Mathematics and Statistics 1(2): 19-24, 2013
DOI: 10.13189/ms.2013.010201 http://www.hrpub.org

A Unique Common Fixed Point Theorem of
Meir-Keeler Type in a Partial Metric Space

K.P.R.Rao', G.N.V.Kishore?*, P.R.Sobhana Babu?

1Department of Mathematics, Acharya Nagarjuna University,Nagarjuna Nagar,
Guntur - 522 510, Andhra Pradesh, India
2Department of Mathematics, Baba Institute of Technology and Sciences,P.M.Palem,
Madhurawada Visakhapatnam - 530048, Andhra Pradesh, India
3Department of Mathematics, Ramachandra College of Engineering, Vatluru(V),
Eluru-534007, West Godavari Dist., Andhra Pradesh, India

*Corresponding Author: kishore.apr2@gmail.com

Copyright (©2013 Horizon Research Publishing All rights reserved.

Abstract In this paper, we obtain a unique common fixed point theorem for four self mappings satisfying
Meir-Keeler type contractive condition in partial metric spaces, which is slightly different from the result of Aydi

and Karapinar [5].
Keywords Partial Metric, Weakly Compatible Maps, Complete Space

Mathematics Subject Classification (2000): 54H25, 47H10, 54E50

1 Introduction and Preliminaries

The notion of partial metric space was introduced by Matthews [10] as a part of the study of denotational
semantics of data flow networks. In fact, it is widely recognized that partial metric spaces play an important role
in constructing models in the theory of computation and domain theory in computer science.

Matthews [10, 11] and Altun et al. [2] proved some fixed point theorems in partial metric spaces for a single
map (see also [1, 3, 4, 6, 7, 8, 9]).

In this paper, we obtain a unique common fixed point theorem for four self mappings satisfying Meir-Keeler
type contractive condition in partial metric spaces, which is slightly different from the result of Aydi and Karapinar

[5].

First we recall some basic definitions and lemmas which play crucial role in the theory of partial metric spaces.

Definition 1.1 (See [10, 11]) A partial metric on a nonempty set X is a function p: X x X — RT such that for
all x,y,z € X:

p1) =y < plx,x)=px,y) =py,y),

(p1)
(p2) p(z,z) < p(z,9),p(y,y) < p(x,9),
(p3) p(z,y) = p(y, ),

(p4) p(x, y) S p(l‘, Z) —l—p(z, y) - p(Z, Z)

The pair (X, p) is called a partial metric space (PMS).
In a partial metric space (X, p), it is clear that p(z,y) = 0 implies z = y and = # y implies p(z,y) > 0.

If p is a partial metric on X, then the function d, : X x X — R* given by d,(z,y) = 2p(z,y) — p(z,x) — p(y,y), is
a metric on X.

Example 1.2 (See e.g. [1, 7, 11]) Consider X = [0,00) with p(x,y) = max{x,y}. Then (X,p) is a partial metric
space. It is clear that p is not a (usual) metric. Note that in this case dp(x,y) = |z — yl.
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Each partial metric p on X generates a Ty topology 7, on X which has as a base the family of open p-balls
{By(z,¢), x € X,e > 0}, where By(z,¢e) = {y € X : p(z,y) <p(z,z) + ¢} for all x € X and € > 0.

We now state some basic topological notions (such as convergence, completeness, continuity) on partial metric
spaces (see e.g. [1,2, 7,9, 10, 11].)

Definition 1.3

1. A sequence {x,} in the PMS (X,p) converges to the limit x if and only if p(z,z) = lim p(x,z,).
n—oo

2. A sequence {x,} in the PMS (X, p) is called a Cauchy sequence if

lm p(xn,x,) exists and is finite.
n,m—oo

3. A PMS (X,p) is called complete if every Cauchy sequence {x,} in X
converges with respect to T,, to a point x € X such that

p(l’, LE) = n,rlrlLrgoop(xn’ xm)
4. A mapping F : X — X is said to be continuous at xog € X if for every e > 0, there exists 6 > 0 such that
F(Bp(x0,0)) C By(Fxo,¢).
We need the following lemmas in PMS([1, 2, 7, 9, 10, 11]).
Lemma 1.4

1. A sequence {x,} is a Cauchy sequence in the PMS (X, p) if and only if it is a Cauchy sequence in the metric
space (X, dp).

