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Abstract

This article introduces a mathematical model for the Com-
plementary Special Relativity Theory (CSRT) in relation to
Einstein’s Special Relativity Theory (SRT). The CSRT is tech-
nically derived following criterion of the logical independence
of the Einstein’s postulates. The epithet ”Complementary”
was selected in order to distinguish the CSRT theory from
alternative theories.

The mission of the CSRT is not to replace the Einstein’s
Special Relativity. Both of them must coexist and must have
physical applications. Forasmuch as the CSRT postulates do
not embody constant velocity of the light by the Einstein’s
way, the CSRT need not have 4-dimensional symmetry of the
Lorentz and Poincare group.

Existence of the CSRT transverse Doppler effect formula
and the time dilation formula for moving clocks, which are dif-
ferent from Einstein’s, are crucial moments of the new theory.
Moreover, the article demonstrates some physical applications
of the CSRT on the John D. Anderson’s discovery of a quasi
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acceleration of the Pioneer 10 spacecraft. It will be shown
that the Pioneer 10 does not accelerate, but it moves with
predicted velocity, and that the DSN (Deep Space Network)
data remarkably well fit the predictions of the CSRT theory
in range, Doppler, annual, and diurnal periodicity of the phe-
nomenon.
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1 Genesis of the Complementary Special Relativ-
ity Theory

The Einstein’s SRT is an axiomatic theory built on two logically
independent postulates. The postulates A1, A2 of an axiomatic sys-
tem S[A1, A2] = (Theory T1) are by the criterion considered as
independent if there exist models, interpretation or physical applica-
tion for next two, complementary axiomatic systems: S[Non A1, A2]
= (Theory T2) and S[A1, Non A2] = (Theory T3), respectively.
Let us study SRT from the aspects of the criterion. Einstein’s pos-
tulates will be marked by symbols E1, E2.
E1: Light signals propagate in vacuum with the constant velocity c
independent of the motion of its source.
E2: All inertial systems of reference are equivalent for formulation of
physical rules.

All the experiments on the speed of light, due to two-way method
used, just prove the fact that the light in a vacuum has a constant
velocity c in every inertial reference frame F(x,y,z,t) which is attached
to a detector, receiver or material object, able to register the speed of
the light. (Michelson’s result = MR). This is a characteristic property
of vacuum.
The first Einstein’s postulate can be formulated in the form of logical
conjunction.
E1: In vacuum in an inertial reference frame F, which is rigidly at-
tached to a receiver, the speed of light is always constant c (proposi-
tion a) and hereby the speed of light in an inertial reference frame F’,
which is attached to a moving emitter, is always the same constant c
(proposition b). Both of F and F’ are called Einstein frames.

E1 = a ∧ b. The second part of this conjunction is equivalent to
the statement that the light spreads from a point source in the form
of unique spherical wave front by constant speed c. It is the same
proposition as that the one-way speed of the light is regardless of
the relative motion of a receiver and an emitter always c. We stress
that the one-way speed of the light can not be measured because of
absence of the proper time interval. That is why the proposition b
(isotropy of the one-way velocity) is just a postulate.

We derive the flat space-time theory T2 (CSRT) based on the
propositions Non E1, E2.
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Non E1: ¬(a ∧ b) =¬a ∨ ¬b
The proposition a = MR is an experimentally verified , therefore

regarded as a true statement:
(Non E1 and MR): (¬a ∨ ¬b) ∧ a = a ∧ ¬b
Wording:
In vacuum in an inertial reference frame F which is attached to a

receiver, the speed of light is always constant c and hereby it is not
true that the speed of light in the inertial reference frame F’ which
is attached to moving emitter is always the same constant c.

2 Complementary Special Relativity Theory

2.1 Postulates

To create a postulates of the new flat space-time theory demands
axiomatically establish the one-way velocity postulate which will cor-
respond to (Non E1 and MR) and E2 propositions.

2.1.1 One-way velocity postulate (OWVP)

The one-way velocity u′ of the light (electromagnetic signal) re-
ceding from the source that is placed in origin O’ of a moving inertial
frame of reference F’ to a point P which is at rest in frame F, emitted
at the moment when F and F’ coincide, is vector function dependent
on α and v, with the norm |u′| = u′ =

√
c2 + v2 − 2cvcosα, where v

is the relative velocity of F’ as seen from F, |v| = v, and α being the
angle between the directions of OP and positive x-axis, see Fig. 1.

Let denote the postulates of the CSRT, in honor of Michelson and
Morley, by symbols M1, M2 .

M1 ≡ (Non E1 and MR) and OWVP
M2 ≡ E2

Comment 1: The inertial reference frame F remains Einstein’s,
whereas the frame F’ does not. It comes to this that the velocity
of light is constant c in every inertial frame attached to any massive
receiver or detector regardless of relative velocity between a source
and receiver.

Afterwards we use this statement by clock synchronization in sub-
section 3.5, and by derivation of the law of the addition of velocities
in section 6.
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Figure 1: Points P1, P2, P3 are at relative rest in the frame
F (0, x, y, z). The speed of light as seen in theframe F is c, in the
frame F ′ is u.

