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1 Introduction

In this paper we consider the following initial-boundary value problem

utt—Au—FfOtgl (t—71)Au(r)dr — Dug — Dug +ue = f1 (u,v), (z,t) € Q2 x(0,T),
vtthv+f0tgg (t—7)Av(r)dr — Avy — Dvg +vp = fo (u,v), (z,t) € Qx(0,T),

U((E,t) :v(:mt) =0, x € 0N, (1)
u(z,0) =up (x), us (x,0) =u (z), x €,
U(x,O)Z’Uo(CE),Ut($,0)=1}1($), IEQ,

where  is a bounded domain with smooth boundary 99Q in R"™; f;(.,.) : R?> — R are given functions to be
specified later.

A single wave equation of the problem (1) becomes as following

¢
U — DNu+ / g1 (t—7) Au(r)dr — Aug — Dugy + up = |u|™ " . (2)
0
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The global existence and blow up of solution for (2) were established [7]. In the absence of the dispersive term
Auy and the weak damping term w;, were established [8]. In the absence of the dispersive term Awuy and the
strong damping term Aw,, were established [11, 9]. Also, Liang and Gao [12] studied the global existence, decay
and blow up of solution problem (2) with the absence of the dispersive term Awuy,.

Liang and Gao [10] studied the global existence, decay and blow up of solution problem (1) with the absence
of the dispersive term Awug and the weak damping term w;.

In this paper, under some restrictions on the initial data, we establish the global existence and the decay of
solutions.

This paper is organized as follows. In section 2, we present some lemmas, and the local existence theorem. In

section 3, the global existence and energy decay of the solution are given.

2 Preliminaries

In this section, we shall give some assumptions and lemmas which will be used throughout this work. Let ||.||
and |[|.[|, denote the usual L? () norm and LP () norm, respectively. First, we make the following assumptions:
(A1) g; (t) : R — R* belong to C* (R") and satisfy
gi(t) >0, gi(t)<0, fort>0
and
1—/ gi (s)ds =1; > 0.
0

Concerning the functions f; (u,v) and f3 (u,v), we take
i ) = b o) () Ll o).

o () = [kt o274 (g o) £l o]
where k,l > 0 are constants and r satisfies

-1<r ifn=12,
—l<r<3% ifn>3.

According to the above equalities they can easily verify that

u f1 (u,v) +vfo (u,v) =2(r +2) F (u,v), V¥ (u,v) € R?, (4)

where

F(u,v) = [k|u+v|2<7‘+2) + 21 [uo| 2] (5)

2(r+2)
We have the following result.
Lemma 1 [5]. There exist two positive constants co and c¢i such that
o (Jul*" + [P TH) <2+ 2) F (u0) S e (Juf + o) (6)
is satisfied.
Let’s define

10 = 3|1 [ near) ivak + (1 [ dT) Ivul]
1
*3

[(g1 0 Vu) (1) + (g2 0 V) ( /F () (7)
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o - (1-f "0 ryar) 19l + (1- [ o (r)dr) 190l
o0 V) 0+ (02070 (0] ~20+2) [ F a0y, ®)

and also the energy function as follows

— 1 2 2 2 2
B = 5 (Il +lwil?) + 5 (17wl + [70]?)

% {(1_/;91 (T)dT) IVul)? + (1—/(:92 (r)df) IIWIﬂ

(g1 0 V) (£) + (g2 0 Vo) (£)] — /Q F (uv) d, (9)

N | =

+

N |

where
(gi ow) (£) = / gi (t = 7) o (&) — w (7)]* dr.

Lemma 2 FE (t) is a nonincreasing function for t > 0 and

E'(t) = = (llul?+ ) = (19wl + [ 9o?)

15 106} 0 Vu) (6)+ (g5 0 V0] — 5 o1 () [V* + 02 (6) [V

1
2 2

< 0. (10)
Proof. The proof is almost the same that of [5], so omit it here. m

Moreover, the following energy inequality holds:

t
E(t) +/ (||uT||2 F ol + [V || + ||vuT||2) dr < E(s), for0<s<t<T.

Lemma 3 (Sobolev-Poincare inequality) [1]. Let p be a number with 2 <p < oo (n=1,2) or2 <p<2n/(n—2)
(n > 3), then there is a constant C, = C, (2, p) such that

lull, < Cu|[Vull for u e Hy ().

The following integral inequality plays an important role in our proof of the energy decay of the solutions to

problem (1).

Lemma 4 [3]. Let h: [0,00) — [0,00) be a nonincreasing function and assume that there exists a constant ¢ > 0
such that

/Ooh(T)dTgch(t), Vit € [0,00).