2. A PMS (X,p) is complete if and only if the metric space (X,d,) is complete. Moreover

lim d,(z,2,) =0< p(z,z) = li_>m p(z,z,) = lUm  p(an,, Tm) (1.1)

n— 00 n,Mm—00

Lemma 1.5 Assume x, — z as n — oo in a PMS (X,p) such that p(z,2z) = 0. Then lim,,_ o p(zn,y) = p(z,9)
for every y € X.

In recent year 2012, Aydi and Karapinar [5] proved the following.

Theorem 1.6 (Corollary 2.4., [5]) + Let A, B, S, and T be the self maps defined on a partial metric space (X, p)
satisfying the following conditions:

(C1) AX C TX and BX C SX,
(C2) for all € > 0, there exists § > 0 such that for all z,y € X

e < M(z,y) <e+6=p(Azx,By) <e, where

M (z,y) = max {p(Sx, Ty),p(Az, Sz), p(By, Ty), %[p(S% By) + p(Az, Ty)]} ,

(C3) for all x,y € X with M(x,y) > 0= p(Ax, By) < M(x,y),
(C4) p(Az, By) < k[p(Sx,Ty) + p(Azx, Sz) + p(By, Ty) + p(Sz, By) + p(Az, Ty] for allz,y € X and 0 < k < %
If one of AX,BX,S5X, or TX is a complete subspace of X, then
(I) A and S have a coincidence point,

(II) B and T have a coincidence point.

Moreover, if A and S, as well as, B and T are weakly compatible, then A, B,S and T have a unique common
fixed point.

Remark 1.7 We observed that in the proof of above theorem the authors inherently used the condition 0 < k < i.
(See the proof of our following main theorem,).
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2 Main Result

Theorem 2.1 Let (X,p) be a partial metric space and let S, T, f,g: X — X be satisfying
(2.1.1) for € > 0 there exists 6 > 0 such that

1
e < e (o) U 50),pla T). . To) + plaw, 520 < 4
implies p(Sx, Ty) < € for all z,y € X,
(21.2) S(X) € g(X), T(X) C f(X),
(2.1.3) either f(X) or g(X) is a complete subspace of X and
(2.1.4) the pairs (f,S) and (9,T) are weakly compatible.

p(fz, gy) + p(fx,Sz) + plgy, Ty)
2.1.5 Sz, Ty) <k )
(2.1.5) p(Sz, Ty) < [ +p(fz, Ty) + plgy, Sx)
Vz,y € X where 0 <k < i.
Then S, T, f and g have a unique common fized point in X.

Let zp € X. From (2.1.2), there exist sequences {x,} and {y,} in X such that

Yon = STopn = gTon+1,
Yont1 = TTony1 = froni2,n=0,1,2,---

From (2.1.1), it is clear that

p(Sz, Ty) < max {p(fz,gy), p(fz,Sz),p(9y,Ty), 3 [p(fz. Ty) + p(gy, S)] }
Vz,y € X, whenever R. H. S is positive. @~ — —————— — — — — (I

Case(a): Suppose yam+1 = Y2m for some m.
Now assume that yo,;411 # Y2m2.
Then from (I),

p (y2m+1a y27n+2) =p (Sx2m+2a Tx2m+1)

< max p(meJrla me)a p(meJrlv y2m+2)7 p(mea y2m+1)7 }
1
5 [P(Wam+1, Yom+1) + P(Y2m, Y2mt2)]
~ max 4 P@2zmt Y2mi1)s P(Y2met1s Yamer2)s P(Y2me1; Yom+1), }
= 1
5 [P(Y2mt1, Yom+1) + P(Y2m+1, Y2m2)]

= p(y2m+1a92m+2)a from (p2)~

It is a contradiction. Hence yo,,4+1 = Yom+2-
Continuing in this way, we get ¥, = Yn+k, for all £ > 1.
Thus {y,} is Cauchy.