Comment 2: In the axiomatic system S[M1,M2], regard to the pos-
tulate M1, we can not choose the light velocity as invariant quantity.
The only possibility to choose invariant quantity for a space-time
event, is the time coordinate. That is why we can use the Galilean
transformation for x,y,z,t coordinates. We stress that this fact does
not mean that the CSRT will be from the aspect of simultaneity,
identical to the Newtonian space-time theory. For transmission of an
information is in the CSRT used a light signal in the sense of the
OWVP.
Comment 3: The constant c will represent the one-way and also the
two-way speed of the light between the source and the receiver that
are at relative rest.
Comment 4: The system E1, E2 is well applied in micro space (big
velocities and small distances, high energy collisions). The system
M1, M2 could be well applied in macro space (small velocities and
big distances).
Comment 5: The author of this article does not know in which sub-
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system in nature the axiomatic system E1, Non E2 could be applied.
However, there exists some indication that it could be linked with
the situation in black holes.
Comment 6: When we have spoken in an inertial system about veloc-
ity, we implicitly assumed the clock synchronization in any advance
given method, e.g. by Einstein’s method.

2.2 Definition of Space Coordinates

The rectangular Cartesian coordinate system S (xyz) will be re-
garded as a conceptual framework. Using one Cartesian system, we
can characterize any space point by three numbers, e.g. point P1 by
coordinates x1, y1, and z1. Let P2(x2, y2, z2) be another point. The
coordinate differences between these two points are denoted by ∆x,
∆y, ∆z . The distance ∆s between the two points P1 and P2 is given
by (∆s)2 = (∆x)2 + (∆y)2 + (∆z)2, where ∆x = x2 - x1, ∆y = y2

- y1, ∆z = z2 - z1.
We use without proof the well known proposition which declares

that the same distance ∆s should be calculated with respect to every
other Cartesian coordinate system. This is the same proposition as
that between the corresponding coordinates of any two Cartesian co-
ordinate systems there exist orthogonal coordinate transformations,
which keep the three-dimensional space interval invariant.

2.3 Law of Inertia

Bodies and photons when removed from interaction with other
bodies will continue in their states of rest or straight-line uniform
motion. A photon is in interaction with a body in the sense of the
M1 postulate.

2.4 Inertial Frame of Reference

A frame of reference F(xyzt) is regarded as an inertial frame of
reference if the law of inertia is valid within it.
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2.5 Clock Synchronization

We draw the attention that the Einstein’s synchronization will
be conserved.Let us state that to define a synchronization means
to define the time coordinate t. Let we have in an inertial frame
of reference F(xyzt) any particle at rest and denote it as point P
with a coordinate x,y,z , i.e. P(x,y,z,). Let Co and Cp denote two
standard clocks at rest at the origin O(0,0,0) and at the point P
(x,y,z) , respectively. Consider that the signal is emitted from the
origin O at the reading to of the clock Co, and then reaches the
point P at the reading tp of the clock Cp. The clocks Cp and Co

are regarded as synchronization if and only if tp = to + r/c, where
r =

√
x2 + y2 + z2 is the distance between the two points O and P.

We can synchronize the two clocks by means of a signal propagating
from P at the time tp to O at the time top. Similarly, Cp and Co

are regarded as synchronization if and only if top = tp + r/c, where
c is the one-way speed of the signal in both directions: from O to
P and from P to O, respectively. It will be shown in section 6 that
the synchronization does not depend on velocity of the source which
coincides with initial clock. It comes to this that we can synchronize
stationary and moving frames, respectively, in the same manner and
simultaneously.
Comment 7: The basic merit of this method of synchronization, from
aspect of CSRT, we understand after we integrate it with transfor-
mation equations below. As we know, the proper time interval is not
relevant to the definition of simultaneity. If we will compare a proper
time interval of any space-time event in a stationary frame, and its
corresponding proper time interval registered by a clock placed in a
moving reference frame which is synchronized by the same method
(or vice versa), we are sure that we use in both of the frames the
same time units.

2.6 Transformation Equations from F’ to F

Let the light signal is emitted from the source which is placed in
origin O’ of a moving inertial frame of reference F’( x’,y’,z’,t’) at the
moment when F and F’ coincide, i.e. O′ ≡ O (see Fig. 1). We can
describe spreading of the light at the same form, as seeing in F and
F’, respectively:
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In frame F: x2 + y2 + z2 = (ut)2, u = c,
In frame F’: x′2 + y′2 + z′2 = (u′t′)2

The transformation equations from F’ to F :
x′ = x − vt, y′ = y, z′ = z, u′ =

√
c2 + v2 − 2cv cos α , t′ = t,

cos α = x/ct
The time coordinates t and t’ are equal (invariant quantity) and

the compensation for this fact is the infinite set of spherical wave
fronts as seeing from point of view of the frame F’ and unique spher-
ical wave front as seen in the frame F.
Comment 8:

One can think of the restoring of locality, with the help of the
following assumption: Let emitter spreads ”virtual” photons in all
directions, with all possible velocities and all the matter have some
sort of field which absorb only the photon having a velocity ”c” in
the reference frame associated with this matter. Once the absorption
act happens, all the virtual photons disappear, so one photon can be
absorbed only once.

2.7 Inverse Transformation Equations from F to F’

x = x′ + vt′, y = y′, z = z′, u = c, u =
√

u′2 − v2 + 2cv cos α ,
t′ = t, cos α = (x′ + vt′)/ct′

2.8 Frequency Transformation

In Fig. 2, a light source S, which is at rest in the frame F’, has
the constant velocity v as seen in frame F (i.e., the laboratory frame)
in where the absorber is at rest at the point R. The θ and θ′ are the
angles between vectors v and rA as well as v and rB, respectively.
The dθ is the angle between rA and rB.

F’:
The source emits the n-th crest of light wave at the point A at

the time t′A . Then at the time t′B = t′A + dτ ′ the source reaches the
point B , and emits the (n+dn)-th crest of light wave. Both, t′A and
t′B are the two readings of the same clock connected rigidly with the
source. Thus the difference dτ ′ = t′B - t′A is a proper time interval in
F’.

