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Abstract

We study the relation between the spin-1 sector of the
Duffin-Kemmer-Petiau (DKP) Equation and Proca Equation
in the 1+1 dimensional Riemann-Cartan (RC) spacetime and
show that DKP equation is equivalent to complex Proca Equa-
tion. The massless particle limit of the Proca equation gives
the Maxwells Equation in 1+1 D RC spacetime.
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1 Introduction

The Duffin-Kemmer-Petiau (DKP) equation is a first order rel-
ativistic wave equation and represents spin-0 and spin-1 particles
[1, 2, 3]. Recently, there is a renewed interest in DKP equation
in the context of QCD [4], covariant Hamiltonian dynamics [5], in
the causal approach [6], in the context of five-dimensional Galilean
invariance [7], in the scattering of K+ nucleus [8] and in the curved
spacetimes [9]. The spin-1 (symmetric) part DKP equation is also
derived from the quantization of the Barut’s classical model of zit-
terbewegung proposed by Proca and studied by Barut and Zanghi in
3+1 D spacetimes [10, 11, 12, 13].

Recently R. Casana et al discussed the massless particle limit
of the DKP equation in the Riemann-Cartan spacetimes by using a
singular matrix and showed that there are massless particle limit and
a topological field limits for the spin zero and one sectors of the DKP
equation [14].

The aim of this study is to discuss the relation between the spin-1
part of the DKP equation in 1+1 dimensional Riemann-Cartan space-
times and the complex Proca equation and show that the massless
particle limit of it gives the two set of real Maxwell equations for the
potential, Aµ and field strength, Fµν .

2 DKP equation in 1+1 Dimension

In a Riemannian geometry the spacetime coordinates, xµ =
(
x0, xi

)
are related to local Minkowski coordinates xa =

(
x0, xi

)
by

dxµ = eµ
a(x)dxa,

where eµ
a(x) is a 2 × 2 matrix . We use the Greek (Latin) indices

for the global Riemannian (local Minkowski) coordinates. Then the
metric tensor is defined as

gµν(x) = ea
µ(x)eb

ν(x)ηab. (1)

where ηab is the metric of the flat Minkowski coordinates:

ηab = (1,−1).
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The DKP equation in the 1+1 dimensional curved spacetime is

(γ ⊗ 1 + 1⊗ γ)µ
πµΨ(x) = 2mΨ(x) , (2)

where γµ(x) is the space depended Dirac matrices:

γµ(x) = eµ
a(x)γa.

The constant matrices, γa are chosen as

γa =
(
σ3, iσ1

)
,

where γ0 and γi are

γ0 = σ3 =
[

1 0
0 −1

]
, γi = iσ1 = i

[
0 1
1 0

]
.

They are related to ηab by the relation

γaγb + γbγa = 2ηab.

The generalized momentum, πµ is written in terms of the covari-
ant derivative as

πµ = i∇µ = i

(
ea
µ(x)

∂

∂xa
− Γµ

)
, (3)

where Γµ is the generalized Fock-Ivanenko two-vectors:

Γµ =
1
4
Γµab

(
Σab ⊗ 1 + 1⊗ Σab

)
. (4)

In Eq. (4) Σab is the two-vector of the Dirac algebra and given by

Σab =
1
2

(
γaγb − γbγa

)
.

We assume the metric, gµν as diagonal and evaluate the components
of Γµ. These are

Γ0 = −1
2
e00Γ001

(
σ3 ⊗ 1 + 1⊗ σ3

)
, (5)
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and

Γ1 = −1
2
e11Γ101

(
σ3 ⊗ 1 + 1⊗ σ3

)
, (6)

where Γabc is antisymmetric under the exchange b 
 c. Then the
explicit expressions of πµ are

π0 = i∇0 = ie00(x)
[
∂

∂x0
+

1
2
Γ00i

(
σ3 ⊗ 1 + 1⊗ σ3

)]
, (7)

πi = i∇i = iei
i(x)

