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Abstract If P(z) = a,2"+ Y an_v2" Y, 1 < p <n,
V=L

has all its zeros on |z| = k, k < 1, then it was recently

proved by Dewan and Ahuja [3] that for every real or

complex number « with |a| < k.
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In this paper, we improve the above result and obtain
new inequality for the polar derivative of a polynomial.

where s, =

Keywords Polynomials, zeros, Maximum modulus,
Polar derivative.

MSC (2010) 30A10; 30C10; 30C15

1 Introduction and Statement of
Results

Let P(z) be a polynomial of degree n and P’'(z) de-
notes its derivative. It was shown by Turan [8] that if
P(z) has all its zeros in |z| = 1, then

max |P'(z)| > gmaX|P(z)|. (1.1)

|z]=1 |z|=1
As an extension of (1.1), Malik [9] proved that if P(z)
has all its zeros in |z| < k, k < 1, then
[P(2)]-

max |P'(2)] > —— max (1.2)

|z|=1 14k |z|=1

As a refinement of (1.2) it was shown by Govil [7] that
if P(z) has all its zeros in |z| < k, k = 1, then

n

] max P + s min 1P
(13)

max |P'()] >
z|=1

Aziz and Shah [1] generalized (1.3) in a different direc-

n
tion and proved that if P(z) = anz™ + > apn—p2™ Y,
v=p

1 < u < nis a polynomial of degree n having all its ze-
ros in |z| < k, k < 1, then

| maxlP)+

Let a be any complex number. If P(z) is a polynomial of
degree n, then the polar derivative of P(z) with respect
to the point «, denoted by D,P(z), is defined by

n
P >
max|P(2)| 2 1

mm |P(z )}
(1.4)

1
kn—H | z|=

DoP(2) =nP(2) + (o — 2)P'(2)

The polynomial D, P(z) is of degree atmost n — 1 and
it generalize the ordinary derivative in this sense that

i {225~ pre)
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Dewan, Singh and Lal [4] extended inequality (1.4) to
the polar derivative of a polynomial and proved that if

all the zeros of P(z) = a,z Z ap—yp2" 7, we have

1<pu<mnliein|z| =k, k < 1 then for every real or
complex number a with |a\ >k

n(|af — k)
max |DaP(e) 2 =5 max|P(2)
n(lo] + 1)
T (L g i PG (15)

If we divide both sides of (1.5) by |a| and let |a| — oo,
we get inequality (1.4).

On the other hand, Dewan and Ahuja [3] recently
proved for the class of polynomials having zeros on the
boundary of a circle that

n
Theorem 1. If P(z)=a,z"+ Y an—p2" ", 1<pu<n,
v=p
has all its zeros on |z| = k, k < 1, then for every real or
complex number a with |a| > k,

n(lal +s,)

max | Do P(2)| < pgiy ey x| P(2)] (16)
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In this paper we shall prove the following result which
is an improvement of Dewan and Ahuja [3]. The bound
obtained by our Theorem gives a better bound than the
bound of Theorem A.

n
Theorem 2. If P(2) = apn2"+ > an—pz" ¥, 1< pu<n
v=p
is a polynomial of degree n having all its zeros on |z| = k,
k < 1, then for every real or compler number o with

la| = k, we have

n(jo] + s,)s,

max | Dy P(z)] < —MU T 50)5u P(z), (1.7
|z|i)§| (Z)| — kn7“+1(1 8#) |z|i)§| (Z)| ( )
where
n|an |k + plan, —, |k* 1
w= ] | ® (1.8)
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To prove that the bound obtained in the above theorem
is better than the bound obtained in Theorem A, we
have show that

S, < 1
k7n—u+1(1 +SIJ«) — kn—Zu—i—l _;'_kn—u-l-l

which is equivalent to

1

which implies

or

nlan k¥ + plag_, k!

< kM
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As k < 1, this implies

“

n

An—p

an

< k*

which is always true (see Lemma 4).

Remark. If we divide both sides of (1.7) by || and let
la] = oo, we get

o max |P(z)|,

/
max |P'(z)] < kit (1 + 5,) J2/et

|z|=1

(1.9)

where s, is defined by (1.8).