The A’ is the point in which the source is placed at the moment
when the first light wave (n-th crest) is received by the absorber at
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Figure 2: The n-th crest is emitted at the instance when the source
is at point A, (n + dn)-th crest is emitted when it is at the point
B. The A′ is the point at which the source is placed at the moment
when the first light wave is received by the absorber at R.

R, as well as B’ is the point in which is the source placed at the
moment when the last wave [(n + dn)-th crest] is received by the
absorber at R. The distance between the first and the last light wave
fronts is in general, from aspect of source ( F’), changing in time. At
the moment of the absorption of the first wave front we denote this
distance [difference of radiuses of the two spherical wave fronts which
are bound with n-th and (n +dn)-th crests , respectively], by ε.
Definition 1: The proper frequency ν′ = dn/dτ ′,

The first wave front reaches the absorber at R in time |A′R|/u
= t′1 = t1 = |rA|/ c = rA/c. At this moment is the source at point
A’. |A′R| = (rA/c)

√
c2 + v2 − 2cv cos θ, and hereby the last spherical

wave front is from the point A’(source) at the distance ρ = [(rA/c)−
dτ ′]

√
c2 + v2 − 2cv cos θ′.

It follows, that all waves bound with the dn crests are inserted
into the annulus with radius ε.

ε = (rA/c)
√

c2 + v2 − 2cv cos θ - (rA/c−dτ ′)
√

c2 + v2 − 2cv cos θ′

(rA/c)
√

c2 + v2 − 2cv cos θ - (rA/c − dτ ′)
√

c2 + v2 − 2cv cos(θ + dθ)
(rA/c)[

√
c2 + v2 − 2cv cos θ) -

√
c2 + v2 − 2cv cos(θ + dθ)] +
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+ dτ ′
√

c2 + v2 − 2cv cos(θ + dθ)
ε = (rA/c)[

√
c2 + v2 − 2cv cos θ−

−
√

c2 + v2 − 2cv(cos θ cos dθ − sin θ sin dθ)]+
+dτ ′

√
c2 + v2 − 2cv(cos θ cos dθ − sin θ sin dθ)

F:
According to the transformation equations from F’ to F, the receiver
in R absorbs all the waves which belong to the dn crests in time dτ
= ε/c, where dτ is also proper time interval in F.
Definition 2: The frequency as measured by the receiver at R is ν =
dn/dτ

Now we can calculate the relationship between dτ ′ and dτ .
Particular cases:

2.8.1 Doppler effect formulas for longitudinal motion

1) When θ =0, then dθ = 0, cosθ = cosdθ = 1, and ε reduces to
ε = dτ ′

√
c2 + v2 − 2cv

The (n + dn)-th crest is an element of the last wave front, which
reaches the receiver R in time

dτ = ε/c = dτ ′
√

c2 + v2 − 2cv/c (1)

1/dτ = (1/dτ ′)
√

c2/(c2 + v2 − 2cv)
After multiplying by dn, we get dn/dτ = (dn/dτ ′)[c/(c− v)]

ν = ν′
c

c− v
(2)

2) When θ = π , then dθ =0, cosπ = −1, cosdθ = 1,
ε reduces to ε = dτ ′

√
c2 + v2 + 2cv

dτ = ε/c = dτ ′
√

c2 + v2 + 2cv/c
dn/dτ = (dn/dτ ′)[c/(c + v)]

ν = ν′
c

c + v
(3)

2.8.2 Transverse Doppler effect

In order to calculate the ε, we need the value of cos dθ and sin dθ in
case when the angle θ = π/2.
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Let |rB| = rB , |rA| = rA

According to the geometry shown in Fig. 2, we have dr = vdt, θ′

= θ + dθ, rB = rA - dr
r2
B = (rA - dr)2 = r2

A - 2rA . dr = r2
A - 2rAcosθ|dr|, or

rB = rA - vcosθdt, where |dr| = dr = vdt is used,
and dt is the coordinate time interval in F corresponding to proper

time interval dτ ′ in the moving frame F’.
From the rectangular triangle ∆ ABR, the cos dθ = rA/rB =

rA/rA = 1, it follows sin dθ = 0.
It means, the ε reduces to dτ ′

√
c2 + v2.

then
dτ = ε/c = dτ ′

√
c2 + v2/c (4)

and
dn

dτ
=

dn

dτ ′
c√

c2 + v2
, (5)

or

ν = ν′
√

c2

c2 + v2
= ν′

√
1− v2

c2 + v2
. (6)

A consequence of the existence of this formula is that in the CSTR it
is possible to observe a light signal from a source moving transversally
at speed c, while in STR it is not.

lim
v→c

√
1− v2

c2 + v2
=

√
1
2
. (7)

From point of view of the CSRT, as well as from point of view of the
SRT, all the experiments on the relativistic transverse Doppler shift
are also time dilation experiments.
It is said in Ref[8] that Klein et al. verified the time dilation to
3.2x10−5 using Li+ ions circulating at 0.064c. The difference between
SRT and CSRT predictions for transverse frequency transformation
at the speed v = 0.064c is 8.37x10−6.