Case(b): suppose yp, # yn+1 for all n.

P (Yon, Yont1) = (Szan, Txont1)
< max p(anl—lay2n)7p(y2n—17y2n)7p(y2n7y2n+l)7
5 [P(Y2n—1,Y2n41) + P(Y2n, Y2n)]
= max{p(an—la y2n)a p(y2na y2n+1)}a
since 1 [p(y2n—1,Y2n+1) + P(Y2ns Y2n)] < 3 [PW2n—1,Y2n) + P(Y2n, Y2n+1)]

Thus p (y2n; Y2n+1) < P Y2n—1,Y2n)-
Now,
P (Y2n+2,Y2n41) =P (STant2, TT2n+1)
< max{ p(yziwrl,yzn),p(y2n+1,y2n),p(y2n,y2n+1), }
3 [P(y2n+1,Y2n+1) + P(Y2ns Y2n+2)]
= max{p(Yan+1,Y2n), P(Y2n+1, y2n+2)}-

Thus p (y2nt2, Y2n+1) < P (Y2n: Y2nt1)-
Hence {p (yn,Yn+1)} is a decreasing sequence of non - negative real numbers and hence converges, say, r > 0.
Suppose r > 0.
Then there exists s > 0 such that
r < max {p(fx,gy),p(fx, Sz),p(gy, Ty), 5 p(fx, Ty) + p(gy, Sx)]} <r+s

implies p(Sz, Ty) <r = ———————————— —— (IT).
Since {p(Yn, Yn+1)} 4 r, there exists a positive integer ng such that

T <pWn,Ynt1) <7+, foralln>ny @ —-——————————— (II1)

21
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Let 2k > ng. Noting that

max{ P(frort2, 9Tor+1), P(fTor+2, STary2), P(9T2k+1, TT2k+1)s }
5 [p(fzant2, Txoks1) + p(gTok41, STokt2)]
P(Yort1, Y2k ), P(Y2k+1, Y2r+2)s P(Yok, Y2r+1),
5 [P(yart1: Y2rs1) + P(Y2k, Y2k42)]
= p(Y2k+1,Y2r), since {p(yYn,yn+1)} |-

= max

From (IIT) and (IT), we have
p(STopt2, TTokt1) <7
i. e p(Yort2, Yort1) <7

It is a contradiction to (III).

Hence r = 0. Thus lim p(yn,ynt1)=0.— ———— — — — — — — — — — (IV)
n—oo
It is clear from (ps) that 1i_>m PYn,Yn) =0. — — — — — — — — — — — — — — (V)

From (IV) and (V) and from the definition of d,, we have

lim dp(Yn, yng1) =0. = = = === === = — = — = (V1)

Suppose {y,} is not Cauchy in (X, d,).
Then there exists an ¢ > 0 such that for each positive integer ni, there exist integers m,n with m > n > n; such
that

dp(yna ym) > 4e.

By definition of d,,, we have dp(z,y) < 2p(z,y) Vz,y € X = p(Yn, ym) > 2€.
Choose a number ¢ with 0 < ¢ < € for which (2.1.1) is satisfied.
From (IV), there exists an integer ny depending on ¢ such that

5
Vi, Yit1) < 5 foralli >ng. — — — — — — — — (VII)

With this choice of ng, pick m,n with m > n > ny such that
P(YmsYn) > 2€>€e+6. ————— — — — (VIII)

From (VIII), it is clear that m —n > 6. Without loss of generality assume that n is even.
Other wise p(Ym, Yn) < 25’:0 P(Yntis Yntit1) < 0 < € + 0, which is a contradiction to (VIII).

Suppose p(Yn, Ym—1) < € + %.
Then, we have

PYm>Yn) < PWmyYm—1) + P(Ym—1,Yn)

< v lceys
—+e+ - <e+,
6 3

a contradiction to (VIII). Hence p(yn, Ym—1) > € + g.

Similarly we can prove that p(yn, Yym—2) > €+ g.

Suppose p(Yn, Ym—2) < € + %.