Then we have

h(t) <h(0)el™t " vt > e
Next, we state the local existence theorem that can be established by combining arguments of [2, 4].

Theorem 5 (Local existence). Suppose that (3) holds, and further (ug,vo) € HE (Q) x HE (), (u1,v1) € HE () x
H} (). Then problem (1) has a unique local solution

u,v € C ([O,T);Hol (Q)) and ug,v; € C ([O,T);Hé (Q)) )
Moreover, at least one of the following statements holds true:

i) T = oo,

i) [Jue|l® + [[oel)® + I || Vul|® + 1o | Vo> — oo as t — T

Remark 6 We denote by C' various positive constants which may be different at different occurrences.
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3 Global existence and energy decay

In this section, we consider the global existence and energy decay of solutions for problem (1).

Lemma 7 [5]. Suppose that (3) holds. Then there exists 1 > 0 such that for any (u,v) € H} () x HE (Q), the
iequality
2(r+2 r+2 2 2\"+2
o+ wll3073) + 2wl 5 < n (1 9l + 8 Vol (11)

is satisfied.
For the sake of simplicity and to prove our result, we take k = = 1 and introduce

1 42 1 1
B = 2(T+2) . = B r+1 E - P 2, 12
7, = (5555 (12

where 7 is the optimal constant in (11). Next, we will state and prove a lemma which is similar to the one
introduced firstly by Vitillaro in [6] to study a class of a single wave equation.
Lemma 8 Suppose that (3) holds. Let (u,v) be the solution of system (1). Assume further that E (0) < Ey and

1

(1 190> + 12 [ Vw0]*) * < .. (13)

Then

Nl

(L IV ul + 2 1V0)* + (g1 0 Vu) () + (g2 0 Vo) (1)) * < s, (14)

forallt €1]0,T).

Proof. First from (8), (9), (11) and the definition of B, we have
1
E(0) = [0Vl + 0| Vol + (010 Va) () + (920 90) (0] = [ Fluv)da
Q
1
= 5 [BIVulP + & VoI + (91 0 Vu) (8) + (g2 © V) (1)
1 2(r+2) 42
sy U ol + 2 bl 13)
> 1 IVul® + 1o [|Vol|* + (91 0 V) (£) + (g2 0 V) (£)
2
1 2 2 r—42
5T 2)77(11 IVl + 2 | Vol*)
1
> 3 LIVl + 2 VoI + (910 Va) (8) + (g2 0 Vo) (1)
B2(r+2) 9 o\ 72
S —— . 1
2oy (Ve + [ 9el) (15)
So, we get
E(1) 2 G (I [Vul® + & [Vo]]* + (910 Vu) (£) + (920 Vo) (1)) for ¢ >0, (16)
where G (o) = a% — 2(2;7:22)) a2(+2)_ Note that G () has the maximum at o, = B~ and maximum value is
_ _(1__1 2
Ei =G (ax) = <2 2(T+2))a*. (17)

Now we establish (14) by contradiction. Suppose (14) does not hold, then it follows from the continuity of
(u(t),v(t)) that there exists tq € (0,T) such that

Nl

(1 IV ul + 12 [1V0)* + (g1 0 V) (1) + (g2 0 Vo) (1)) = .. (18)

By (15), we see that
1

B (1) 2 | (0 190 01 + 2 [90 @)l + (010 Vo) ) + (020 Vo) ()| = G @) = Bic (19

This is impossible since E (t) < E (0) < Ey, t > 0. Hence (14) is established. m
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Theorem 9 (Global existence and energy decay). Assume that (3) hold. If the initial data (ug,ui) € Hg (Q) x
HY (), (vo,v1) € HE () x HY (), satisfy E(0) < By and
1
(IVuoll® + 1IVeo)?)* < a, (20)
where the constants a. and Ey are defined in (12), then the corresponding solution to system (1) globally exists,
t.e., T = 0.