3 Time Dilation in Closed Path

From equation (4) we have

dτ ′ = dτ

√
1− v2

c2 + v2
. (8)
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We see that the proper time interval dτ ′ in F’ is smaller then
corresponding proper time interval dτ in frame F. In other words, a
moving clock runs slowly comparing to a series of rest clocks synchro-
nized according to our definition of simultaneity

τ ′ =
∫

dτ

√
1− v2

c2 + v2
. (9)

Let the motion of the clock is not straight-line and let its velocity
is u. We assume that the magnitude of u is constant in time, i.e., u
= |u| = constant. The proper time interval of the clock moving in
the closed path is given by the integral:

τ ′ =
∮

dτ

√
1 −

u2

c2 + u2
, (10)

so that the equation above reduces to

τ ′ =

√
1 −

u2

c2 + u2

∮
dτ = τ

√
1 −

u2

c2 + u2
. (11)

Introduction this time dilation formula to Hafele’s and Keating’s
”Around-the-World Atomic Clocks” experiment [7] gives due to very
small velocity of the flying atomic clock almost the same kinematic
predictions as Einstein’s STR. If we for a while omit the gravita-
tional red shift, using Hafele’s and Keating’s comparison with sit-
uation in non rotating frame, plugging in numbers for a 48 hours
round trip flight at constant speed at the equator, we would get -257
nsec and +154 nsec for the eastbound and westbound flights, respec-
tively, while Einstein’s STR predictions are -260 nsec and +156 nsec,
respectively.

4 Law of the Addition of Velocities for Light Waves

Let space-time coordinates of a particle P as seen in the frame F
be (x, y, z, t), and the corresponding coordinates in the frame F’ be
denoted by (x’, y’, z’, t’). The transformation equations and their
differentials produce:
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x = x′ + vt′, dx = dx′ + vdt′, x′ = x− vt, dx′ = dx− vdt,
y = y′, dy = dy′, y′ = y, dy′ = dy,
z = z′, dz = dz′, z′ = z, dz′ = dz,
t = t′, dt = dt′, t′ = t, dt′ = dt.

Velocities of the particle as seen in F and F’, respectively, are given
by

u = (dx/dt, dy/dt, dz/dt) and u′ = (dx′/dt′, dy′/dt′, dz′/dt′).
Relation between the norms of the velocities u′ and u can be ex-
pressed in the 3-vector form:
|u′|2 = (dx′/dt′)2 + (dy′/dt′)2 + (dz′/dt′)2 = [(dx − vdt)/dt]2 +
(dy/dt)2 + (dz/dt)2 = (dx/dt)2 + (dy/dt)2 + (dz/dt)2 - 2(dx/dt)v
+ v2 = |u|2 + |v|2 - 2(dx/dt)v = |u|2 + |v|2 - 2uvcosα |u|2 + |v|2
- 2u.v.
If α being the angle between the directions of the vector u and posi-
tive x-axis, so cosα = dx/udt.
Now we will suppose that the particle P is a light wave.
a) Let the wave P moves to a perspective receiver which is at relative
rest in the frame F. Due to postulates M1 and M2, the velocity of
light equals c in the frame which is attached to a receiver: |u| = c.
Forasmuch as |v| = v, and c and v are constant scalars, we can write:

u′ =
√

c2 + v2 − 2cvcosα. (12)

The u′ is the speed of the light wave P as seen in the frame F’.
b) If the particle P is a light wave which moves to a perspective
receiver which is at relative rest in frame F’, then |u′| = c, and the
speed u of the light wave P as seen in the frame F is

u =
√

c2 + v2 − 2cvcosα′ =
√

c2 + v2 + 2cvcosα, (13)

where α′ = π − α.

5 Aberration Formula

Aberration of light may be described in Fig. 3. The point A is
the location of a celestial body. An observer in the point B is at rest
with respect to the celestial body. Assume that a receiver R moves
with a velocity v relative to B. The spatial positions of B and R are
assumed to coincide with each other at a given time when the same
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Figure 3: Classical aberration angle α. The point A is the celestial
body, R is a receiver moving toward point B. Velocity v is perpen-
dicular to the light ray from A to B.

light ray from the celestial body is received by the two observers in
the directions of A → B and A → R , respectively. The directions of
A → B and A → R we will call conformable with classical theory the
real and the sight line directions of the light ray, respectively. The
angle α between them being the aberration angle of light. Let the
time interval in which an observer overcomes distance from R to B
is τ . Let us consider in frame F attached to A and B. Regard to
assumption that they are at relative rest, the velocity of light in the
real direction is c. Then our annual aberration formula is

tan α =
vτ

cτ
=

v

c
. (14)

Putting the orbital velocity of the earth v = 29.75 km/sec into this
equation, we get the maximum value of the annual aberration angle

α = 20”.47 (15)

which equals to classical aberration constant or to the first order
approximation of the STR aberration. To make this explicit, let us
use the dn and dτ technic. The sight line direction in frame F’ is given
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by n− th and (n + dn)− th crests which consequently pass through
ocular of an observer located at moving receiver R. As seen in Fig. 4,
we obtain the distance between the two crests Cn and C(n+dn) in the
frame F when we change the τ into dτ . The distance |CnC(n+dn)|
equals to dτ

√
c2 + v2. Since a distance is in the CSRT invariant, the

dτ
√

c2 + v2 is also the distance of the n− th and (n + dn)− th crests
in frame F’.

Figure 4: While the n-th crest Cn passes over ocular of receiver R,
the (n + dn)-th crest is at point C(n + dn) at the light ray from A to
B.