[
∂

∂xi
+

1
2
Γi0i

(
σ3 ⊗ 1 + 1⊗ σ3

)]
. (8)

Then the wave equation becomes(
e
0
0(x)

) 
0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0

∇0

−
(
e
1
1(x)

) 
0 1 1 0
−1 0 0 1
−1 0 0 1
0 −1 −1 0

∇1



ψ+

ψ0

ψ0

ψ−



= −2mi


ψ+

ψ0

ψ0

ψ−

 (9)

We substitute ∇0 and ∇1 in Eq. 9:
i


0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0

 ∂

∂x0

+2iΓ001


0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0




1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1



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−

i


0 1 1 0
−1 0 0 1
−1 0 0 1
0 −1 −1 0

 ∂

∂x1

+ iΓ101


0 0 0 0
−1 0 0 −1
−1 0 0 −1
0 0 0 0






ψ+

ψ0

ψ0

ψ−



= −2mi


ψ+

ψ0

ψ0

ψ−


After some matrix algebra we obtain the following three equations:

(
∂

∂x0
+ Γ101

)
(ψ+ − ψ−)−

(
∂

∂x1
+ Γ001

)
iψ0 = −im (ψ+ + ψ−) ,

(10)
∂

∂x0
(ψ+ + ψ−) = −im (ψ+ − ψ−) , (11)

∂

∂x1
(ψ+ + ψ−) = 2mψ0. (12)

3 Proca Equation

To obtain the Proca equation from Eqs. (10), (11) and (12) we
organize them as(

∂

∂x0
+ Γ101

) (
ψ+ − ψ−
−im

)
−

(
∂

∂x1
+ Γ001

) (
2iψ0

−im

)
= (ψ+ + ψ−) ,

(13)
∂

∂x0
(ψ+ + ψ−) = −m2i

(
ψ+ − ψ−

m

)
, (14)

∂

∂x1
(ψ+ + ψ−) = −m2

(
2iψ0

−im

)
. (15)

We notice

Γ101 = − 1
det e−1

∂ det e−1

∂x0
, and Γ001 = − 1

det e−1

∂ det e−1

∂x1
.
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We substitute these expressions into the Eq. (13):

∂

∂x0

[(
ψ+ − ψ−
−im det e

)]
− ∂

∂x1

[(
−2ψ0

mdet e

)]
=

(ψ+ + ψ−)
det e

. (16)

We organize the Eqs. 14 and 15 as

e
b0
0

∂

∂x0
det eFb0b1 = m2e1

b1
A
b1,

e
b1
1

∂

∂x1

(
−det eFb0b1

)
= m2e0

b0
A
b0,

where the local Minkowski coordinates are shown by
(
0̂, 1̂

)
. We

rewrite them as
∂

∂x0
det eFb0b1 = m2 det eAb1, (17)

∂

∂x1

(
−det eFb0b1

)
= m2 det eAb0. (18)

Then we identify

A
b0 =

(
−2ψ0

mdet e

)
, A

b1 =
(
ψ+ − ψ−
im det e

)
,

A
b0 =

−2ψ0

mdet e
= A

b0, A
b1 =

(ψ+ − ψ−)
−im det e

= −Ab1,

and

F
b0b1 = −Fb0b1 =

∂A
b1

∂x0
−
∂A

b0

∂x1
=

(ψ+ + ψ−)
det e

,

where the complex field strength and potentials are

Fµν = F01 = e
b0
0e
b1
1Fb0b1 =

(ψ+ + ψ−)
(det e)2

,

Aµ =
(
e
b0
0Ab0, e

b1
1Ab1

)
=

[
e
b0
0

(
−2ψ0

mdet e

)
, e

b1
1

(
ψ+ − ψ−
−im det e

)]
.

The real and imaginary parts of the potentials and field strengths
satisfy the Proca equation separately.
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4 Maxwell Equations

To obtain the massless particle limit of DKP equation and Proca
equation, we take m2 as zero in Eqs. (17) and (18).