PYm,Un) < PWms Ym—1) + P(Ym—1,Ym—2) + P(Ym—2, Yn)
< é+§+ +é
6 6 ‘"3
< €49,

a contradiction to (VIII). Thus p(yn, Ym—2) > €+ 3.
Thus there exists a small odd integer j > n such that p(y,,y;) > €+ %.
Now,

PWn,y;) < PWn Yi—2) +P(Yi—2,Yi-1) + P(Yi-1,Y5)

< 424040
‘T376 6
2
- 5.
6+3

Thus there exists an odd integer j € (n,m) such that

B) 2
€+ 3 <Pyn,yy) et - - ————— - (IX)
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Since

L0
et 2

3
P(Yn, y;)
max{ p(y{',yn),p(yj,yj+1)7p(yn,yn+1)7 }
5 [PWi+1,Yn) + P(Yjs Ynt1)]
max p(frate, 9o41), P(fr2r42, STort2), P(9%2k41, T Z2k41),
3 [p(frase, Trons1) + P(9T2k11, STar42)] ’
where n =2k and j =21+ 1

= €+, from (IX), (VII).

)
AN

IN

IN

Fom (2.1.1), we have

P(Yjt1,Yns1) = p(STarq2, T2xokq1) <€ — — — — — — — — — — (X)

Now, we have

PUn,yi) < PWno Ynt1) + P(Yni, Yja1) + (Y41, Y5)
< Dherldoy?
el eyl
6 6 3’
a contradiction to (IX). Hence {y,} is a Cauchy in (X, d,).
Thus lim dp(yn,ym) =0.
n,m—00
From (IV) and (V), we have lim p(yn,ym)=0.— — — — — — (X1I)
n,m—o0o
Suppose f(X) is complete.
Then {yant1} = {frant1} C f(X), there exists y € f(X) such that yo,41 — y. There exist u € X such that
y = fu.
Since {y,} is Cauchy and {y2,+1} — v , it follows that {y2n} — y.
From Lemma 1.4 and (XT), we have

p(y:y) = m p(yan, y) = m p(yant1,y) = 0. — == — — = (XII)

Suppose p(Su,y) > 0.

p(y, Su) p(y, Txont1) + p(Su, Txont1) — p(Txont1, Txont1)
Py, Txon+1) + p(Su, Tx2p41)

)+ k (Y, Y2n) + 2(y, Su) + p(Y2n, Y2nt1)
+p(Y, y2n+1) + p(Y2n, Su)

INIA

IN

p(?h T$2n+1

Letting n — oo, we have
p(y, Su) < 0+ k[0 + p(y, Su) + 0 + 0+ p(y, Su)] = k2p(y, Su).

It follows that y = Su.
Thus y = fu = Su.
Since S(X) C g(X), we have y = Su = gv for some v € X.

p(y, Tv) (Su, Tv)

=p
< klp(y,y) +p(y,y) +ply, Tv) + ply, Tv) + p(y,y)] = k[2p(y, Tu)].

It follows that y = Tv. Thus y = gv = Tw.
Since (f,S) is weakly compatible, we have fy = Sy, since y = fu = Su.

p(Sy,y) < p(Sy,Txans1) +p(Tx2n41,Y)

< k p(Syay2n) +p(syvsy)+p(y2n7y2n+1)

+ ).
+p(SY, yan+1) + p(y2n, SY) P(Y2n+1,Y)

Letting n — oo and from Lemma 1.5 we have

p(Sy,y) < k[p(Sy,y) +p(Sy,y) + 0+ p(Sy,y) + p(Sy,y)] + 0.

It follows that Sy = y. Thus fy = Sy =y.
Since (g, T') is weakly compatible, we have gy = Ty.

p(y, Ty) = p(Sy, Tv) < klp(y, Ty) + p(y,y) + p(Ty, Ty) + p(y, Ty) + p(Ty,y)] < 4kp(y, Ty).
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It follows that y = T'y. Thus y = gy = T'y.
Suppose z is another common fixed point of S, T, f and g.
Then from(2.1.5), we have

p(y,2) =p(Sy, Tz) < k [p(y, 2) + p(y,y) +p(2,2) +p(y, 2) + p(z,9)] < 4k p(y, 2).

Hence y = z.
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