It follows that the observer moving perpendicularly with respect
to the light ray measures out the proper time interval
dτ ′ = dτ

√
c2 + v2/c, and gains corresponding frequency formula to

the transverse Doppler formula derived in section (3.8.1), equation
(5):

ν′ = ν

√
c2

c2 + v2
= ν

√
1− v2

c2 + v2
(16)

Both of them are called red-shift of a spectral line.
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6 Red-shift of light from Galaxies

Forasmuch as the CSTR is not reciprocal theory, the relationship
between aberration and Doppler effect described in previous section
needs precision. We know by now that the aberration does not de-
pend on the distance between a celestial body A and the point B. On
the other side, the frequency ν′ = dn/dτ ′, measured by receiver R on
the same axis depends on remoteness of a celestial body.
In Fig. 4, the n-th and the (n+dn)-th crests, designated as Cn and
C(n+dn), respectively, are elements of corresponding spherical wave
fronts fAn and fA(n+dn) with center at the celestial body A, and with
corresponding radiuses rAn and rA(n+dn). By analogy to the section
3.8, we denote the difference of this radiuses by ε = rAn−rA(n+dn) =
cdτ .
We can see that the distance |C(n+dn)B| = kcdτ ≤ ε = |C(n+dn)B

′|,
where

√
1− v2/(c2 + v2) ≤ k ≤ 1. We get the left bound of the

interval in case when the C(n+dn) crest is coincident with the celestial
body A. Then kdτ

√
c2 + v2 = cdτ . It follows k = c/

√
c2 + v2 =√

1− v2/(c2 + v2)
It comes to this, that the proper time interval during which the

receiver R absorbs the dn crests is dτ ′ = kdτ
√

c2 + v2/c.
Then

ν′ =
1
k

ν

√
c2

c2 + v2
=

1
k

ν

√
1− v2

c2 + v2
, (17)

where ν is the proper frequency of the light from the source placed
in the celestial body A. We get the formula (16) above on condition
that k = 1, i.e. in limit case when rAn → ∞. It follows that the
wave-length of light from farther stationary galaxies is longer then
from nearby galaxies. Furthermore if a galaxy, conformable with
expanding model of universe, is receding from the observer located
at the point B by velocity u on the axis BA, then the distance between
the n-th and the (n+dn)-th spherical wave fronts increases to (c +
u)dτ . This contributes to following expansion of the waves-length of
light from receding galaxies. In this case the coefficient k > 1.

7 Acceleration of the Pioneer 10/11 Spacecraft

John D. Anderson et al. state (see references:[1],-,[6],[10]) that
some ”mysterious” acceleration ap = (8 ± 3) x 10−8 cm/s2 (see ref
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[1], page 2858) slows down motion of the spacecraft receding from
the Sun on hyperbolic orbit. There is no standard explanation of
this effect. Author of this article believes that particularly the diurnal
and annual periodicity indicate that the acceleration is unaccountable
by standard theories. In order to show the origin of the average
acceleration ap, we suppose that the Earth is placed on the abscissa
Sun-spacecraft in order for a while to neglect the Earth orbital and
revolutionary movements. We will consider this event at first from
point of view of the SRT, and second from point of view of the CSRT.
The time necessary to reach the distance s from the Earth to the
spacecraft (E7→S), and back from the spacecraft to the Earth (S7→E)
can be described like this:

7.0.3 Range

SRT:
E7→S: Let’s send the radio-signal from the Earth to the spacecraft S
at the moment when its distance from the Earth is s. Let the speed
of the spacecraft in regard to the Sun is v. Let denote the time, in
which the radio-signal reaches the spacecraft in inertial system Earth,
by t1. The speed of the radio-signal regard to the Sun and Earth is
c. Then t1c = s + vt1 , t1 = s/(c− v).
S7→E: The radio-signal spans the distance s + vs/(c− v) in time

t2 = [s + sv/(c− v)]/c = s/(c− v)

t1 + t2 = 2s/(c− v). (18)

CSRT:
E7→S: by the law of addition of velocities t′1(c+v) = s + t′1v, t′1= s/c.
When the signal reaches the spacecraft, the distance between Earth
and spacecraft is s + sv/c.
S7→E: t′2 = (s + sv/c)/c .
The round trip of the radio signal takes time

t′1 + t′2 =
2s

c
+

sv

c2
. (19)

The signal returns to the Earth sooner than the STR predicts in
difference
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∆t = (t1+t2)−(t′1+t′2) =
2s

c− v
− 2s

c
− sv

c2
=

sv(c + v)
c2(c− v)

=
tv2(c + v)
c2(c− v)

,

(20)
where s = tv is used.

7.0.4 Seeming clock acceleration at

Let we consider this phenomenon from John D. Anderson’s et
al. point of view [Ref [1] p.2859] as a seeming tracking station’s
average unmodeled clock acceleration at. Forasmuch as the annual
and diurnal variations of the term are sinusoidal, we can neglect the
Earth orbital and circumvolution motions.
The instantaneous drift in the clock’s rate for the distance s = vt
would be

tv2(c + v)
c2(c− v)

d

dt

[
tv2(c + v)
c2(c− v)

]
dt =

[
v2(c + v)
c2(c− v)

]2

tdt (21)

and its integral time∫ t

0

[
v2(c + v)
c2(c− v)

]2

tdt =
1
2

[
v2(c + v)
c2(c− v)

]2

t2 =
1
2
|at|t2, (22)

i.e. [
v2(c + v)
c2(c− v)

]2

= |at|, (23)

from where for v = 12.2 km/s we get at = - 2,7354x10(−18)s/s2, and
using identity at = ap/c,
we get ap = - 8,2x10(−13)km/s2 (compare to Ref[1] - p. 2858 and
p.2859, respectively).