Then we write the m2 → 0 limit of the Eqs. (13), (14), and (15)
as

∂

∂x0
A
b1 −

∂

∂x1
A
b0 = F

b0b1, (19)

1
det e

∂

∂x0

(
det eFb0b1

)
= 0, (20)

1
det e

∂

∂x1

(
−det eFb0b1

)
= 0. (21)

where the field strength tensor F01 corresponds to (ψ+ + ψ−) / (det e)2 .
Since the wave function Ψ (x) is complex in DKP equation, the vector
potential, Aµ and field strength tensor, Fµν are complex. The real
and imaginary parts of them gives two independent or separate sets
of Maxwell equations.

5 Current

To define the current we consider the Hermitian conjugate of the
wave equation. The Hermitian conjugate of the wave function, Ψ (x)
is defined as

Ψ (x) = [Ψ∗ (x)]T γ0 ⊗ γ0.

Then the generalized momentum, πµ is Hermitian and the Hermitian
conjugate of the wave equation is

−i∇µΨ(x) (σ ⊗ 1 + 1⊗ σ)µ = 2mΨ(x) . (22)

We define the current as

jµ = Ψ(x) (σ ⊗ 1 + 1⊗ σ)µ Ψ(x) . (23)

The jµ is a conserved current:

∇µj
µ = 0. (24)
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To derive the massless particle limit of current we evaluate ΨΨ in
terms of Aµ and Fµν :

ΨΨ =
1
2
F01


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

F01 +O (m) . (25)

Then the scalar product of ΨΨ with (σ ⊗ 1 + 1⊗ σ)µ gives the cur-
rent jµ in Eq (25) and it is zero for µ = 0, 1. Since the scalar product
of ΨΨ with Σ01 is also zero, the spin current vanishes for the photon
in 1+1 dimension.

The normalization for the massive particle is∫
d2xdet e−1

[
|ψ+|2 + |ψ−|2 − 2 |ψ0|2

]
=

=
1
2

∫
d2xdet e−1

[
|ψ+ + ψ−|2 + |ψ+ − ψ−|2 − |2ψ0|2

]
(26)

When m2 vanishes, the limit of the normalization integral is

1
2

∫
d2xdet e−1 (det e)2

[∣∣∣∣ (ψ+ + ψ−)
det e

∣∣∣∣]2

=

=
1
2

{∫
d2xdet e−1 (det e)2

[
re

∣∣∣∣ (ψ+ + ψ−)
det e

∣∣∣∣]2

(27)

+
∫
d2xdet e−1 (det e)2

[
im

∣∣∣∣ (ψ+ + ψ−)
det e

∣∣∣∣]2
}

(28)

=
∫
d2xdet e−1 [reF01]

[
reF 01

]
=

∫
d2xdet e−1 [imF01]

[
imF 01

]
(29)

Eq. (29) gives the correct normalization for F01 and there is no
contribution from the potential Aµ. The same normalization can be
derived by taking the scalar product of ΨΨ in Eq. (25) with unit
element of Clifford algebra, 1.
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6 Conclusion

In this study we discussed the spin-1 sector of the DKP equation,
which is derived from the 1+1 D analogue of the the classical model
of the zitterbewegung proposed by Barut in 3+1 D. In 1+1 D the
classical holomorphic coordinates are 2 components complex spinors.
For this reason Dirac spinor has also 2 components. The spin-1 spinor
has three independent components and is represented by 4 component
spinors which are written as the symmetric direct product of the two
components Dirac spinors.

We derived the Proca equation for these three complex spinors by
introducing two complex potential and one complex field strength for
the massive charged particle. The m2 → 0 limit of Proca equation
gives two sets of Maxwell equation: One of them corresponds to
Maxwell equations and the other set corresponds to the dual of them.

We also show that the probability current can be defined for DKP
equation in the similar way to the Dirac equation. The |F |2 is normal-
ized in the Maxwell equations In the Proca equation |F |2 +m2 |A|2
is also normalized.
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