Moreover, if

r+1 B r
1= (2 Y:f)E(O)> = (12l (?J(r J 2o (21)

then we have the following decay estimates

-1

E(t) < E(0)el=rCrt (22)

for every t > %, where C7 is positive constant.
Proof. First, we prove that T' = co. Since E (0) < F; and
2 2\ 2
(119w )” + 12 [ V00]*) * < e,
it follows from Lemma 8 that

b Val® + 1 [ Vo) ®

< L IVul* + 12 [Vol* + (91 0 V) (1) + (g2 © Vo) (1)

1
2 Tl

< a,=mn vt

which implies that

I(t) = L|Vul*+1|[Vol* + (91 0 Vu) (£) + (g2 0 V) (t)*2(7’+2)/QF(u,v)de

2 2 2(r+2 r+2
WVl + 8 Vol = (e + ol3013) + 2wl 33)

Y

r+2
BVl + 8 [ Voll* =g (1 [Vul® + 12 [Vo]?) =0

for t € [0,T) . Furthermore, (7) and (8), we get

T0) = 5 (I + LT + (0 ) () + (920 Vo) (1) +
r+1

- 2(r+2)

—T
2(r+2)
(W I9ulP + 12 [ 90> + (91 0 Vu) () + (g2 0 V) (1))

From (10) and FE (t) < E (0), we deduce that

2(r+2)
r+1

2(r+2)
r+1

2(r+2)
r+1

WIVal* + 12 [Vol* + (91 0 V) (1) + (g2 0 Vo) (1)

IA

J ()
E(t)
E(0) (23)

IN

IN

for t € [0,T). So it follows from (23) and (10)

r+1
2(r+2)

1
(@) + 5 (el + ool + 1Vl + 1Ver]|*)

(1 19l + 82 9012 + (g2 0 Fu) (1) + (920 Vo) () + 5 (ol + )

IN

E(t)<E(0) < Ey, ¥t €[0,T)
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which implies

W Vull? + 8o [ Vo]* + fludl|* + [Joel|* < C'Ex, (24)

where C' = max {%, 2(:_:12) } . Then, by Theorem 5, we have the global existence result.

Next, we want to derive the decay rate of energy function for problem (1). Multiplying the first equation of
system (1) by u and the second equation of system (1) by v, integrating them over Q x [t1,t2] (0 < ¢; < t2), using

integration by parts and summing up, we have

tz t2
/ uuydzl? —/ ||ut||2dt+/ vvydzl? —/ [ ve || dt
Q t1 Q tl
t2 t2
/ vuvutdxﬁj—/ ||Vut||2dt+/ VoVudzl —/ Vo ||? dt
Q t1
+/ Va2 dt+/ Vol dt
to
/ / uutdxdt+/ / vvtd:ndtJr/ / VuVutdxdt+/ / VoVuidxdt
Q t Q
t to '
+/ / / gl(t—T)Au(T)dTu(t)dmdt—i—/ / / g2 (t—7) Av(r)dro (t) dzdt
0 t1J Q 0 t1J Q

/i /Q [wf1 (u,v) + vf2 (v, v)] dudt.

It follows from (9)
to
2/ E(t)dt—2 7“+1/ / (u,v) dadt
t1

(uug + voy dx|t +2/ (”UtH + [lvel )dt

Q t1

ta
/ (VuVu, + VoVuy) da:| / (Hvut”2 + ||VUtH2) dt

to

/ (uuy + vuy) dedt + / / (VuVuy + VoVu,) dedt

+/t <glovu><>dt+/t (g2 0 Vo) (1) dt

/z /Otg1 (T)d7|Vu(t)||dt/:j /0th (r)dr [V (1)]] dt
_/Ot/i/le(t—T)Au(T)dTu(t)dxdt
- /0 t / j / o2t =) Du(r)dro (1) dadt. (25)

For the eleventh term on the right hand side of (25), we have
¢
—/ /gl(t—T)Au(T)u(t)de:r
o Jo
¢
= / / g1 (t —7)Vu(r) Vu (t) drdx
aJo
e 2 2
= 3| 9= (IVe@ +[Tu@I*) dr = (g0 Vu) ()| (26)

—/Q/Otgz(t—T)Av(T)v(t)dex

/Q /Ot g2 (t = 7) Vo (1) Vo (t) drdx

% [/Ot 92 (t—7) (||V11 O + Vo (T)HQ) dr — (g2 0 V) (t)] - 27)

and similarly, we have
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Substituting (26), (27) into (25), we have

1o to
2/ E(t)dt—2(r+1)/ / F (u,v) dzdt
t1 t1 Q
2 2 2
= [ Cwrvuydafz vz [ (Jul® o)
Q t1

ta

_/ (VuVu, + VoVuy) dac|?f+2/ (|\vut||2+||wt||2) dt
Q

ty

to to
— / / (uu + voy) dedt + / / (VuVug + VoV dedt
Q t1 Q

t

1 [t 9 1 2

+5 [ ne-nivuEaras § [ o—n) Vo dra
% /t [(g1 0 V) (£) + (g2 0 Vo) (1)) dt

5 [ [ o @aivuor+ [ wmaivoor)