7.0.5 Annual periodicity

The annual and diurnal periodicity (Ref[2], Figure 1, plot B, p.7)
of the imaginary acceleration ap is in accordance with CSRT. Let us
consider, for example, the Earth orbital movement. The unmodeled
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acceleration ap is related to the real speed of the radio signal u =√
c2 + v2

rel − 2cvrelcosα emitted from Earth to Pioneer 10, and vice
versa from Pioneer to Earth. It depends on instant relative veloc-
ity vrel between the Earth and the spacecraft, and on the expression
”cos α”. Forasmuch as the optic angle of Earth orbit diameter 2AU
from point of view of receding spacecraft draws nearer to zero, maxi-
mum of the absolute value of the angle α with rising distance between
the Earth and the spacecraft draws nearer to π, so the annual un-
modeled variation along the average value of ap wanes with rising
distance.

8 One-Way Velocity Experiment

We can demonstrate consequences of the one-way velocity postu-
lates (CSRT as a test theory). Let we have a standard clock in the
place of the source. The source S is sending out electromagnetic sig-
nal with frequency ν into two parallel courses. In the first course to
the stationary receiver SR, while in the second course to the moving
receiver MR. We will register the number of crests (not frequency)
which will be registered by the stationary receiver as well as by the
moving receiver. Let us start to emit the electromagnetic signal at
the moment when the moving receiver (receding from S) is in regard
to the source at the distance a, and the distance between the source
S, and the stationary receiver is s, a < s. We denote this time by
t0= 0.

Figure 5: The source S emits a splitting light into two parallel courses
at the instance when the receiver MR receding from S is at the
distance a.
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As is depicted in Fig. 5, a breakdown switch will switch off the both
counters on the stationary receiver as well as on the moving receiver
at the moment when the moving receiver comes to the same distance
from the source as the stationary one keeps.
The number of the registered crests on both receivers is identical
when we consider in framework of SRT, and it is various when we
consider in framework of CSRT.
SRT:
The first crest reaches the stationary receiver SR in the time t1 =
s/c. The last one in the time tla = (s − a)/v. The time interval,
as measured in inertial ”system Source” during which the stationary
receiver receives crests is ∆tSR = (s−a) / v - s/c = (sc−ac−sv)/vc.
The SR records Nrec = ν (sc − ac − sv)/vc crests. The first crest
reaches the moving receiver MR in the time t1 = a/(c− v). The last
one in time tla = (s − a)/v. The coordinate time interval, during
which the moving receiver receives the crests is

∆tMR = (s− a)/v - a/(c− v) = (sc− ac− sv)/[v(c− v)].
Here we use the corresponding proper time interval and the relativis-
tic Doppler formula:

Nrec = ν∆t′MR

√
c− v

c + v
= ν

sc− ac− sv

v(c− v)

√
1− v2

c2

√
c− v

c + v
, (24)

Nrec = ν
(sc− ac− sv)

v(c− v)
(c− v)

c
= ν

sc− ac− sv

vc
(25)

crests.
CSRT:
The number of crests received by the stationary receiver SR is the
same as in SRT:

Nrec = ν
sc− ac− sv

vc
(26)

crests. The moving receiver records the first crest in time t1 = a/c,
the last one in time tla = (s− a)/v. The time interval, during which
the moving receiver records the crests is ∆tMR = (sc− ac− av)/vc.
In the CSRT is the coordinate time interval equal to proper time
interval. It follows that the number of the crests recorded by MR is
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Nrec =
(sc− ac− av)

vc

νc

c + v
=

ν(sc− ac− av)
v(c + v)

. (27)

The difference between CSRT and SRT predictions is

ν
(sc− ac− av)

v(c + v)
− ν

(sc− ac− sv)
vc

= ν
sv

c(c + v)
. (28)

Notice that the difference does not depend on ”a” but only on ”s”,
and that it is linearly dependent on the distance ”s”. This formula
is in relation with the Anderson’s discovery that the difference: ob-
served Doppler velocity of the Pioneer 10 minus model Doppler ve-
locity linearly increases with distance, ([1], p. 2859).
The confrontation of the recorded numbers of crests gives two alterna-
tives. Either the records on MR and SR are equal, then the one-way
speed of the electromagnetic signal is c, or there exists a difference
in the sense described above, what will represent that the one-way
speed is (c + v). Of course, the same result will be obtain also in
the case when we would not separate emitted signal into two paral-
lel beams. The (modified) experiment could be easy and replicate
performed by NASA using some spacecraft receding from Sun as a
source of electromagnetic signal, the International Space Station and
a shuttle as a stationary receiver and moving receiver, respectively.
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Comment on
TEST OF THE COMPLEMENTARY SPECIAL

RELATIVITY THEORY

David Cyganski

Worcester Polytechnic Institute

100 Institute Road, Worcester, MA, USA

e-mail: cyganski@wpi.edu

Abstract

Valent’s Complementary Special Relativity Theory (CSRT)
can be easily tested with available experimental data. The
Doppler shift effect on two photon absorption of an ion beam
strongly distinguishes the predictions of CSRT and Special
Relativity Theory (SRT). CSRT is rejected by this test while
the prediction of SRT conforms with the experimental out-
come.
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1 Longitudinal and Transverse Doppler Shifts

In the paper Complementary Special Relativity Theory and Some
of Its Applications, [1] Valent offers a theoretical alternative to special
relativity, complementary special relativity (CSRT). Here, we will
show that this theory is rejected by experimental data in favor of
SRT.