2 Lemmas

For the proof of theorem, we need the following lem-
mas. The Lemma 1 is due to Aziz and Shah [1].

n
Lemma 1. If P(2) = anz" + > an—0z" ", 1 <pu<n
o=p
is a polynomial of degree n having all its zeros in |z| < k,
k<1, then on |z] =1

l¢'(2)] < K| P'(2)] (2.1)

)

N =

where here and throughout this paper q(z) = z”P(

n
Lemma 2. If P(2) = apz"+ Y an—p2" Y, 1 < p<mn,
v=p
is a polynomial of degree n having all its zeros in |z| < k,
k < 1, then for every real or compler number o with
|| > k*, we have

o] —

|DoP(2)| > n( Ty

)P(z)|, forlz| =1. (2.2)

1
Proof of Lemma 2. Since ¢(z) = z"P(_), we have
z

¢ (z) =nz""1P <1> —n2p (1)
z Z

Therefore, for z = e 0 < 6 < 2r we have

¢ (%) = neln—DIP(ei0) _ (in—2)0pr (v,

which gives for |z| =1,

[P'(2)] + |d'(2)| = n|P(2)], for |z| = 1. (2.3)
On combining (2.1) and (2.3), we obtain
(L+E)P'(2)] = [P'(2)| + |d'(2)]
> n|P(z)
P@n><1fw)w@% for |o| = 1. (2.4)

Now for every real or complex number «, with |a| > k*,
the polar derivative of P(z) with respect to « is

D,P(z) =nP(z) + (a — 2) P'(2).
This implies for |z| =1,

[DaP(2)] = [a|[P'(2)] = [nP(2) — 2P'(2)]
> |al[P'(2)] = Id'(2)]- (2.5)
Inequality (2.5) when combined with (2.1) of Lemma 1,
gives (2.6)
[DaP(2)| = (laf = [R*))|P'(2)], for 2| =1.  (2.6)
The above inequality (2.6) in conjunction with (2.4)
gives

o] = K

|DoP(z)| > n< Ty

)|P(z), for |z| = 1.
which proves the Lemma. O

Lemma 3. If P(z) = apz" 4+ Y apn—pz" ", 1 < p<n,
v=p

is a polynomial of degree n having no zeros in |z| < k,

k <1, then for|z| =1,

(2.7)

E"~ P max | P'(2)| < max |¢/(2)].
|z|=1 |z|=1
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The above lemma is due to Dewan and Hans [5].

Lemma 4. If P(2) = ap2"+ Y an—p2" %, 1 < p<mn,

v=Uu
is a polynomial of degree n having all its zeros in |z| < k,
k <1 then for |z| =1,

|4'(2)] < sulP'(2)] (2.8)
and
H|n—p < kM, (2.9)
n| ap

where s,, is defined by (1.8)).
The above lemma is due to Aziz and Rather [2].

Lemma 5. If P(z) is a polynomial of degree n, then for
|z| = 1.

[P'(2)] + l¢'(2)| < nmax |P(z)|.

max (2.10)

The above lemma is a special case of a result due to
Govil and Rahman [6].

3 Proof of Theorem

Proof of Theorem. Let zy be a point on |z| = 1 such
that |¢'(20)] = ‘mlax |¢’(2)], then by Lemma 5, we get
z|=1

[P/ (z0)| + max|g'(2)] < mmax |P(2)].

(3.1)

Combining the above inequality (3.1) with inequality
(2.8) of Lemma 4, we have

1
—la'(20)| + max|q'(2)| < nmax |P(z)],
Su |z]=1 |z]=1

which is equivalent to

(1 + 1) max |q'(2)] < n max [P(2)].

Sp |z|=1 z|

(3.2)

The above inequality (3.2) when combined with
Lemma 3, gives

1
n—htl ( + 1) max |P'(2)] < nmax |P(z).
Su [z|=1 l2|=1

which implies

" max | P(z).

P <
max | P(2)] < kEn—rt1(1 +s,) |2|=1

|=|=1

(3.3)

1
Now if ¢(z) = z”P<Z>, then as in the proof of

Lemma 2, it easily follows that

|¢'(2)] = nP(2) + (o = 2) P'(2).

Also for every real or complex number « with |a| > k,
we have

DoP(z) =nP(z) + (a — 2) P'(2).
This implies with the help of Lemma 4 that for |z|] = 1,

[DaP(2)| < [a|[P'(2)] + [nP(2) — 2P'(2)]
= |a||P'(2)] + 14 (2)]

< (lof + )| P'(2)] (3-4)

Inequality (3.4) in conjunction with inequality (3.3)
gives

n(|a| + S/L)S/L max |P(Z)|

DoP()| < ommqm oy
max |D, P(z)| < kn—nrt1(1 4+ Su) l2l=1

|z=1

This completes the proof of main theorem. O
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