IN
|

123
o) ol +2 [ (4l ) ae
1

—/ (VuVut—l—VvVvt)dxﬁf —|—2/
Q

ta
(Il + 1700 ) at

t

to
/ (uut—|—vvt)dzdt—|—/ / (VuVu; + VoV dedt
Q t1 Q
to t 5 t 5
+7/ [/ o (= 7) |V (7)] d7+/ g2 (t = ) |V (7)] cﬂ dt
0 0

+1/ (g1 0 V) (8) + (g2 0 Vo) ()] dt

ty1

= A1+ As+ A3+ As+ As + Ag + A7 + As. (28)

In what follows we will estimate A;, As,..., Ag in (28). Firstly, by Holder, Young and Sobolev Poincare

inequalities, we have

1 1 1 1
[l +loulyde < S 1u@IF + 5 e @1 + 5 0 @IF + 5 o @)1F
Q
C 1 C 1
< SIVu@IP+ Sl @1 + 5 V0 O + 3 o 0]
Then, by (24), we have
A < / (Juug| + |vve) dac|ff <2C1E (t1) . (29)

Q

For Ay in (28), applying ||u||” + ||ve]|* < —F’ (£) from (10), we have

2
Ay = 2/ (el + e ) dt < 205 (11). (30)

t1

Similarly, we have

As g/ (IVuVus| + Vo) daf!? < 2C5E (1), (31)
Q

and

to
Ay = 2/ (||Vut||2 + ||Vvt||2) dt <2C4F (t1). (32)
ty
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We also have the following estimate

Similarly

As

to
= / / uug + vvy) dedt

= = dt — dt
Sy [ dt”vl

- % (||u<t2>|| 1) + 2 (Ho )1~ o)1)
2(r+2)
r+1

IN

E(t) = CsE (t).

ta
Ag = / / (VuVug + VoVuy) dzdt < CoE (t1) .
Q

Using Young inequality for convolution || f * g||; < ||f]l; [lgll; , we have

From (23), we have

Aq

IA

IN

IN

IN

IN

1 to t t

3| ae-niwenras [ne-nivomikal
t1 0 0

2/, o]+ e o]

2J an " 1 92 Y 1

1 to to 9 1 to to 9

5 [ o [Civeela s [Caod [ C1veo)Pa
t1 t1 t1 t1

300 [ Ivu@Pas - [ v

t1

1—1 ("
— | (IVu@I? + 90 @1 ) at
t1

(1= @r+2) [*
mm/tlE“)df'

/: Uot g (t=7) [Vu(t)]*dr + /Ot g2 (t— ) |V ()| dr | dt

(1-1) / ; IVu (&) de + (1 1) / Vel a

a- [ (I9uoF +1v0 <t>|\2) dt

1_
) ( +2/ B
I(r+1

Combining (35) and (36), we have

As =

[ loro v () + (920 Vo) () e

t1

/t2/ gt —r) (IIW()H + ||V (7)) )det
+§ /:2/0 go (t—1) (HVU O + || Vo (7’)”2) drdt

4(1=1)(r+2)
I(r+1) t

N~ N

IN

E(t)dt.

Inserting estimates (29)-(37) into (28), we arrive at

2 E( t)dt —2 7’—1—1/ / F (u,v)dzdt < C7E (t1) +

5(1—1)(r+2)
I(r+1) .

where C7 = 2C1 + 2C5 4+ 2C5 + 2Cy + C5 + Cg.

ta
E (t)dt.

(36)
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On the other hand, from (11) and (23), we have

_or+1 2(r+2) r+2
20+ 1) [ Pluoyde = 255 (Jur ol + 2wl 33)
r+1 2 o\ " 1+2

< l l )

< on (LlvalP + 1290

2(r +2) T
< 2np| ———=E(0 E(t
< (2 2r0) B0

which implies
to

t r+1 t

Noting that E (0) < Eq, we see

1-n <2(r+2)E(0)>T+1 > 0.

r+1
Thus, combining (38) and (39), we have

r+1 to _ r to

that is

r+1 _ r t2

ta
=1 E(t)dt < C7E (t1),
t1
2(r+2) L 50 (ry2)
where p = 2 l—n<ﬁE(O)) - ean )
We rewrite (40) as

u/ E(t)dt < C1E (1)
t
for every ¢ € [0, 0).

Since p > 0 from the assumption of conditions, by Lemma 4, we have
E(t) < E(0)e' 07t

for every t > % The proof is completed. m

2 E(t)dt—2(7‘+1)/t2/ F(u,v)dmdt22(1—77(2(T+Q>E(0)>T+1> tzE(t)dt_
t1d Q

33

(39)
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