Valent derives his theory’s form of the Doppler shift equations in
sections 2.8.1 and 2.8.2 of his paper. We have confirmed by several
personal communications with the author, the correct form of the
Longitudinal Doppler effect equations, according to his theory, for the
specific case of a moving observer radially approaching or receding
from a laboratory source emitting frequency f . For velocity v (as
measured in the laboratory frame), which is positive for observer
motion towards the fixed source, the frequency as measured by the
moving observer is given by f ′ with

f ′ = f

(
1

1− v
c

)
(1)

A derivation of the Doppler effect for Einstein’s special relativity
theory (SRT) can be found in [2] on pages 19-20 for general approach
geometries. For the case, again, of the source fixed in the laboratory
frame with frequency f and the receiver in the moving frame, from
Eq. 15 on page 19 we have on substitution of the appropriate angle,
the comparable formula for the longitudinal relativistic Doppler effect
for a radially approching receiver:

f ′ = f

(
1 + v

c

)√
1− v2

c2

. (2)

Now, as Valent points out, the equations of CSRT and SRT agree
in first order, hence the results of tests dominated by the first or-
der component of the Doppler effect and based upon subrelativistic
speeds do not distinguish these predictions sufficiently for critical
comparison. However, as will be shown below, experimental tests
exist for which the second and higher order effects are dominant. We
shall select such an experiment from the literature and apply it as a
discriminating test.
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Figure 1: TPA scattering geometry and associated neon ion energy
level diagrams.

2 Two Photon Absorption Test

We will base our comparison of CSRT and SRT on the experi-
mental result found in a paper by Kaivola et al. [3] which documents
one of the most precise experimental tests of the relativistic Doppler
shift to have been conducted. This test improved the measurement of
the coefficient of the second order term of the Doppler shift from an
accuracy of 3% obtained by Mossbauer tests, to the level of 0.004%.

The Two Photon Absorption of neon ions in the laboratory frame
and that of a fast beam of neon ions is exploited in a scheme that
results in direct measurement of the second order term and which
is independent of direct measurement of the velocity of the ions. In
each case, a single laser is directed to pass through the neon gas from
two counter-propagating directions as shown in Fig. 1. The energy
level difference, which separates the initial and final excitation levels,
that is to be supplied by a two photon process is associated with a
frequency ftp.

In the case of the gas confined to a cell, each impinging photon is
of the same frequency, flc, hence absorption requires

2flc = ftp (3)

Concepts of Physics, Vol. IV (2007) 635



Comment

to fulfill the basic two photon excitation constraint. A weak non-
resonant process is exploited, in which the first photon excites the
ion to an intermediate state belonging to a manifold of non-resonant
states. This allows a single laser to used for this process. The laser
is feedback locked to the associated weak absorption peak and hence
forced to fulfill Eq. 3.

In the ion beam case, the laser will be tuned to excite a particu-
lar intermediate resonance which is readily located since the strong
resonant absorption enhancement is of order 109. The resonant TPA
frequencies are measured in the laboratory frame and determined to
have wavenumbers of 16816.66634 cm−1 and 16937.3862 cm−1, which
given c = 2.99792458 · 1010cm/s correspond to frequencies of

f1 = 5.04150973743446 · 1014 Hz (4)

and

f2 = 5.07770064099328 · 1014 Hz. (5)

From this we also learn that

ftp = f1 + f2 = 1.01192103784277 · 1015 Hz (6)

and hence
flc = 5.05960518921387 · 1014 Hz. (7)

For the resonant two photon process to occur in the neon beam,
the neon ion must see the frequencies, f1 and f2 in its moving frame.
Thanks to these two constraints we may solve for the single excit-
ing laser frequency, flb, directed at the beam and the beam velocity,
jointly, for which this resonant absorption can occur. In the experi-
ment, the beam exciting laser is also feedback locked to the frequency
that generates the peak resonant absorption. The difference between
the two absorption-peak locked lasers, flc−flb will then be compared
to the theoretical values which can be computed via SRT and CSRT.

2.1 SRT Analysis

We will first analyze this experiment by applying Einstein’s rel-
ativistic Doppler effects. In the laboratory reference frame, the ion
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beam is illuminated by counter-propagating beams each with fre-
quency flb. The ions see two Doppler shifted laser beams with fre-
quencies

f+ = flb

(
1 + v

c

)√
1− v2

c2

(8)

f− = flb

(
1− v

c

)√
1− v2

c2

(9)

as they approach and recede from the two source beam directions,
respectively.

As previously indicated, resonant absorption will only take place
when the conditions

f− = f1 = 5.04150973743 · 1014 (10)
f+ = f2 = 5.07770064099 · 1014 (11)

are met simultaneously. On substituting Eqs. 8 and 9 into Eqs. 10 and
11, and then solving these equations simultaneously for the excitation
laser frequency and ion velocity that uniquely satisfy these constraints
we find

flb = 5.05957283032 · 1014 (12)
v = 3.57645529694414 · 10−3c (13)

Thus on comparing the predicted feedback-locked frequencies of
the lasers driving the ions confined in the cell and driving the beam,
we find:

flc − flb = 3.235890 · 109 = 3235.890 MHz (14)

The outcome of the laboratory measurement of this frequency
difference resulted in

3235.94± 0.14 MHz (15)

Hence this experiment does not contradict the prediction of SRT.
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2.2 CSRT Analysis

We now analyze this experiment by applying Valent’s complemen-
tary relativistic Doppler effects. The ions see two Doppler shifted
laser beams with frequencies

f+ = flb

(
1

1− v
c

)
(16)

f− = flb

(
1

1 + v
c

)
(17)

Solving Eqs. 16 and 17 simultaneously for the excitation laser fre-
quency and ion velocity that uniquely satisfy these constraints under
CSRT we find

flb = 5.05954047163950 · 1014 (18)
v = 3.57645529694414 · 10−3c (19)

In comparison with the SRT analysis, the CSRT predicted feedback-
locked frequencies of the lasers driving the cell and beam ions now
differs by twice the previous prediction.

flc − flb = 6471.757437 MHz (20)

The laboratory measurement of this frequency difference 3235.94±
0.14 MHz strongly disagrees with this prediction.

