? + k*n?)
We have also:

7fh

Cr)|2 o < (B2 + k%) (kn+ k*n® + k°n?) (i =1,2)

OQ+7(1 w)k()\—3p2)|\V(C}’—

Finally, from the previous lemmas, we are able to state our following mean result:

Theorem 5.2. Assume that: ) N
NA<v+NM, NB< 5 NMqs < 5

120 304

and \ )
16]\/[CC’2 < min ()\ 5 2) k< T
If the solution of the problem (P) admits the following regularity:

u € W2>(0,¢, (L*(2))7) N Wh(0,t, (H'(Q))4) N L=(0, ¢, (H'*7(2))9),

p € L>(0,¢, H?()),

T,Cy,Cy € W20, ¢, (L2(Q2))) N WL(0,t, HL(Q)) N L%(0, £, HI*7 (),

45
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then we will have the following error estimates:
[u —upl3 o + KIVU" —up)l§ o S (27 + k?)(kn + k*n?)
for the velocity,
" = Phllg o S (W*7 + k%) (kn + k*n® + k*n?)
for the pressure,

IT" = T3 1B 0 + 2L NV = T3 o S (27 + B)(kn + B0 + 1)

1—w
for the temperature and

ICF = O I o + 7ok = 3p)IIV(CE — C)IR g S (W2 + K2)(kn + K202 + Kn®), (i =1,2)

Th

for the concentrations.
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