3 Conclusions

As Valent points out in his paper, the predictions of SRT and
CSRT agree at first order, but diverge in the second and higher order
terms. The two photon absorption experiment allows precise mea-
surement of second order and higher Doppler shift effects without a
strong obscuring first order effect and hence is the ideal test of the-
ories that differ at higher order. Expanding the two Doppler factors
appearing in Eqs. 1 and 2 as a series in β = v

c one obtains

CSRT Factor: 1 + β + β2 + β3 + β4 + β5 + · · · (21)

SRT Factor: 1 + β +
1
2
β2 +

1
2
β3 +

3
8
β4 +

3
8
β5 + · · · (22)
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As can be seen, for longitudinal Doppler shift this second order dis-
agreement of the theories is particularly strong, hence the degree of
discrimination between the theories provided by the two photon ex-
perimental test.

This author would like to acknowledge the assistance of the author
of the paper under review, in the form of several personal communica-
tions about his new prediction of the longitudinal Doppler effect for a
moving receiver, which resulted in a definitively affirmed application
of his CSRT in this review.
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Reply to referee’s comments

Kaivola’s Test of the
Complementary Special Relativity Theory

1 Foreword

In order to find missing link between measured frequencies f1,
f2 and flb, respectively, Kaivola (and Cyganski) suppose that the
ions see the two Doppler shifted laser beams with frequencies (see:
Measurement of the Relativistic Doppler Shift in Neon, Matti Kaivola,
Over Poulsen, Erling Riis, Siu Au Lee; Physical Review Letters, Vol.
54, No. 4, January 28, 1985, pp. 255-258):

f1 = ν1c = flb

c−v
c√

1− v2

c2

, (1)

f2 = ν1c = flb

c+v
c√

1− v2

c2

. (2)

However, we must realize that in both of the relativistic theories, SRT
and CSRT, the frequencies f1 and f2 are the Doppler transformed
frequencies emitted by moving ions and measured by detectors in a
laboratory frame, towards which the ions are receding and approach-
ing, respectively. It does not matter whether the frequencies f1 and
f2 are obtained in the laboratory frame by resonance or not, they are
not equal to frequency produced by ions in a fast beam.

The moving ions really see the flb frequency by the way as is
depicted in equations (1), (2) on the right hand side. To add the left
hand sides is from point of view of the SRT and CSRT unacceptable.
In the section ”CSRT Analysis” below we show rigorous relativistic
path how to apply the CSRT on Kaivola’s experiment.

2 SRT(Kaivola - Cyganski) analysis

Let us for a while solve Equations (1) and (2) simultaneously for
the excitation laser frequency flb and the ion velocity v. Kaivola
(Cyganski) finds:
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flb =
√
f1f2. (3)

Dividing Eq.(1) by Eq.(2) we get formula for ion velocity v

f1
f2

=
c− v
c+ v

, (4)

v = 0, 00357645529694414c = 107219432, 439800361929612cm/s .
The Kaivola’s SRT theoretical second order Doppler shift prediction
then is:

flc − flb =
f1 + f2

2
−

√
f1f2 = 3235.89MHz. (5)

3 CSRT analysis

First we compute the frequency emitted by ions in the fast beam
in their rest frame. The one-way velocity of the light emitted from ion
receding and approaching detector is (c+v) and (c−v), respectively.
So we can easily calculate the ion frequency fion:

fion = ν1(c+ v) = 16816, 66634× 30086465232, 4398
= 505954047163950Hz,

fion = ν2(c− v) = 16937, 3862× 29872026367, 56019
= 505954047163950Hz.

If we divide Eq.(6) by Eq.(7), we get the same formula for ion velocity
v as in SRT analysis.

ν1
ν2

=
f1
f2

=
c− v
c+ v

, (6)

v = 0, 00357645529694414c = 107219432, 439800361929612cm/s.
If we multiply Eq.(6) by Eq.(7) we find relation between frequencies
fion and flb.

f2
ion = ν1ν2(c2−v2) = ν1ν2(c2−v2)

c2

c2
= f1f2

c2 − v2

c2
= f1f2

√
1− v2

c2
,

(7)
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fion =
√
f1f2

√
1− v2

c2
. (8)

Since the frequency of the ions in the fast beam depends only on the
flb and on the velocity v regard to the laser source, i.e. regard to the
laboratory frame, we find that the expression

√
f1f2 must be flb.

fion = flb

√
1− v2

c2
, (9)

flb = fion
1√

1− v2

c2

= fionγ. (10)

So the CSRT second order Doppler shift prediction is

flc − flb =
f1 + f2

2
− fionγ =

= 505960518921387Hz − 505957283032320Hz =
= 3235.89MHz.

This is the same result as Kaivola et al. have predicted in their
experiment.

4 Conclusions

From point of view of the SRT, the Kaivola’s experiment is called
”time dilatation experiment”. From point of view of the CSRT we
can call it simply as second order Doppler shift experiment.

Pavol Valent
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